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¥Suppose we are to enumerate a set of objects 
partitioned into equivalence classes:

¥The enumeration may be 
Ð  constructive (distinct objects)
Ð  constructive (reps. of classes)
and/or
Ð  nonconstructive (#distinct)       10
Ð  nonconstructive (#classes)        3

(Exact) enumeration



Enumeration of designs
¥For most families of designs, only 

constructive techniques are known

¥However, in certain cases nonconstructive 
(algebraic/combinatorial) tools can be used

¥This talk:

ÐÐ Two families of designs:
     1) One-factorizations of
     2) Latin squares

ÐÐ Basics of constructive enumeration 

ÐÐ Nonconstructive tools for (1) & (2)

Kn



¥A 1-factor  of a graph G is a spanning 
1-regular subgraph H of G

¥A 1-factorization  of G is a set of 
1-factors of G such that every edge occurs 
in a unique 1-factor

V(H)=V(G)



¥The complete graph       has a 1-factorization 
if and only if     is even

K n

n

n = 4

n = 6

n = 8

...



¥How many different 1-factorizations 
does        have?

1. Distinct (viewed as sets of 1-factors)

2. Nonisomorphic

¥Two 1-factorizations are isomorphic  if one 
can be obtained from the other by relabeling 
the vertices

K n



Example:        has six nonisomorphic
              1-factorizations [Dickson & Safford 1906]

K 8



K. &
…stergŒrd
(2009)

A000474

Dinitz,
Garnick &
McKay
(1994)

Gelling & 
Odeh
(1975)

Dickson & 
Safford
(1906)

  One-factorizations of
     (isomorphism classes)

1 (n = 2)
1 (n = 4)
1 (n = 6)
6 (n = 8)

396 (n = 10)
526915620 (n = 12)

1132835421602062347 (n = 14)

K n

constructive

nonconstructive



A000438
1 (n = 2)
1 (n = 4)
6 (n = 6)

6240 (n = 8)
1225566720 (n = 10)

252282619805368320 (n = 12)
98758655816833727741338583040 (n = 14)

K. &
…stergŒrd
(2009)

Dinitz,
Garnick &
McKay
(1994)

Gelling & 
Odeh
(1975)

Dickson & 
Safford
(1906)

  One-factorizations of
              (distinct)

K n



Latin squares

n ! nA Latin square  of order       is an            array 
such that every row and column is permutation of

n

{ 1, 2, . . . , n}

1 2 3 4
2 3 4 1
3 4 1 2
4 1 2 3



Latin squares

1 2 3
2 3 1
3 1 2

1 2 3
3 1 2
2 3 1

1 3 2
2 1 3
3 2 1

1 3 2
3 2 1
2 1 3

2 1 3
1 3 2
3 2 1

2 1 3
3 2 1
1 3 2

2 3 1
1 2 3
3 1 2

2 3 1
3 1 2
1 2 3

3 1 2
1 2 3
2 3 1

3 1 2
2 3 1
1 2 3

3 2 1
1 3 2
2 1 3

3 2 1
2 1 3
1 3 2

¥How many distinct Latin squares are there?

¥Example: there are 12 distinct squares of order 3



Equivalence 
(main classes)

¥How many inequivalent Latin squares are there?

¥Two Latin squares are in the same main class
(paratopy class ) if one can be obtained from 
the other by

    - permuting the rows, columns, and symbols
    - transposing the rows and columns
    - transposing the rows and symbols
    - transposing the columns and symbols



¥Example:
There are 12 main classes for order 6

0 1 2 3 4 5
1 0 5 2 3 4
2 4 0 5 1 3
3 2 4 0 5 1
4 5 3 1 0 2
5 3 1 4 2 0

0 1 2 3 4 5
1 0 5 2 3 4
2 4 0 1 5 3
3 5 4 0 1 2
4 2 3 5 0 1
5 3 1 4 2 0

0 1 2 3 4 5
1 0 5 2 3 4
2 5 4 0 1 3
3 4 0 1 5 2
4 2 3 5 0 1
5 3 1 4 2 0

0 1 2 3 4 5
1 0 5 2 3 4
2 4 1 0 5 3
3 5 0 4 1 2
4 2 3 5 0 1
5 3 4 1 2 0

0 1 2 3 4 5
1 0 5 2 3 4
2 4 3 0 5 1
3 5 0 4 1 2
4 2 1 5 0 3
5 3 4 1 2 0

0 1 2 3 4 5
1 0 5 4 3 2
2 5 3 0 1 4
3 4 0 2 5 1
4 2 1 5 0 3
5 3 4 1 2 0

0 1 2 3 4 5
1 0 5 4 3 2
2 4 3 0 5 1
3 5 0 2 1 4
4 2 1 5 0 3
5 3 4 1 2 0

0 1 2 3 4 5
1 0 5 4 3 2
2 5 3 0 1 4
3 4 0 2 5 1
4 3 1 5 2 0
5 2 4 1 0 3

0 1 2 3 4 5
1 0 5 4 3 2
2 5 3 0 1 4
3 4 0 5 2 1
4 3 1 2 5 0
5 2 4 1 0 3

0 1 2 3 4 5
1 0 5 2 3 4
2 4 1 0 5 3
3 5 4 1 0 2
4 3 0 5 2 1
5 2 3 4 1 0

0 1 2 3 4 5
1 2 0 5 3 4
2 0 1 4 5 3
3 4 5 2 0 1
4 5 3 1 2 0
5 3 4 0 1 2

0 1 2 3 4 5
1 5 0 2 3 4
2 4 5 0 1 3
3 2 4 5 0 1
4 0 3 1 5 2
5 3 1 4 2 0



Latin squares
(main classes)

1 (n = 1)
1 (n = 2)
1 (n = 3)
2 (n = 4)
2 (n = 5)

12 (n = 6)
147 (n = 7)

283657 (n = 8)
19270853541 (n = 9)

34817397894749939 (n = 10)
2036029552582883134196099 (n = 11)

McKay, 
Meynert &
Myrvold
(2007)

Hulpke, 
K. &
…stergŒrd
(to appear)

Kolesova,
Lam &
Thiel
(1990)

A003090

constructive

nonconstructive



Latin squares
 (distinct)

1 (n = 1)
2 (n = 2)

12 (n = 3)
576 (n = 4)

161280 (n = 5)
812851200 (n = 6)

61479419904000 (n = 7)
108776032459082956800 (n = 8)

5524751496156892842531225600 (n = 9)
9982437658213039871725064756920320000 (n = 10)

776966836171770144107444346734230682311065600000 (n = 11)

McKay & 
Wanless
(2005)

A002860

McKay & 
Rogoyski
(1995)

Bammel & 
Rothstein
(1975)

Wells
(1967)



Basics of constructive
enumeration



Basics of constructive
enumeration (of designs)

¥Designs are deÞned implicitly
ÐÐÐbased on the deÞnition it is not 
immediate how to construct/enumerate

¥To enumerate, we must (in a more or less 
insightful way) try out all possibilities of 
constructing the designs

¥In practice,  computational work:
backtrack search with isomorph rejection



Four typical steps

¥Select a representation for the 
objects to be enumerated

¥Identify a family of subobjects 
(ÒseedsÓ) such that every 
object contains at least one seed

¥Construct the seeds 
(up to isomorphism)

¥Extend each constructed seed in all 
possible ways & reject isomorphs

seeds objects



Representing the objects

¥1.  The objects

ÐÐ  A Þnite set

¥2.  The equivalence classes of objects

ÐÐ Can typically be captured as the 
     orbits of an action of a Þnite
     group      on 

X

X g

X != Y i! " g # G : Y = Xg

!

G

!

g

!



¥Direct representation:
A 1-factorization of       is a set of 1-factors
over a Þxed vertex set

¥Group action: 
                     on the vertices

X

X g

!

g

G = Sym(V )

Example (1/2)

V
K n



A 1-factorization of       can be viewed as a set of 
triples (a 3-GDD of type                  )

!

Example (2/2)
K n

1n(n ! 1)1



Group action: 
                                  acts pointwise on the 
triples

Orbits correspond to isomorphism
classes of 1-factorizations ofK n

X

X g

G = Sym( U) ! Sym(V )

g

!



Seeds
¥Subobjects such that every object 

contains at least one seed
(~every object can be constructed
   by extending at least one seed)

¥Formally, a Þnite set

¥    acts on

¥Orbits of       on      are the 
isomorphism classes

¥ÒExtendsÓ-relation:

ÒObject     extends seed    Ó:

Σ

Σ

Σ !

G

e ! ! " "

e

G Σ

X S XeS

XS



¥Two formal requirements

¥Extendability
Every object can be extended from
at least one seed:

¥Symmetry
ÒExtendsÓ-relation is     -invariant:

Seeds vs Objects
Σ !

X
S

e

! X " S : XeS

! X ! S! g : XeS " X geSg

G



Example (1/2)
¥A seed (in direct representation):

A set of     edge-disjoint 1-factors of 

¥Each 1-factorization contains exactly       
distinct seeds

! n−1
k

"
K nk



Example (2/2)

¥A seed (triple system representation):
A set consisting of a triple and all triples 
that intersect it 



The model
¥Objects

¥Seeds

¥ÒExtendsÓ-relation

¥     acts on      and

¥Extendability

¥Symmetry

e ! ! " "

Σ

!

G

! X " S : XeS

! X ! S! g : XeS " X geSg

! Σ

Σ !e



Constructive enumeration

¥It remains to implement the
computation:

1) Construct the seeds up to 
    isomorphism
    (a constructive enumeration
    task in itself)

2) Extend each constructed seed 
    in all possible ways & 
    reject isomorphs

Σ !



Canonical representatives
We can associate
a canonical 
representative 
with each orbit
(e.g. the minimum 
object in the orbit 
w.r.t. lex order)

For any given object, 
there exists an 
element of 
that takes the object 
to the canonical 
representative of its
orbit

G

Ω



Canonical labeling map
¥A mapping that takes each      to a 

¥A function                   such that 

∀X ∀Y : X ∼= Y ⇒ X ! (X ) = Y ! (Y )

κ : ! ! G

For example, nauty
evaluates a canonical
labeling map for
vertex-colored graphsΩ



The model
¥Objects

¥Seeds

¥ÒExtendsÓ-relation

¥     acts on      and

¥Extendability

¥Symmetry

¥Canonical labeling map

e ! ! " "

Σ

!

G

! X " S : XeS

! X ! S! g : XeS " X geSg

! Σ

Σ !e

! : ! ! G



Isomorph rejection
¥Baseline:

Save the canonical representative     of 
each object      encountered

¥But what if there are billions of classes?

¥Three more advanced techniques:
1)  Orderly generation 
     [Faradzev 1978], [Read 1978] 
2)  Homomorphisms of group actions 
     [Kerber & Laue, early 1990s]
3)  ÒCanonical extensionÓ 
     [McKay 1998]



Canonical extension [McKay98]

¥Associate with each object 
an extension          

¥Requirement (Canonicity):
Isomorphic objects must have 
isomorphic associated extensions:

X
XeM (X )

XM (X )

M (X )

! X ! Y : X "= Y # XeM (X ) "= Y eM(Y)

X

YM (Y )

g g

M : ! ! "



¥Building an     -function using an arbitrary
canonical labeling map    :

1) Canonically label     using 
2) Select a seed     contained in
    the canonical representative
    (e.g. select the minimum seed
     w.r.t.  a total order)
3) Transform the seed      back to 
    original labeling via
    and let

X ! (X )

! (X )! (X )! 1

T

XM (X )

M

X
T

X ! (X )

! (X )! 1
T

!

(1)
(2)

(3)

! (X )

M (X ) = Tκ(X) ! 1



! (X )! (X )! 1

T

XM (X )

κ(Y )! (Y )! 1

YM (Y)

M (X ) X

YM (Y )

g g

g = ! (X )! (Y )! 1

! X ! Y : X "= Y # XeM (X ) "= Y eM(Y)

Claim  
The     -function built using     satisÞes

Proof:   Take

M !



¥Suppose we have generated
by extension from

¥Accept/reject rule
We accept     as the representative
of its isomorphism class iff both

T1)                                and

T2)                              ,

where

X
S

Canonical extension [McKay98]

Σ !

X

S
X

X = min X Aut( S)

Aut( S) = { a ! G : Sa = S}

XeS != XeM (X )



Soundness
¥Claim

At most one object is accepted from every 
isomorphism class

¥Proof:
Let                    and                   be 
accepted with

Then,

In particular,             and hence
Consequently                      and thus

XS YT
X != Y

S != T S = T

(T1) (T1)

X = min X Aut(S) = min YAut(S) = Y
(T2) (T2)

XeS != XeM(X) != Y eM(Y ) != Y eT

XeS != Y eS



Completeness
¥Claim

At least one object is accepted 
from every isomorphism class

¥Proof:
Let      be arbitrary

Let       be the constructed seed with
and let             satisfy

Let                  and reÞne the selection
of              so that

We have

X

S0 M (X ) ∼= S0

g0 ! G M (X)g0 = S0

X0 = Xg0

X 0 = min X Aut( S0)
0 (T1)

(T2)

g0 ! G

g0 X != X0

XM (X)

S0 X 0

g0 g0

X 0eS0
!= XeM (X ) != X 0eM (X 0)



The model
¥Objects

¥Seeds

¥ÒExtendsÓ-relation

¥     acts on      and

¥Extendability

¥Symmetry

¥Canonical labeling map

e ! ! " "

Σ

!

G

! X " S : XeS

! X ! S! g : XeS " X geSg

! Σ

Σ !e

! : ! ! G



Nonconstructive
tools

(1-factorizations
  & Latin squares)



Orbit-Stabilizer Theorem
Let     be a Þnite group that acts 
on a Þnite set

Let

Then

(orbit  of     )

(stabilizer  of     )

X

X

G
!

X ! !

X G = { X g : g ! G}

GX = { g ∈ G : X g = X }

|X G | · |GX | = |G|



Call an orbit        with                 an   -orbit

A corollary

Denote by       the number of   -orbits on Ni

Because      partitions into orbits,

i

i

Each   -orbit has size      i

X G |GX | = i

!

|G|
i

|! | =
!

i

Ni
|G|
i

!



Observations (1/2)
¥As     increases 

ÐÐ constructive enumeration gets
     computationally easier
     (we get to force more symmetry
     which eases construction)

ÐÐ there are in general fewer   -orbits

¥         and           are the hardest cases

¥By the Orbit-Stabilizer Thm we have

i

i

i = 1 i = 2

|! | = N1|G| + N2
|G|
2

+
!

i ! 3

Ni
|G|
i



Observations (2/2)

¥If we know      ,       ,  and      for each
then we can solve for

¥Enumeration strategy:

1) Constructively enumerate the   -orbits
    for each

2) Enumerate     nonconstructively

|! | Ni i ! 2|G|

i

N1

i ! 2

!

|! | = N1|G| +
!

i ! 2

Ni
|G|
i



McKay-Meynert-Myrvold (2007)
(Latin squares                )

Bammel &
Rothstein (1975);

McKay &
Rogoyski (1995)

solve
N1

constructive  
enumeration
of   -orbits fori
i ! 2

n = 9 , 10

|! | =
!

i

Ni
|G|
i

= N1|G| +
!

i≥2

Ni
|G|
i



K. & …stergŒrd (2009)
(1-factorizations of      ,             )

extend
Dinitz, Garnick & 

McKay (1994)
to

solve
N1

constructive  
enumeration
of   -orbits fori
i ! 2

|! | =
!

i

Ni
|G|
i

= N1|G| +
!

i≥2

Ni
|G|
i

K n n = 14

n = 12 n = 14



Constructing   -orbits
          with 

¥Every nontrivial group has a subgroup of 
prime order

¥Determine (up to conjugacy in    ) all the 
prime-order groups that can occur in the 
stabilizer (=automorphism group) of an 
object

¥Constructively enumerate all   -orbits that 
admit at least one of these groups

i ! 2
i

G

i



¥Up to conjugacy in                                       , 
a prime-order subgroup             is characterized by

1) the prime order
2) the number      of Þxed 1-factors    
3) the number      of Þxed vertices   

¥Lemma
Exactly the following group types                  are 
admitted by a 1-factorization of        :

Example: 1-factorizations of    K 14

G = Sym(U) ! Sym(V )
H ! G

p
f U
f V

(p, f U , f V )
K 14



Example: 1-factorizations of    K 14

¥A triple system admitting a prime-order
is a union of    -orbits ÐÐÐ we proceed one
orbit at a time

¥Example:
A triple system admitting an     of 
type p = 3 , fU = 1 , fV = 2

H
H

-orbits of triplesH

H



Example: 1-factorizations of    K 14

¥We apply the canonical extension technique
to reject isomorphs

¥The prescribed      is part of a seed;
     acts on     by conjugation

¥Example:
A seed and its completion for     of
type p = 3 , fU = 1 , fV = 2

H

H

G H Hg = g! 1Hg



¥Constructive enumeration of the
  -orbits for 

¥A little over 5 years total CPU time
required to process all prime-order 
groups

¥16 173 nonisomorphic seeds

¥581 042 656 543 triple systems are 
generated by extension from seeds

¥10 305 262 573 triple systems are 
nonisomorphic

Example: 1-factorizations of    K 14

i i ! 2



¥Denote by             the number of distinct 
1-factorizations of a graph

¥Dinitz, Garnick & McKay (1994):

Enumerate               nonconstructively using
a recursion over isomorphism classes of
regular graphs on     vertices (           )

¥Our task:

Enumerate                          nonconstructively

Example: 1-factorizations of    K 14

LF( G)
G

n = 12

|! | = LF( K 14)

LF( K n )

n



¥If                 then

¥Claim  (Dinitz, Garnick & McKay 1994)
For a   -regular     with           it holds that

where      ranges over the 1-factors of

¥Proof:
Count the 1-factorizations of     with one
1-factor individualized in two different ways

k k ! 2

k áLF(G) =
!

F LF(G− F )

G

F G

Example: 1-factorizations of    K 14

G1
!= G2 LF( G1) = LF( G2)

G



Example: n = 8 and k = 1,2,...,7 
              with LF !  1



k-Regular graphs for n = 14
        [Meringer 1999]



¥Total computation time for               : 13 days

¥               = 98758655816833727741338583040

¥We use a different recursion to check the result

¥For each graph (isomorphism class), we use
ÐÐ16 bytes for the graph
ÐÐ32 bytes for the LF-value

¥43 218 594 graphs require a little less than 2 GB
of memory

¥Also required is a hash table (4 GB) to enable fast 
searching

LF( K 14)

LF( K 14)

Example: 1-factorizations of    K 14



K. & …stergŒrd (2009)
(1-factorizations of      ,             )

extend
Dinitz, Garnick & 

McKay (1994)
to

solve
N1

constructive  
enumeration
of   -orbits fori
i ! 2

|! | =
!

i

Ni
|G|
i

= N1|G| +
!

i≥2

Ni
|G|
i

K n n = 14

n = 12 n = 14



K. & …stergŒrd (2009)
(1-factorizations of      ,             )K n n = 14



Hulpke-K.-…stergŒrd (to appear)
(Latin squares            )n = 11

McKay &
Wanless
(2005)

solve
N1

nonconstructive
enumeration

constructive  
enumeration
of   -orbits for

|! | = N1|G| + N2
|G|
2

+
!

i≥3

Ni
|G|
i

i
i ! 3



Constructive part

¥The stabilizer of each   -orbit with          
admits a subgroup of odd prime order 
or a subgroup of order 4

¥There are 7 conjugacy classes of odd prime 
order and 31 conjugacy classes of order 4
to consider

¥Total CPU time 1.3 years

¥1 151 666 641 main classes with

i i ≥ 3

i ≥ 3



Nonconstructive part
¥For              let

¥DeÞne

¥We have

¥It thus sufÞces to compute        for each
conjugacy class        such that

H ! G HG = {g! 1Hg : g ! G}

NH = |{X G : X ! ! , (GX )G = H G}|

Ni =
!

H G

|H |= i

NH

NH

H G |H | = i



¥For              consider the set of formal pairs

¥By the Orbit-Stabilizer Theorem

and

|ΩH | =
|G|

|GH |
|{ X ! Ω : H " GX }|

|! H | =
∑

X G

|G|
|GX |

|{ A ! GX : AG = H G }|

! H = { (X, A ) : X ∈ ! , A ≤ GX , AG = H G}

= NH
|G|
|H |

+
!

XG

|G|
|GX |

|{ A < GX : AG = HG}|

separate nonconstructive enum.

solve from constructive part

H ! G



Nonconstructive enumeration

¥Two different recursions over regular 
bipartite graphs on 22 vertices with a 
forced     of order 2

¥Cf. McKay & Wanless (2005) but with
forced symmetry

¥9 conjugacy classes of order 2

¥About 10 days of CPU time

H

|ΩH | =
|G|

|GH |
|{ X ! Ω : H " GX }|

separate 
nonconstructive enum.



Number of main classes
i N i

1 2036029552535590421717241
2 47291560812217
3 1111651266
4 39004721
5 9131
6 960771
7 1294
8 30390
9 2636

10 323
11 3
12 4191
14 105
15 4
16 631
18 625
20 37
21 37
22 4

i N i

24 274
27 27
30 4
32 16
36 86
40 4
42 5
48 9
54 18
60 1
63 3
72 14

108 5
110 2
120 1
162 1
324 1

7260 1!
i Ni 2036029552582883134196099



Enumeration of designs
¥For most families of designs, only 

constructive techniques are known

¥However, in certain cases nonconstructive 
tools can be used to extend the reach of 
enumeration

¥Examples:     
1) One-factorizations of
2) Latin squares

¥Similar objects (open):
a) Steiner triple systems (order ! 21)
b) Kirkman triple systems (order ! 21)

Kn
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