Ef�cient Discovery of Functional and Approximate

Dependencies Using Partitions

Yka� Huhtala, Juha Ka�rkka�inen, Pasi Porkka, and Hannu Toivonen � University of Helsinki, Department of Computer Science P.O. Box 26 (Teollisuuskatu 23), FIN�00014 University of Helsinki, Finland

Email: –yka.huhtala, juha.karkkainen, pasi.porkka, hannu.toivonen˝@cs.helsinki.�

Abstract Discovery of functional dependencies from relations has been identi�ed as an important database analysis technique. In this paper, we present a new approach for �nding functional dependencies from large databases, based on partitioning the set of rows with respect to their attribute values. The use of partitions makes the discovery of approximate functional dependencies easy and ef�cient, and the erroneous or exceptional rows can be identi�ed easily. Experiments show that the new algorithm is ef�cient in practice. For benchmark databases the running times are improved by several orders of magnitude over previously published results. The algorithm is also applicable to much larger datasets than the previous methods.

1 Functional and approximate dependencies

Functional dependencies are relationships between attributes of a relation: a functional dependency states that the value of an attribute is uniquely determined by the values of some other attributes. The discovery of functional dependencies from relations has received considerable interest (e.g., [2, 10, 17, 19, 11, 1, 6, 3]). Automated database analysis is, of course, interesting for knowledge discovery and data mining (KDD) purposes, and functional dependencies have applications in the areas of database management, reverse engineering [14, 20], and query optimization [21].

Formally, a functional dependency over a relation schema R is an expression X → A where X ⊆ R and A ∈ R▷ The dependency holds or is valid in a given relation r over R if for all pairs of rows t, u ∈ r we have. if t[B] = u[B] for all B ∈ X then t[A] = u[A] (we also say that t and u agree on X and A↽▷ A functional depen dency X → A is minimal ↼in r↽ if A is not functionally dependent on any proper subset of X i▷e▷ if Y → A does not hold in r for any Y ⊂ X▷ The dependency X → A is trivial if A ∈ X▷ The central task we consider is the �Also at Rolf Nevanlinna Institute, University of Helsinki.

following: given a relation r αnd all minimal nontrivial dependencies that hold in r▷ An approximate dependency ♭5♯ is a functional depen dency that almost holds▷ Such dependencies arise in many databases when there is a natural dependency between at tributes but some rows contain errors or represent excep tions to the rule▷ The discovery of unexpected but mean ingful approximate dependencies seems to be an interesting and realistic goal in many data mining applications▷ There are many possible ways of deαning the approxi mateness of a dependency X → A▷ The deαnition we use is based on the minimum number of rows that need to be re moved from the relation r for X → A to hold in r. the error g_3(X → A) = 1 − (max{|s| | s ⊆ r and X → A holds in s})/|r| ∪▽⊎↙ T⟨⌉ ⇕⌉⊣∫⊓∇⌉ g_3 has a natural interpretation as

the fraction of rows with exceptions or errors affecting the dependency. Given an error threshold ε 0 ≤ ε ≤ 1, we say that X → A is an approximate dependency if and only if g_3(X → A) is at most ε▷ In this paper we also consider the approximate dependency inference task. given a relation r and a threshold ε αnd all minimal nontrivial approximate dependencies▷ We describe a new approach to the discovery of both functional and approximate dependencies▷ The major in novation is a novel way of determining whether a depen dency holds or not▷ The idea is to maintain information about which rows agree on a set of attributes▷ Formally the approach can be described using equivalence classes and partitions▷ A major advantage of the use of partitions is that it allows efαcient discovery of approximate dependencies▷ The algorithm is based on the levelwise algorithm that has been used in many data mining applications ♭12♯▷ It starts from dependencies with a small lefthand side i▷e▷ from the ones that are not very likely to hold▷ The algo rithm then works towards larger and larger dependencies until the minimal dependencies that hold are found▷ The worst case time complexity of the algorithm with re spect to the number of attributes is exponential but this is inevitable since the number of minimal dependencies can be exponential in the number of attributes ♭10 9♯▷ How ever if the number of rows increases but the set of depen dencies stays the same the time increases only linearly in the number of rows▷ To our knowledge only one previous algorithm can claim this ♭18♯▷ Other algorithms based on sorting could perhaps be implemented in linear time e▷g▷ by using hashing but we are not aware of such implementa tions▷ The linearity makes the algorithm especially suitable for relations with large number of rows▷ Experimental results show that the algorithm is effective in practice and that it makes the discovery of functional and approximate dependencies feasible for relations with even hundreds of thousands of rows▷ Dependency discov ery tasks that have been reported to take minutes or even hours are solved with the new algorithm in seconds or frac tions of a second on a PC▷ Related work Several algorithms for the discovery of functional dependencies have been presented ♭7 2 9 18 17 11 1♯▷ We review these algorithms and compare them with our method in Section 6▷ The complexity of discover ing functional dependencies has been studied in ♭8 10 9♯▷ Approximate functional dependencies have been con sidered in ♭5 15 6 3♯▷ Kivinen and Mannila ♭5♯ deαne several measures for the error of a dependency and derive bounds for discovering dependencies with errors▷ The mea sure g_3 is one of their measures.

The use of partitions to describe and deőne functional and approximate dependencies has been suggested in [3] parallel to our work. There the emphasis is on a conceptual viewpoint, and no algorithms are given.

Extended version An extended version of this article, with proofs and additional details, is available as [4]. An implementation of the algorithm can be obtained via the WWW page at http://www.cs.helsinki.ő/ research/fdk/datamining/tane/.

2 Partitions and dependencies Informally, a dependency X → A holds if all rows that agree on X also agree on A▷ Our approach to the discovery of dependencies is based on considering sets of rows that agree on some set of attributes▷ We describe this idea more formally by applying equivalence classes and partitions on relations▷ Partitions Two rows t and u are equivalent with respect to a given set X of attributes if t[A] = u[A] for all A in X▷ Any attribute set X partitions the rows of the relation into equivalence classes▷ We denote the equivalence class of a row t ∈ r with respect to a given set X ⊆ R by [t]_X i▷e▷ [t]_X = {u ∈ r | t[A] = u[A] for all A ∈ X}. The set π_X = {[t]_X | t ∈ r} ≀{ ⌉∐⊓⟩⊑⊣↕⌉\⌋⌉ ⌋↕⊣∫∫⌉∫ ⟩∫ ⊣ √⊣∇⊔⟩↖ ⊔⟩≀\ ≀{ r under X▷ That is π_X is a collection of disjoint sets ↼equivalence classes↽ of rows such that each set has a unique value for the attribute set X and the union of the sets equals the relation r▷ The rank |π| ≀{ ⊣ √⊣∇⊔⟩⊔⟩≀\ π is the number of equivalence classes in π▷

Row Id A B C D 1 1 a ϖ Flower 2 1 A Θ Tulip 3 2 A ϖ Daffodil 4 2 A ϖ Flower 5 2 b Θ Lily 6 3 b ϖ Orchid 7 3 C Θ Flower 8 3 C ϑ Rose

Figure 1. An example relation▷ Example 1 Consider the relation in Figure 1▷ Attribute A has value 1 only on rows t_1 and t_2, so they form an equiva- lence class [t 1]{A} = [t2]{A} = {1, 2}↙ T⟨⌉ ⊒⟨≀↕⌉ √⊣∇⊔⟩⊔⟩≀\ ⊒⟩⊔⟨ ∇⌉∫√⌉⌋⊔ ⊔≀ A is π_{{A}} = {{1, 2}, {3, 4, 5}, {6, 7, 8}}. The partition with respect to {B, C} ⟩∫ π_{{B,C}} = {{1}, {2}, {3, 4}, {5}, {6}, {7}, {8}}. � Partition re�nement The concept of partition re�nement gives almost directly functional dependencies. A partition π is a reαnement of another partition π^′ ⟩{ ⌉⊑⌉∇† ⌉∐⊓⟩⊑⊣↕⌉\⌋⌉ ⌋↕⊣∫∫ ⟩\ π is a subset of some equivalence class of π′↙ W⌉ ⟨⊣⊑⌉ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ↕⌉⇕⇕⊣↙ L⌉⇕⇕⊣ ∞ A {⊓\⌋⊔⟩≀\⊣↕ ⌈⌉√⌉\⌈⌉\⌋† X → A holds if and only if π_X reαnes π_{{A}}↙ E§⊣⇕√↕⌉ ∈ C≀\⊔⟩\⊓⟩\} E§⊣⇕√↕⌉ ∞⇔ ⊔≀ ⊘\⌈ ≀⊓⊔ ⊒⟨⌉⊔⟨⌉∇ ⊔⟨⌉ ⌈⌉√⌉\⌈⌉\⌋† {B, C} → A holds we can compare the par titions π_{{B,C}} ⊣\⌈ π_{{A}} ⊣\⌈ ⌋⟨⌉⌋‖ ⊒⟨⌉⊔⟨⌉∇ π_{{B,C}} ∇⌉⊘\⌉∫ π_{{A}}↙ I\ ⊔⟨⌉ ∇⌉↕⊣⊔⟩≀\ ≀{ F⟩}⊓∇⌉ ∞⇔ ⊔⟨⌉ ⌈⌉√⌉\⌈⌉\⌋† ⟨≀↕⌈∫ ∫⟩\⌋⌉ ⌉⊣⌋⟨ ⌉∐⊓⟩⊑⊣↕⌉\⌋⌉ ⌋↕⊣∫∫ ⟩\ π {B,C} ⟩∫ ⊔≀⊔⊣↕↕† ⌋≀\⊔⊣⟩\⌉⌈ ⌊† ∫≀⇕⌉ ⌉∐⊓⟩⊑⊣↕⌉\⌋⌉ ⌋↕⊣∫∫ ⟩\ π {A}↙ T⟨⌉ ⌈⌉√⌉\⌈⌉\⌋† {A} → B does not hold in the αg ure. the equivalence class [t_3]_{{A}} = {3, 4, 5}⇔ {≀∇ ⟩\↖ ∫⊔⊣\⌋⌉⇔ ⟩∫ \≀⊔ ⌋≀\⊔⊣⟩\⌉⌈ ⟩\ ⊣\† ⌉∐⊓⟩⊑⊣↕⌉\⌋⌉ ⌋↕⊣∫∫ ⟩\ π_{{B}} = {{1}, {2, 3, 4}, {5, 6}, {7, 8}}↙ � There is an even simpler test for whether X → A holds or not▷ If π_X reαnes π_{{A}}⇔ ⊔⟨⌉\ ⊣⌈⌈⟩\} A to X does not break any equivalence classes of π_X , thus π_{X∪{A}} ⌉∐⊓⊣↕∫ π X ▷ On the other hand since π X∪{A} ⊣↕⊒⊣†∫ ∇⌉⊘\⌉∫ π_X π_{X∪{A}} ⌋⊣\\≀⊔ ⟨⊣⊑⌉ ⊔⟨⌉ ∫⊣⇕⌉ \⊓⇕⌊⌉∇ ≀{ ⌉∐⊓⟩⊑⊣↕⌉\⌋⌉ ⌋↕⊣∫∫⌉∫ ⊣∫ π X unless π X∪{A} ⊣\⌈ π X are equal▷ We have shown the following lemma▷ Lemma 2 A functional dependency X → A holds if and only if |π_X | = |π_{X∪{A}}|↙

; A B C D

AB AC AD BC BD CD

ABC ABD ACD BCD

ABCD

Figure 2: The set containment lattice for {A, B, C, D}¬ ⊔⟨⌉ ∫⌉⊣∇⌋⟨ ∫√⊣⌋⌉ ≀{ ⊣↕↕ √≀∫∫⟩⌊↕⌉ ↕⌉{⊔↖⟨⊣\⌈ ∫⟩⌈⌉∫↙

A√√∇≀§⟩⇕⊣⊔⌉ ⌈⌉√⌉\⌈⌉\⌋⟩⌉∫ R⌉⌋⊣↕↕ ⊔⟨⊣⊔ ⊔⟨⌉ ⌉∇∇≀∇ g 3(X → A) of a dependency X → A is the minimum fraction of rows that must be removed from the relation for X → A to hold▷ The error g_3(X → A) can be computed from the par- titions π_X and π_{X∪{A}} ⟩\ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ⊒⊣†↙ A\† ⌉∐⊓⟩⊑⊣↖ ↕⌉\⌋⌉ ⌋↕⊣∫∫ c of π X is the union of one or more equivalence classes c ′1, c′2, . . . of πX∪{A}⇔ ⊣\⌈ ⊔⟨⌉ ∇≀⊒∫ ⟩\ ⊣↕↕ ⌊⊓⊔ ≀\⌉ ≀{ ⊔⟨⌉ c ′is must be removed for X → A to hold▷ The min imum number of rows to remove is thus the size of c mi nus the size of the largest of the c^′_is▷ Summing that over all equivalence classes c of π X gives the total number of lines to remove▷ Thus we have g_3(X → A) = 1 − ∑ c∈πX max { |c^′| | | c^′ ∈ π_{X∪{A} ⊣\⌈} c^′ ⊆ c}/|r|.

An algorithm to compute g_3(X → A) given the partitions π_X and π_{X∪{A}} ⟩∫ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ ∪△⊎↙ ∋ S⌉⊣∇⌋⟨ T≀ ⊘\⌈ ⊣↕↕ ⇕⟩\⟩⇕⊣↕ \≀\↖⊔∇⟩⊑⟩⊣↕ ⌈⌉√⌉\⌈⌉\⌋⟩⌉∫⇔ ⊒⌉ ∫⌉⊣∇⌋⟨ ⊔⟨∇≀⊓}⟨ ⊔⟨⌉ ∫√⊣⌋⌉ ≀{ \≀\↖⊔∇⟩⊑⟩⊣↕ ⌈⌉√⌉\⌈⌉\⌋⟩⌉∫ ⊣\⌈ ⊔⌉∫⊔ ⊔⟨⌉ ⊑⊣↕⟩⌈⟩⊔† ⊣\⌈ ⇕⟩\⟩⇕⊣↕⟩⊔† ≀{ ⌉⊣⌋⟨ ⌈⌉√⌉\⌈⌉\⌋†↙ T⟨⌉ ⊑⊣↕⟩⌈↖ ⟩⊔† ⊔⌉∫⊔ ⊓∫⌉∫ √⊣∇⊔⟩⊔⟩≀\∫ ⊣∫ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ ⊔⟨⌉ √∇⌉⊑⟩≀⊓∫ ∫⌉⌋⊔⟩≀\↙ I\ ⊣⌈⌈⟩⊔⟩≀\⇔ ⊒⌉ \⌉⌉⌈ ⊔≀ ⌈≀ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ⊔⊣∫‖∫ ⌉{⊘⌋⟩⌉\⊔↕†¬ ⇐∞⇒ ⌋≀⇕√⊓⊔⌉ √⊣∇⊔⟩⊔⟩≀\∫⇔ ⊣\⌈ ⇐∈⇒ ⊔⌉∫⊔ ⇕⟩\⟩⇕⊣↕⟩⊔†↙ T⟨⌉ ⌋≀↕↕⌉⌋⊔⟩≀\ ≀{ ⊣↕↕ √≀∫∫⟩⌊↕⌉ ↕⌉{⊔↖⟨⊣\⌈ ∫⟩⌈⌉∫ ≀{ ⌈⌉√⌉\↖ ⌈⌉\⌋⟩⌉∫ ⟩∫ ⊔⟨⌉ ⌋≀↕↕⌉⌋⊔⟩≀\ ≀{ ⊣↕↕ ⊣⊔⊔∇⟩⌊⊓⊔⌉ ∫⌉⊔∫↙ T⟨⌉† ⌋≀\∫⊔⟩↖ ⊔⊓⊔⌉ ⊣ ∫⌉⊔ ⌋≀\⊔⊣⟩\⇕⌉\⊔ ↕⊣⊔⊔⟩⌋⌉ ∫⊓⌋⟨ ⊣∫ ⟩\ F⟩}⊓∇⌉ ∈↙ I\ ⇕⊣\† ⌈⊣⊔⊣ ⇕⟩\⟩\} ⊣√√↕⟩⌋⊣⊔⟩≀\∫⇔ ∫⊓⌋⟨ ↕⊣⊔⊔⟩⌋⌉∫ ⟨⊣⊑⌉ ⌊⌉⌉\ ∫⌉⊣∇⌋⟨⌉⌈ ∫⊓⌋⌋⌉∫∫{⊓↕↕† ⊓∫⟩\} ⊣ ↕⌉⊑⌉↕⊒⟩∫⌉ ⊣↕}≀∇⟩⊔⟨⇕ ∪∞∈⊎↙ T⟨⌉ ↕⌉⊑⌉↕↖ ⊒⟩∫⌉ ⊣↕}≀∇⟩⊔⟨⇕ ∫⊔⊣∇⊔∫ ⊔⟨⌉ ∫⌉⊣∇⌋⟨ {∇≀⇕ ⊔⟨⌉ ∫⟩\}↕⌉⊔≀\ ∫⌉⊔∫⇔ ⊣\⌈ ⊒≀∇‖∫ ⟩⊔∫ ⊒⊣† ⊔⟨∇≀⊓}⟨ ⊔⟨⌉ ↕⊣⊔⊔⟩⌋⌉ ↕⌉⊑⌉↕ ⌊† ↕⌉⊑⌉↕ ⊓\⊔⟩↕ ⊔⟨⌉ ⇕⟩\⟩⇕⊣↕ ⌈⌉√⌉\⌈⌉\⌋⟩⌉∫ ⊔⟨⊣⊔ ⟨≀↕⌈ ⊣∇⌉ {≀⊓\⌈↙ D⊓∇⟩\} ⊔⟨⟩∫ ↕⌉⊑↖ ⌉↕⊒⟩∫⌉ ∫⌉⊣∇⌋⟨⇔ {⊣↕∫⌉ ⌈⌉√⌉\⌈⌉\⌋⟩⌉∫ ⊣∇⌉ ⌉↕⟩⇕⟩\⊣⊔⌉⌈ ⊣∫ ⌉⊣∇↕† ⊣∫

√≀∫∫⟩⌊↕⌉⇔ ⟩\ ≀∇⌈⌉∇ ⊔≀ ∇⌉⌈⊓⌋⌉ ⊔⟨⌉ ∫⌉⊣∇⌋⟨ ∫√⊣⌋⌉↙ T⟨⟩∫ √∇⊓\⟩\} ⟩∫ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ S⌉⌋⊔⟩≀\ △↙ W⌉ ⌋≀\∫⟩⌈⌉∇ ⊣↕↕ √≀∫∫⟩⌊↕⌉ ∇⟩}⟨⊔↖⟨⊣\⌈ ∫⟩⌈⌉∫ ⊒⟩⊔⟨ ⊣ ∫⟩\}↕⌉ ⌊∇⌉⊣⌈⊔⟨↖⊘∇∫⊔ ≀∇ ↕⌉⊑⌉↕⊒⟩∫⌉ √⊣∫∫ ⊔⟨∇≀⊓}⟨ ⊔⟨⌉ ↕⊣⊔⊔⟩⌋⌉↙ T⟨⌉∇⌉ ⟩∫ ⊣ ≀\⌉↖⊔≀↖≀\⌉ ⌋≀∇∇⌉∫√≀\⌈⌉\⌋⌉ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ⌉⌈}⌉∫ ≀{ ⊔⟨⌉ ↕⊣⊔↖ ⊔⟩⌋⌉ ⊣\⌈ ⊔⟨⌉ \≀\↖⊔∇⟩⊑⟩⊣↕ ⌈⌉√⌉\⌈⌉\⌋⟩⌉∫¬ ⊒⌉ ⊑⟩⌉⊒ ⊣\ ⌉⌈}⌉ ⌊⌉↖ ⊔⊒⌉⌉\ ∫⌉⊔∫ X and X ∪ {A} ⊣∫ ∇⌉√∇⌉∫⌉\⊔⟩\} ⊔⟨⌉ \≀\↖⊔∇⟩⊑⟩⊣↕ ⌈⌉√⌉\⌈⌉\⌋† X → A▷ The efαciency of the levelwise algorithm is based on re ducing the computation on each level by using results from previous levels▷ In the rest of this section we describe how to use previous levels to solve efαciently the tasks of com puting partitions and testing minimality▷ Computing partitions We do not need to compute the par titions from scratch for every set of attributes we consider▷ Instead when we work our way through the lattice we can compute a partition as a product of two earlier partitions. the product of two partitions π^′ ⊣\⌈ π^{′′}⇔ ⌈⌉\≀⊔⌉⌈ π^′ · π^{′′}⇔ ⟩∫ ⊔⟨⌉ ↕⌉⊣∫⊔ ∇⌉⊘\⌉⌈ √⊣∇⊔⟩⊔⟩≀\ π that reαnes both π ′ ⊣\⌈ π ′′↙ W⌉ ⟨⊣⊑⌉ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ∇⌉∫⊓↕⊔↙ L⌉⇕⇕⊣ ∋ F≀∇ ⊣↕↕ X, Y ⊆ R π X · πY = πX∪Y ▷ We compute the partitions π {A}⇔ {≀∇ ⌉⊣⌋⟨ A ∈ R di rectly from the database▷ Partitions π_X for |X| ≥ 2, are computed as a product of partitionswith respect to two sub- sets of X▷ Any two different subsets of size |X| − 1 will do, which is convenient for the levelwise algorithm since we only need partitions from the previous level. Testing minimality When the algorithm is processing a set X it will test dependencies of the form X \ {A} → A where A ∈ X▷ This allows validity testing based on Lemma 2 since both π_X and π_{X\{A}} ⟨⊣⊑⌉ ⊣↕∇⌉⊣⌈† ⌊⌉⌉\ ⌋≀⇕√⊓⊔⌉⌈↙ T≀ ⊔⌉∫⊔ ⊔⟨⌉ ⇕⟩\⟩⇕⊣↕⟩⊔† ≀{ X\{A} → A we need to know whether Y \ {A} → A holds for some proper sub set Y of X▷ This information is stored in the set C(X \{A}) of right-hand side candidates of X \ {A} {≀∇ ⊣↕↕ A▷ More exactly if A ∈ C(X) for a given set X then A has not been found to depend on any proper subset of X i▷e▷ either A ∈ X and X \ {A} → A does not hold or A ∈ R \ X▷ Formally the collection C(X) of rhs candidates of a set X ⊆ R is C(X) = {A ∈ X | X \ {A} → A does not hold} ∪ R \ X. To αnd minimal dependencies it sufαces to test dependen cies X \ {A} → A where A ∈ X and A ∈ C(X \ {B}) for all B ∈ X▷ Example 3 Assume that the algorithm is considering the set X = {A, B, C}⇔ ⊣\⌈ ⊔⟨⊣⊔ {C} → A is a valid de pendency▷ Since {C} → A holds we have that A ∉ C({A, C}) = C(X \ {B}), and {B, C} → A is thus not minimal▷ �

4 Pruning

Pruning the search space means reducing the number of dependencies we have to consider. For example, if we �nd that X → A holds then Y → A is not minimal for any proper superset Y of X▷ Thus we can automatically dis card Y → A from consideration▷ The levelwise algorithm has a powerful mechanism for pruning the search space▷ When the algorithm is processing the level of the lattice that contains a set X we can with one stroke cut off all supersets of X from the lattice simply by deleting X ♭12♯▷ If some property of X tells us that no superset of X is interesting to us we just delete X▷ In our case empty rhs candidate set is such a property▷ That is if C(X) = ∅⇔ ⊔⟨⌉\ C(Y ) = ∅ {≀∇ ⊣↕↕ ∫⊓√⌉∇∫⌉⊔∫ Y of X and no dependency of the form Y \ {A} → A can be minimal▷ We can further improve the pruning based on the prop erties of dependencies stated in the following lemma▷ Lemma 4 Let B ∈ X and let X \ {B} → B be a valid dependency▷ ↼1↽ If X → A holds then X \ {B} → A holds▷ ↼2↽ If X is a superkey then X \ {B} ⟩∫ ⊣ ∫⊓√⌉∇‖⌉†↙ R⟨∫ ⌋⊣\⌈⟩⌈⊣⊔⌉ √∇⊓\⟩\} T⟨⌉ ⊘∇∫⊔ √⊣∇⊔ ≀{ ⊔⟨⌉ ↕⌉⇕⇕⊣ ⊣↕↕≀⊒∫ ⊓∫ ⊔≀ ∇⌉⇕≀⊑⌉ ⊣⌈⌈⟩⊔⟩≀\⊣↕ ⊣⊔⊔∇⟩⌊⊓⊔⌉∫ {∇≀⇕ ⊔⟨⌉ ∇⟨∫ ⌋⊣\⌈⟩⌈⊣⊔⌉ ∫⌉⊔∫ ⊣\⌈⇔ ⌋≀\∫⌉∐⊓⌉\⊔↕†⇔ ⇕⊣‖⌉ √∇⊓\⟩\} ⌊† ⌉⇕√⊔† ∇⟨∫ ⌋⊣\⌈⟩↖ ⌈⊣⊔⌉ ∫⌉⊔ ⇕≀∇⌉ ⌉{{⌉⌋⊔⟩⊑⌉↙ T⟨⌉ ∇⌉∫⊓↕⊔⟩\} ⌋≀↕↕⌉⌋⊔⟩≀\ C +(X) of rhs^+ candidates of a set X ⊆ R is C+(X) = {A ∈ R | {≀∇ ⊣↕↕ B ∈ X X \ {A, B} → B does not hold}. The following lemma shows that we can use the rhs^+ candidates to test the minimality of a dependency just as we would use the rhs candidates. Lemma 5 Let A ∈ X and let X \ {A} → A be a valid dependency▷ The dependency X \ {A} → A is minimal if and only if for all B ∈ X we have A ∈ C^+(X \ {B}). Key pruning When a key is found during the search of dependencies, additional pruning methods can be applied. Recall that an attribute set X is a superkey if no two rows agree on X and a key if it is a superkey and no proper sub set of it is a superkey▷ Normally a dependency X → A is tested when X∪{A} ⟩∫ √∇≀⌋⌉∫∫⌉⌈ ⌊⌉⌋⊣⊓∫⌉ ⊒⌉ \⌉⌉⌈ π_{X∪{A}} {≀∇ ⊑⊣↕⟩⌈⟩⊔† ⊔⌉∫⊔⟩\}↙ H≀⊒⌉⊑⌉∇⇔ ⟩{ X is a superkey then X → A is always valid and we do not need X ∪ {A}↙ N≀⊒⇔ ⌋≀\∫⟩⌈⌉∇ ⊣ ∫⊓√⌉∇‖⌉† X that is not a key▷ Obvi ously a dependency X → A is not minimal for any A ∉ X▷ Furthermore if A ∈ X and X \ {A} → A holds then by the second part of Lemma 4 X \ {A} ⟩∫ ⊣ ∫⊓√⌉∇‖⌉† ⊣\⌈ ⊒⌉ ⌈≀ \≀⊔ \⌉⌉⌈ π_X for testing the validity of X \{A} → A▷ In other words we have no use for X or π_X in αnding minimal dependencies▷ Hence we can delete all keys and cut off all of their supersets i▷e▷ the superkeys that are not keys▷

5 Algorithms To αnd all valid minimal nontrivial dependencies we search the set containment lattice in a levelwise manner▷ A level L ℓ is the collection of attribute sets of size ℓ such that the sets in L_ℓ can potentially be used to construct dependen cies based on the considerations of the previous sections▷ We start with L 1 = {{A} | A ∈ R}⇔ ⊣\⌈ ⌋≀⇕√⊓⊔⌉ L 2 from L_1, L_3 from L_2, and so on, according to the information we

obtain during the algorithm.

Algorithm TANE: levelwise search of dependencies.

1 L_0 := {∅} ∈ C+(∅) := R 3 L_1 := {{A} | A ∈ R} △ ℓ := 1 5 while L_ℓ ≠ ∅ ̸COMPUTE↖DEPENDENCIES⇐L_ℓ ↽ 7 PRUNE↼L ℓ↽ 8 L_{ℓ+1} := GENERATE-NEXT-LEVEL(L_ℓ) 9 ℓ := ℓ + 1

Generating levels The procedure GENERATE-NEXT- LEVEL computes the level L_{ℓ+1} from L_ℓ▷ The level L_{ℓ+1}

will contain only those attribute sets of size ℓ + 1 which have all their subsets of size ℓ in L_ℓ▷ The pruning methods guarantee that no dependencies are lost▷ The speciαcation of GENERATENEXTLEVEL is L_{ℓ+1} = {X | |X| = ℓ + 1 and for all Y with Y ⊂ X and |Y | = ℓ we have Y ∈ L_ℓ}. GENERATENEXTLEVEL also computes the partition for each new attribute set generated▷ Algorithms are given in ♭4♯▷ Procedure COMPUTEDEPENDENCIES↼L_ℓ ↽ 1 for each X ∈ L ℓ do 2 C +(X) := ⋂ A∈X C+(X \ {A}) 3 for each X ∈ L_ℓ do 4 for each A ∈ X ∩ C +(X) do 5 if X \ {A} → A is valid then 6 output X \ {A} → A 7 remove A from C^+(X) 8 remove all B in R \ X from C^+(X)

By Lemma 5, steps 2, 4 and 5 guarantee that the procedure outputs exactly the minimal dependencies of the form X \ {A} → A where X ∈ L_ℓ and A ∈ X▷ The validity testing on line 5 is based on Lemma 2▷ COMPUTEDEPENDENCIES↼L_ℓ ↽ also computes the sets C+(X) for all X ∈ L_ℓ▷ The following lemma shows that this is done correctly▷

Lemma 6 For all Y ∈ L ℓ−1, let C +(Y ) be cor- rectly computed. After executing the procedure COMPUTE- DEPENDENCIES(L_ℓ ), C^+(X) is correctly computed for all X ∈ L_ℓ▷ Line 8 implements the difference between C +(X) and C(X). If that line was removed, the algorithm would work correctly, but pruning might be less effective.

Procedure PRUNE(L_ℓ↽ 1 for each X ∈ L ℓ do 2 if C +(X) = ∅ ⌈≀ ∋ ⌈⌉↕⌉⊔⌉ X from L_ℓ 4 if X is a ↼super↽key do 5 for each A ∈ C^+(X) \ X do 6 if A ∈ ⋂ B∈X C+(X ∪ {A} \ {B}) then 7 output X → A 8 delete X from L_ℓ Procedure PRUNE implements the two pruning rules de scribed in Section 4▷ By the αrst rule X is deleted if C+(X) = ∅↙ B† ⊔⟨⌉ ∫⌉⌋≀\⌈ ∇⊓↕⌉⇔ X is deleted if X is a key▷ In the latter case the algorithm may also output some de pendencies▷ In ♭4♯ we show that the pruning does not cause the algorithm to miss any dependencies▷ Approximate dependencies Algorithm TANE can be modiαed so that it computes all minimal approximate de pendencies X → A with g_3(X → A) ≤ ε for a given threshold value ε▷ The key modiαcation is to change the validity test on line 5 of procedure COMPUTE DEPENDENCIES to 5φ if g_3(X \ {A} → A) ≤ ε then In addition line 8 of COMPUTEDEPENDENCIES has to be removed or changed to 8φ if X \ {A} → A holds exactly then 9φ remove all B in R \ X from C^+(X) Optimizations In [4], we give two methods that reduce the time and space requirement of the partition computations. The ffrst one replaces partitionswith a more compact representation, and the second one is a method to quickly bound the g_3 error.

6 Analysis

Worst case analysis The time and space complexities of the TANE algorithm depend on the number of sets in the levels L ℓ called the size of a level▷ Let s max be the size of the largest level and s the sum of the sizes of the levels▷ In the worst case s = O(2^{|R|}) and s_{max} = O(2^{|R|}/ √ |R|). Another factor is the number of keys, denoted by k▷ In the worst case k = O(s_{max}) = O(2^{|R|}/ √ |R|).

In summary, the algorithm has time complexity O(s(|r| + |R|^2) + k|R|^3) and space complexity O(s_{max}(|r| + |R|)). The following theorem gives upper bounds for the time and space complexities in terms of the size of the input.

Theorem 1 Algorithm TANE has time complexity O ( (|r| + |R|^{2.5})2^{|R|} ) ∐{^ √√∐^~ ^}⌉√⌈~] O ( (|r| + |R|)2^{|R|}/ √ |R| ) / √√√}]⌉∐~ ∐⌈]^] ~√]{~ {~~^√ O(|r|) time in con- trast to the O(1) time of exact validity testing. Thus, the time complexity of ffnding approximate dependencies with TANE is O(v|r| + s|R|^2 + k|R|^3), where v is the number of validity tests done▷ In the worst case v = s|R|/2 = O(|R|2^{|R|}), and thus the time in terms of the size of the input is O ( (|r||R| + |R|^{2.5})2^{|R|} ) / ∑√∐^]^∐⌈ ∐{∐⌈√]√ ⟨~ } [~ √√^√~ }~ [~ ^~√~{^~{^ √~ ∐{^ √√{]{~/ s and s_{max} can be signiαcantly smaller than the worst case analysis shows▷ The number k of keys is almost always much smaller than s_{max}▷ We have implemented the attribute sets as bit vectors of O(1) words and the random access with hashing. This means, in practice, that set operations and random access take constant time. To reduce the main memory requirement of the algorithm, the partitions can be stored on disk.

The properties of the algorithm after the above modiffcations are summarized below. • CPU ⊔⟩⇕⌉¬ O(s(|r| + |R|) + k|R| 2) • ⌈⟩∫‖ ⊣⌋⌋⌉∫∫⌉∫¬ O(s) accesses of size O(|r|) • ⇕⊣⟩\ ⇕⌉⇕≀∇† ∇⌉∐⊓⟩∇⌉⇕⌉\⊔¬ O(|r||R| + s_{max}) • ⌈⟩∫‖ ∫√⊣⌋⌉ ∇⌉∐⊓⟩∇⌉⇕⌉\⊔¬ O(s_{max}|r|) In the approximate dependency version of TANE, validity testing takes more time and partitions are needed more often. Because of the latter, we only consider the case where partitions are not stored on disk. The approximate dependency algorithm works in O(v|r|+s|R|+k|R|^2) time and O(s_{max}|r|) space. However, because there are more approximately valid dependencies, pruning can be much more effective reducing s s_{max} and v▷ Comparison to other algorithms One of the main advan tages of the new algorithm is the linear dependency on the number of rows in the relation ↼for a αxed set of depen dencies↽▷ To our knowledge the only previously published practical algorithm achieving this is by Schlimmer ♭18 19♯ who uses decision trees for validity tests▷ The decision tree approach is roughly equivalent to computing each partition from partitions with respect to singletons▷ It is slower by a factor O(|R|) than using partitionsthe way we do. All other

Table 1: Performance of the algorithms on real life databases.

Database Time (s) Name |r| |R| N TANE TANE◁MEM FDEP Lymphography 148 19 2730 68▷2 24▷0 88▷0 Hepatitis 155 20 8250 29▷6 14▷1 663 Wisconsin breast cancer 699 11 46 0▷76 0▷25 15▷0 Wisconsin breast cancer × 64 44736 11 46 80.5 23.0 17521 Wisconsin breast cancer × 128 89472 11 46 173 247 * Wisconsin breast cancer × 512 357888 11 46 884 * * Adult 48842 15 85 1451 * * Chess 28056 7 1 3.63 2.03 6685

algorithms that we know of have Ω(|r|^2) or Ω(|r| log |r|) dependency on the number of rows. Many of these could actually be implemented to run in linear time as well, if sorting is not realized by using comparisons but by using other mechanisms instead, e.g., hashing. However, we are not aware of such implementations.

Schlimmer also used the levelwise search strategy, as did Bell and Brockhausen [1]. Both use less effective pruning criteria than we do, i.e., their algorithms may end up computing larger part of the lattice.

There are also algorithms that search the lattice in a more depth-ffrst like manner [11, 9]. Such a search allows criteria for the pruning of the search space that are different from the breath-ffrst search of the levelwise algorithm. A comparison of the effectiveness of pruning in the two approaches is difffcult. However, validity and minimality testing, and the mechanisms of pruning are less efffcient in the depth-ffrst algorithms.

Still another approach is to ffrst compute all maximal invalid dependencies by a pairwise comparison of all rows, and then compute the minimal valid dependencies from the maximal invalid dependencies [7, 2, 9, 17]. The ffrst part of such algorithms requires Ω(|r|^2) time with respect to the number of rows but is polynomial both in the number of rows and the number of attributes, while the second part requires exponential time in the number of attributes but has no dependency on the number of rows. The algorithm by Savnik and Flach [17] implements the second part with a depth-ffrst search. During the search, the maximal invalid dependencies are used both for testing validity of dependencies and for pruning the search space. In Section 7, we present results of an experimental comparison between our algorithm and the algorithm of Savnik and Flach.

7 Performance

We have implemented the TANE algorithm described in this paper and experimented with it to ffnd out how it performs in practice. We have two implementations of the algorithm. The ffrst, scalable version, denoted simply as TANE, keeps most of the partitions on disk as described in Section 6. The other version, TANE/MEM, works completely in main memory. Both are available via the WWW page at http://www.cs.helsinki.ff/ research/fdk/datamining/tane/.

To provide perspective, we performed the same experiments with the FDEP program of Savnik and Flach. The FDEP implementation is based on the algorithm described in [17] and is available at [16].

All algorithms, including FDEP, are written in C and were compiled with GNU C compiler with full optimizations. All experiments were run on the same 233 MHz Pentium PC with 64 MB of memory running Linux operating system. The times below are real times elapsed in the experiments as reported by Unix time command. We report Ψwall clock˚ times rather than CPU times in order to make the cost of I/O processing better visible and to give a fair account of the cost of swapping of TANE/MEM with large databases.

We ran the algorithms on a number of real life databases. The databases and their descriptions are available on the UCI Machine Learning Repository [13]. The number of rows, columns, and minimal dependencies found (N ↽ in each database are shown in Table 1▷ The datasets labeled ΨWisconsin breast cancer × nν are concatenations of n copies of the Wisconsin breast cancer data▷ The set of de pendencies is the same in all of them▷ To avoid duplicate rows all values in each copy were appended with a unique string speciαc to that copy▷ The top three rows of Table 1 show the performance of the algorithms on three small databases▷ Our algorithms perform competitively in all cases▷ The Lymphography and Hepatitis databases are apparently very similar▷ However our algorithms are much faster on Hepatitis than on Lym phography while FDEP is an order of magnitude faster on

Table 2. Performance of TANE◁MEM on approximate dependency discovery▷ ε = 0.0 ε = 0.01 ε = 0.05 ε = 0.25 ε = 0.5 Database N Time ↼s↽ N Time ↼s↽ N Time ↼s↽ N Time ↼s↽ N Time ↼s↽ Lymphography 2730 89▷1 3388 22▷2 7031 4▷89 578 0▷32 21 0▷01 Hepatitis 8250 16▷6 9666 14▷6 6617 9▷27 350 0▷06 160 0▷01 W▷ breast cancer 46 0▷28 113 0▷27 126 0▷23 181 0▷12 18 0▷02 W▷ breast cancer × 64 46 25.5 113 26.7 126 20.3 181 12.6 18 3.89 Chess 1 1.99 1 2.55 1 3.10 2 4.0 17 3.59

Table 3: Previously reported performance results and new results (running times in seconds). Numbers taken from other articles are marked with a Ψdag˚ (^†⇒∅ ⊔⟨⌉ ∫≀⊓∇⌋⌉ ⟩∫ }⟩⊑⌉\ ⊣⊔ ⊔⟨⌉ ⊔≀√ ≀{ ⊔⟨⌉ ⌋≀↕⊓⇕\↙ D⊣⊔⊣⌊⊣∫⌉ B⌉↕↕ B⟩⊔⊔≀\ FDEP S⌋⟨↕⟩⇕⇕⌉∇ TANE N⊣⇕⌉ |r| |R| |X| N et al ♭1♯ et al ♭2♯ ♭17♯ ♭19♯ Lymphography^∗ ∞▽′ ∞∃ △̸∞ > 33 h^† ↖ ▽△′ ∫^† ↖ ↖ L†⇕√⟨≀}∇⊣√⟨† ∞△∀ ∞∃ ∞∃ ∈∋′ ↖ ↖ ∀∀ ∫ ↖ ∀̸↙∈ ∫ R⌉↕∞ ∀ ↖ ′↙′∈ ∫ † ↖ ↖ ↖ R⌉↕ ̸∈∋ ̸′̸ ′̸ ▽ ̸↖ ∃∃△ ∫ † ↖ ↖ ↖ W↙ ⌊∇⌉⊣∫⊔ ⌋⊣\⌋⌉∇ ∄∃ ∞∞ △ ∋▽ ∈▽∃ ∫ † ↖ ∞▽ ∫ △△△′ ∫ † ′↙∋△ ∫ W↙ ⌊∇⌉⊣∫⊔ ⌋⊣\⌋⌉∇ ∄∃ ∞∞ ∞∞ △ ̸▽∋∋ ∫ † ↖ ∞▽ ∫ ↖ ′↙ ̸∫ W↙ ⌊∇⌉⊣∫⊔ ⌋⊣\⌋⌉∇ × 128 89472 11 11 46 - - * - 173 s

Books 9931 9 9 25 17040 s^† ↖ ↖ ↖ ↖

L†⇕√⟨≀}∇⊣√⟨† ⊔⟨⊣\ ≀\ H⌉√⊣⊔⟩⊔⟩∫↙ T⟨⟩∫ ⟩∫ ⊣ }≀≀⌈ ⌈⌉⇕≀\↖ ∫⊔∇⊣⊔⟩≀\ ≀{ ⟨≀⊒ ⌈⟩{{⌉∇⌉\⊔ ⊣√√∇≀⊣⌋⟨⌉∫ ⊔≀ √∇⊓\⟩\} ⊔⟨⌉ ∫⌉⊣∇⌋⟨ ∫√⊣⌋⌉ ⟨⊣⊑⌉ ⌈⟩{{⌉∇⌉\⊔ ⌉{{⌉⌋⊔∫↙ T⟨⌉ ⌊≀⊔⊔≀⇕ √⊣∇⊔ ≀{ T⊣⌊↕⌉ ∞ ∇⌉√≀∇⊔∫ ⊔⟨⌉ √⌉∇{≀∇⇕⊣\⌋⌉ ≀{ TANE ≀\ ⊘⊑⌉ ↕⊣∇}⌉ ⌈⊣⊔⊣⌊⊣∫⌉∫↙ F≀∇ TANE∝MEM ⊣\⌈ FDEP⇔ ∫≀⇕⌉ ⌉§√⌉∇⟩⇕⌉\⊔∫ ⊣∇⌉ ⇕⊣∇‖⌉⌈ ⊒⟩⊔⟨ ⇐⇑⇒ ⊣∫ ⟩\{⌉⊣∫⟩⌊↕⌉∅ {≀∇ TANE∝MEM ⌊⌉⌋⊣⊓∫⌉ ≀{ ⊔⟨⌉ ↕⊣⌋‖ ≀{ ⇕⊣⟩\ ⇕⌉⇕≀∇†⇔ ⊣\⌈ {≀∇ FDEP ⟩{ ⟩⊔ ⌈⟩⌈ \≀⊔ ⊘\⟩∫⟨ ⊒⟩⊔⟨⟩\ ▽ ⟨≀⊓∇∫↙ TANE⇔ ≀\ ⊔⟨⌉ ≀⊔⟨⌉∇ ⟨⊣\⌈⇔ {≀⊓\⌈ ⊔⟨⌉ ⌈⌉√⌉\⌈⌉\⌋⟩⌉∫ ⟩\ ⇕⟩\⊓⊔⌉∫ ⊣\⌈ ⊒⊣∫ \⌉⊑⌉∇ ⟩\ ⌈⊣\}⌉∇ ≀{ ∇⊓\\⟩\} ≀⊓⊔ ≀{ ⇕⌉⇕≀∇†↙ T⊣⌊↕⌉ ∈ ∫⟨≀⊒∫ √⌉∇{≀∇⇕⊣\⌋⌉ ∇⌉∫⊓↕⊔∫ {≀∇ TANE∝MEM ⟩\ ⊔⟨⌉ ⊣√√∇≀§⟩⇕⊣⊔⌉ ⌈⌉√⌉\⌈⌉\⌋† ⌈⟩∫⌋≀⊑⌉∇† ⊔⊣∫‖⇔ {≀∇ ⌈⟩{{⌉∇⌉\⊔ ⊔⟨∇⌉∫⟨≀↕⌈∫ ε▷ Results for the Hepatitis Wisconsin breast cancer and Chess data sets are also presented graphically in Figure 3. N_ε/N_0 stands for the number of approximate de-

pendencies found relative to the case for functional dependencies; similarly, Time ε/Time0 denotes the relative discovery time.

Overall, approximate dependencies are found efőciently. The number of dependencies found varies differently for each data set. Within a reasonable range

0 ≤ ε ≤ 0.1, the time either increases slightly (Chess data set), decreases slightly (Wisconsin breast cancer), or drops signiffcantly (Hepatitis). The drop is even stronger with the Lymphography data set (shown only in the table). Approximate dependencies could not be discovered in the Adult data set with TANE/MEM due to the lack of main memory.

To ffnd out how the number of rows affects the algorithms, we ran a series of experiments with increasing number of rows. The relations were formed by concatenating multiple copies of the Wisconsin breast cancer data as described earlier. The results are illustrated in Figure 4. FDEP performs almost quadratically in the number of rows while our algorithms are very near linear. The sharp turn in the curve of TANE/MEM is caused by the algorithm running out of main memory and starting to use swap space. With the largest relation (357888 rows, 512 times Wisconsin breast cancer), TANE used about 22 MB of main memory and about 235 MB of temporary disk space.

The current implementations of our algorithms have not been optimized for memory and disk space consumption. With some form of data compression, the feasible range of our algorithms can be extended further. Even in their current form our algorithms can handle much larger databases than FDEP. Previously reported results are even worse [2, 17, 19, 1], see Table 3.

The table contains results published in previous articles,

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

0.001 0.01 0.1 1 ε

N_ε/N_0 Hepatitis r

r r r r

r

r

r r r

Time_ε/Time_0^b b b b b b

b

b b b

W. breast cancer

0 1 2 3 4 5

0.001 0.01 0.1 1 ε

N_ε/N_0^r

r r r r r r r

r r

Time_ε/Time_0^b

b b b b b b b b b

Chess

0

5

10

15

20

0.001 0.01 0.1 1 ε

N_ε/N_0^r

r r r r r r r r

r

Time_ε/Time_0^b

b b b b b b b b b

Figure 3: Performance of TANE/MEM for approximate dependencies in the Hepatitis (top), Wisconsin breast cancer (middle), and Chess (bottom) data sets.

0

5000

10000

15000

20000

0 10000 20000 30000 40000

Time (s)

Number of rows

TANE^r

r r r r r r

TANE/MEM b

b b b b b b

FDEP r

rr r r r r r

0 50 100 150 200 250 300

0 20000 40000 60000 80000

Time (s)

Number of rows

TANE^r

r r r r r r r r r r

TANE/MEM b

b b b b b b b b b b FDEP r

r r r

0 200 400 600 800 1000

0 100000 200000 300000

Time (s)

Number of rows

TANE^r

rrr r r r r r r r r r TANE/MEM b

bbb b b b b b b b

FDEP r

r r r r

Figure 4: Performance of the algorithms when the number of rows increases. The three graphs show the same data on different scales.

all marked with ( †⇒⇔ ⊣\⌈ ∇⌉∫⊓↕⊔∫ ⊒⌉ ≀⌊⊔⊣⟩\⌉⌈ ⊓∫⟩\} TANE ⊣\⌈ ⊔⟨⌉ √⊓⌊↕⟩⌋↕† ⊣⊑⊣⟩↕⊣⌊↕⌉ ⊑⌉∇∫⟩≀\ ≀{ FDEP↙ M⊣\† ≀{ ⊔⟨⌉ ⌈⊣⊔⊣⌊⊣∫⌉∫ ⊓∫⌉⌈ ⟩\ √∇⌉⊑⟩≀⊓∫ ⊣∇⊔⟩⌋↕⌉∫ ⊣∇⌉ \≀⊔ √⊓⌊↕⟩⌋↕† ⊣⊑⊣⟩↕↖ ⊣⌊↕⌉⇔ ∫≀ ∇⌉∫⊓↕⊔∫ ⊣∇⌉ ⇕⟩∫∫⟩\} ⊣↕⊔≀}⌉⊔⟨⌉∇∅ ⊔⟨⌉∫⌉ ⊣∇⌉ ⇕⊣∇‖⌉⌈ ⊒⟩⊔⟨ ⇐↖⇒↙ S⟩\⌋⌉ ⊔⟨⌉ ⊔⌉∫⊔∫ ⟨⊣⊑⌉ ⌊⌉⌉\ ∇⊓\ ⟩\ ⌈⟩{{⌉∇⌉\⊔ ⌉\⊑⟩∇≀\↖ ⇕⌉\⊔∫ ⌈⟩∇⌉⌋⊔ ⌋≀⇕√⊣∇⟩∫≀\∫ ⊣∇⌉ \≀⊔ √≀∫∫⟩⌊↕⌉↙ T⟨⌉ ∇⌉∫⊓↕⊔∫ ⊣∇⌉⇔ ⟨≀⊒⌉⊑⌉∇⇔ ⊔∇⌉\⌈↖∫⌉⊔⊔⟩\}↙ F⌉⊒ \≀⊔⌉∫ ⊣∇⌉ ⟩\ ≀∇⌈⌉∇↙ F⟩∇∫⊔⇔ |X| ⌈⌉\≀⊔⌉∫ ⊣\ ⊓√√⌉∇ ↕⟩⇕⟩⊔ {≀∇ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⊣⊔⊔∇⟩⌊⊓⊔⌉∫ ⟩\ ⊔⟨⌉ ↕⌉{⊔↖⟨⊣\⌈ ∫⟩⌈⌉ ≀{ ⊣ ⌈⌉↖ √⌉\⌈⌉\⌋†↙ L⟩⇕⟩⊔⟩\} ⊔⟨⌉ ⇕⊣§⟩⇕⊓⇕ ∫⟩‡⌉ ⇕⊣‖⌉∫ ⊔⟨⌉ ⊔⊣∫‖ ⌉⊣∫↖ ⟩⌉∇↙ N stands for the size of the results i▷e▷ the number of dependencies output▷ The outputs are however different. some algorithms only output a ↼minimal↽ cover of the de pendencies that hold▷ Second the Lymphography data set marked with ↼^∗⇒⇔ ⊓∫⌉⌈ ⌊† B⌉↕↕ ⊣\⌈ B∇≀⌋‖⟨⊣⊓∫⌉\ ∪∞⊎ ⊣∫ ⊒⌉↕↕ ⊣∫ ⌊† S⊣⊑\⟩‖ ⊣\⌈ F↕⊣⌋⟨ ∪∞⊎⇔ ⟩∫ ⌈⟩{{⌉∇⌉\⊔ {∇≀⇕ ⊔⟨⌉ ≀\⌉ ⊣⊑⊣⟩↕⊣⌊↕⌉ {∇≀⇕ ⊔⟨⌉ UCI ∇⌉√≀∫⟩⊔≀∇†↙ T⟨⟩∇⌈⇔ ⟩⊔ ∫⟨≀⊓↕⌈ ⌊⌉ \≀⊔⌉⌈ ⊔⟨⊣⊔ B⌉↕↕ ⊣\⌈ B∇≀⌋‖⟨⊣⊓∫⌉\ ∪∞⊎ ⊣∇⌉ ⊔⟨⌉ ≀\↕† ≀\⌉∫ ⊔≀ ∇⌉√≀∇⊔ ∇⌉∫⊓↕⊔∫ ≀⌊⊔⊣⟩\⌉⌈ ≀\ ⊔≀√ ≀{ ⊣ ⌋≀⇕↖ ⇕⌉∇⌋⟩⊣↕ ∇⌈⌊⇕∫⇔ ⊒⟨⌉∇⌉⊣∫ ⊣↕↕ ≀⊔⟨⌉∇∫ ⊓∫⌉ ⊙⊣⊔ ⊘↕⌉∫ ⊣\⌈ ∫√⌉⌋⟩⊣↕↖ ⟩‡⌉⌈ ⊣⌋⌋⌉∫∫ ⇕⌉⊔⟨≀⌈∫↙ F≀∇ ⊣\ ≀⊑⌉∇⊑⟩⌉⊒⇔ ⌋≀\∫⟩⌈⌉∇ ⊔⟨⌉ W⟩∫⌋≀\∫⟩\ ⌊∇⌉⊣∫⊔ ⌋⊣\⌋⌉∇ ⌈⊣⊔⊣ ∫⌉⊔ ⊒⟩⊔⟨ ⊔⟨⌉ ↕⌉{⊔↖⟨⊣\⌈ ∫⟩⌈⌉ ↕⟩⇕⟩⊔ |X| = 4. Although small and restricted, it is the only case for which there are results for four algorithms. TANE discovers dependencies in 0.34 seconds, FDEP in 15 s (larger by a factor c = 44), Bell and Brockhausen [1] in 259 s (c = 760), and Shclimmer [19] in 4440 s (c = 130000).

8 Concluding remarks

We have given a new algorithm for the discovery of functional and approximate dependencies from relations. The approach is based on considering partitions of the relation, and deriving valid dependencies from the partitions. The algorithm searches for dependencies in a breadth-ffrst or levelwise manner. We showed how the search space can be pruned effectively, and how the partitionsand dependencies can be computed efffciently. Experimental results and comparisons demonstrate that the algorithm is fast in practice, and that its scale-up properties are superior to previous methods. The method works well with relations of up to hundreds of thousands of rows.

The method is at its best when the dependencies are relatively small. When the size of the (minimal) dependencies is roughly one half of the number of attributes, the number of dependencies is exponential in the number of attributes, and the situation is more or less equally bad for any algorithm. When the dependencies are larger than that, the levelwise method that starts the search from small dependencies obviously is further from the optimum. The levelwise search can, in principle, be altered to start from the large dependencies. Then, however, the partitions could not be computed as efffciently.

There are also other interesting data mining applications for partitions. Association rules between attributeffivalue pairs can be computed with a small modiffcation of the present algorithm. An equivalence class corresponds then to a particular value combination of the attribute set. By comparing equivalence classes instead of full partitions, we can ffnd association rules. A possible future research directionis to use the uniffed view that partitionsprovide to functional dependencies and association rules, independently observed also in [3], to ffnd an apt generalization of both and to develop an algorithm for discovering such rules.

Acknowledgements

The Adult, Hepatitis, Lymphography, and Wisconsin breast cancer data have been obtained from the UCI Machine Learning Repository [13]. The Lymphography domain originates from the University Medical Centre, Institute of Oncology, Ljubljana, Yugoslavia. Thanks go to M. Zwitter and M. Soklic for providing the data. The FDEP program was obtained from I. Savnik’s FDEP Home Page [16]. Finally, we thank Heikki Mannila and Jean- Franc�ois Boulicaut for helpful comments.

References [1] S. Bell and P. Brockhausen. Discovery of data dependencies in relational databases. Tech. Rep. LS-8 Report-14, University of Dortmund, Apr. 1995.

[2] D. Bitton, J. Millman, and S. Torgersen. A feasibility and performance study of dependency inference. In Proceedings of the Fifth International Conference on Data Engineering, pages 635ffi641. IEEE Computer Society Press, 1989.

[3] M. M. Dalkilic, D. V. Gucht, and E. L. Robertson. CE:

the classiffer-estimator framework for data mining. In Proceedings of the 7th IFIP 2.6 Working Conference on Database Semantics (DS-7), Leysin, Switzerland, Oct. 1997. Chapman and Hall.

[4] Y. Huhtala, J. Ka�rkka�inen, P. Porkka, and H. Toivonen. Efffcient discovery of functional and approximate dependencies using partitions (extended version). Technical Report C-1997-79, Department of Computer Science, University of Helsinki, Nov. 1997.

[5] J. Kivinen and H. Mannila. Approximate dependency inference from relations. Theoretical Computer Science, 149(1):129ffi149, 1995.

[6] S. Kramer and B. Pfahringer. Efffcient search of strong partial determinations. In E. Simoudis, J. Han, and U. Fayyad, editors, Proceedings of the Second International Conference on Knowledge Discovery and Data Mining (KDD’96), pages 371ffi378, Portland, OR, Aug. 1996. AAAI Press.

[7] H. Mannila and K.-J. Ra�iha�. Design by example:

An application of Armstrong relations. Journal of Computer and System Sciences, 33(2):126ffi141, Oct. 1986.

[8] H. Mannila and K.-J. Ra�iha�. Dependency inference.

In Proceedings of the Thirteenth International Conference on Very Large Data Bases (VLDB’87), pages 155ffi158, Los Altos, CA, 1987. Morgan Kaufmann.

[9] H. Mannila and K.-J. Ra�iha�. The Design of Relational Databases. Addison-Wesley, Menlo Park, California, 1992.

[10] H. Mannila and K.-J. Ra�iha�. On the complexity of inferring functional dependencies. Discrete Applied Mathematics, 40:237ffi243, 1992.

[11] H. Mannila and K.-J. Ra�iha�. Algorithms for inferring functional dependencies. Data & Knowledge Engineering, 12(1):83ffi99, 1994.

[12] H. Mannila and H. Toivonen. Levelwise search and borders of theories in knowledge discovery. Data Mining and Knowledge Discovery, 1(3):241ffi258, 1997.

[13] C. J. Merz and P. M. Murphy. UCI repository of machine learning databases [http://www.ics.uci.edu/ ∼⇕↕⌉⊣∇\∝MLR⌉√≀∫⟩⊔≀∇†↙⟨⊔⇕↕⊎↙ I∇⊑⟩\⌉⇔ CA¬ U\⟩⊑⌉∇↖ ∫⟩⊔† ≀{ C⊣↕⟩{≀∇\⟩⊣⇔ D⌉√⊣∇⊔⇕⌉\⊔ ≀{ I\{≀∇⇕⊣⊔⟩≀\ ⊣\⌈ C≀⇕√⊓⊔⌉∇ S⌋⟩⌉\⌋⌉⇔ ∞∃∃↙̸ ∪∞△⊎ J↙↖M↙ P⌉⊔⟩⊔⇔ F↙ T≀⊓⇕⊣\⟩⇔ J↙↖F↙ B≀⊓↕⟩⌋⊣⊓⊔⇔ ⊣\⌈ J↙ K≀⊓↕≀⊓⇕⌈|⟩⊣\↙ T≀⊒⊣∇⌈∫ ⊔⟨⌉ ∇⌉⊑⌉∇∫⌉ ⌉\}⟩↖ \⌉⌉∇⟩\} ≀{ ⌈⌉\≀∇⇕⊣↕⟩‡⌉⌈ ∇⌉↕⊣⊔⟩≀\⊣↕ ⌈⊣⊔⊣⌊⊣∫⌉∫↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ T⊒⌉↕{⊔⟨ I\⊔⌉∇\⊣⊔⟩≀\⊣↕ C≀\{⌉∇⌉\⌋⌉ ≀\ D⊣⊔⊣ E\}⟩\⌉⌉∇⟩\}⇔ √⊣}⌉∫ ∈∞∀∘∈∈⇔ N⌉⊒ O∇↕⌉⊣\∫⇔

L≀⊓⟩∫⟩⊣\⊣⇔ ∞∃∃↙̸ IEEE C≀⇕√⊓⊔⌉∇ S≀⌋⟩⌉⊔†↙ ∪∞▽⊎ B↙ P{⊣⟨∇⟩\}⌉∇ ⊣\⌈ S↙ K∇⊣⇕⌉∇↙ C≀⇕√∇⌉∫∫⟩≀\↖⌊⊣∫⌉⌈ ⌉⊑⊣↕⊓⊣⊔⟩≀\ ≀{ √⊣∇⊔⟩⊣↕ ⌈⌉⊔⌉∇⇕⟩\⊣⊔⟩≀\∫↙ I\ U↙ M↙ F⊣††⊣⌈ ⊣\⌈ R↙ U⊔⟨⊓∇⊓∫⊣⇕†⇔ ⌉⌈⟩⊔≀∇∫⇔ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ F⟩∇∫⊔ I\⊔⌉∇\⊣⊔⟩≀\⊣↕ C≀\{⌉∇⌉\⌋⌉ ≀\ K\≀⊒↕⌉⌈}⌉ D⟩∫⌋≀⊑⌉∇† ⊣\⌈ D⊣⊔⊣ M⟩\⟩\} ⇐KDD≃∃▽⇒⇔ √⊣}⌉∫ ∈∋△∘∈∋∃⇔ M≀\↖ ⊔∇⌉≻⊣↕⇔ C⊣\⊣⌈⊣⇔ A⊓}↙ ∞∃∃▽↙ AAAI P∇⌉∫∫↙ ∪∞⊎̸ I↙ S⊣⊑\⟩‖↙ FDEP ⟨≀⇕⌉ √⊣}⌉ ∪⟨⊔⊔√¬∝∝⇕⊣∇⊔⟩\↙⟩|∫↙∫⟩∝ ∫⊣⊑\⟩‖∝{⌈⌉√↙⟨⊔⇕↕⊎⇔ J⊓\⌉ ∞∃∃↙̸ ∪∞⊎ I↙ S⊣⊑\⟩‖ ⊣\⌈ P↙ F↕⊣⌋⟨↙ B≀⊔⊔≀⇕↖⊓√ ⟩\⌈⊓⌋⊔⟩≀\ ≀{ {⊓\⌋↖ ⊔⟩≀\⊣↕ ⌈⌉√⌉\⌈⌉\⌋⟩⌉∫ {∇≀⇕ ∇⌉↕⊣⊔⟩≀\∫↙ I\ G↙ P⟩⊣⊔⌉⊔∫‖†↖ S⟨⊣√⟩∇≀⇔ ⌉⌈⟩⊔≀∇⇔ K\≀⊒↕⌉⌈}⌉ D⟩∫⌋≀⊑⌉∇† ⟩\ D⊣⊔⊣⌊⊣∫⌉∫⇔ P⊣√⌉∇∫ {∇≀⇕ ⊔⟨⌉ ∞∃∃∋ AAAI W≀∇‖∫⟨≀√ ⇐KDD≃∃∋⇒⇔ √⊣}⌉∫ ∞△∘∞∀▽↙ AAAI⇔ ∞∃∃∋↙ ∪∞∀⊎ J↙ C↙ S⌋⟨↕⟩⇕⇕⌉∇↙ E{⊘⌋⟩⌉\⊔↕† ⟩\⌈⊓⌋⟩\} ⌈⌉⊔⌉∇⇕⟩\⊣↖ ⊔⟩≀\∫¬ A ⌋≀⇕√↕⌉⊔⌉ ⊣\⌈ ∫†∫⊔⌉⇕⊣⊔⟩⌋ ∫⌉⊣∇⌋⟨ ⊣↕}≀∇⟩⊔⟨⇕ ⊔⟨⊣⊔ ⊓∫⌉∫ ≀√⊔⟩⇕⊣↕ √∇⊓\⟩\}↙ I\ G↙ P⟩⊣⊔⌉⊔∫‖†↖S⟨⊣√⟩∇≀⇔ ⌉⌈⟩⊔≀∇⇔ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ T⌉\⊔⟨ I\⊔⌉∇\⊣⊔⟩≀\⊣↕ C≀\{⌉∇↖ ⌉\⌋⌉ ≀\ M⊣⌋⟨⟩\⌉ L⌉⊣∇\⟩\}⇔ √⊣}⌉∫ ∈∀△∘∈∃′↙ M≀∇}⊣\ K⊣⊓{⇕⊣\\⇔ ∞∃∃∋↙ ∪∞∃⊎ J↙ C↙ S⌋⟨↕⟩⇕⇕⌉∇↙ U∫⟩\} ↕⌉⊣∇\⌉⌈ ⌈⌉√⌉\⌈⌉\⌋⟩⌉∫ ⊔≀ ⊣⊓↖ ⊔≀⇕⊣⊔⟩⌋⊣↕↕† ⌋≀\∫⊔∇⊓⌋⊔ ∫⊓{⊘⌋⟩⌉\⊔ ⊣\⌈ ∫⌉\∫⟩⌊↕⌉ ⌉⌈⟩⊔⟩\} ⊑⟩⌉⊒∫↙ I\ G↙ P⟩⊣⊔⌉⊔∫‖†↖S⟨⊣√⟩∇≀⇔ ⌉⌈⟩⊔≀∇⇔ K\≀⊒↕⌉⌈}⌉ D⟩∫⌋≀⊑⌉∇† ⟩\ D⊣⊔⊣⌊⊣∫⌉∫⇔ P⊣√⌉∇∫ {∇≀⇕ ⊔⟨⌉ ∞∃∃∋ AAAI W≀∇‖∫⟨≀√ ⇐KDD≃∃∋⇒⇔ √⊣}⌉∫ ∞∀∘̸∞∃↙̸ AAAI⇔ ∞∃∃∋↙ ∪∈′⊎ Z↙ T⊣∇⟩⇔ O↙ B⊓‖⟨∇⌉∫⇔ J↙ S⊔≀‖⌉∫⇔ ⊣\⌈ S↙ H⊣⇕⇕≀⊓⌈⟩↙ T⟨⌉ ∇⌉⌉\}⟩\⌉⌉∇⟩\} ≀{ ∇⌉↕⊣⊔⟩≀\⊣↕ ⌈⊣⊔⊣⌊⊣∫⌉∫ ⌊⊣∫⌉⌈ ≀\ ‖⌉† ⊣\⌈ ⌈⊣⊔⊣ ⌋≀∇∇⌉↕⊣⊔⟩≀\∫↙ I\ S↙ S√⊣⌋⌋⊣√⟩⌉⊔∇⊣ ⊣\⌈ F↙ M⊣∇†⊣\∫‖⟩⇔ ⌉⌈⟩⊔≀∇∫⇔ S⌉⊣∇⌋⟨⟩\} {≀∇ S⌉⇕⊣\⊔⟩⌋∫¬ D⊣⊔⊣ M⟩\⟩\}⇔ R⌉⊑⌉∇∫⌉ E\}⟩\⌉⌉∇⟩\}⇔ ⌉⊔⌋↙ C⟨⊣√⇕⊣\ ⊣\⌈ H⊣↕↕⇔ ∞∃∃∀↙ T≀ ⊣√√⌉⊣∇↙ ∪∈∞⊎ G↙ E↙ W⌉⌈⌈⌉↕↕↙ R⌉⊣∫≀\⟩\} ⊣⌊≀⊓⊔ {⊓\⌋⊔⟩≀\⊣↕ ⌈⌉↖ √⌉\⌈⌉\⌋⟩⌉∫ }⌉\⌉∇⊣↕⟩‡⌉⌈ {≀∇ ∫⌉⇕⊣\⊔⟩⌋ ⌈⊣⊔⊣ ⇕≀⌈⌉↕∫↙ ACM T∇⊣\∫⊣⌋⊔⟩≀\∫ ≀\ D⊣⊔⊣⌊⊣∫⌉ S†∫⊔⌉⇕∫⇔ ∞⇐∞⇒¬∋∈∘ △̸⇔ M⊣∇↙ ∞∃∃∈↙