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Abstract

Analysis of spontaneous EEG/MEG needs unsupervised leangi methods.
While independent component analysis (ICA) has been sucesésly applied
on spontaneous fMRI, it seems to be too sensitive to technlcartifacts in

EEG/MEG. We propose to apply ICA on short-time Fourier trandorms of
EEG/MEG signals, in order to nd more \interesting" sources than with

time-domain ICA, and to more meaningfully sort the obtainedcomponents.
The method is especially useful for nding sources of rhythim activity. Fur-

thermore, we propose to use a complex mixing matrix to modedgrces which
are spatially extended and have di erent phases in di erenEEG/MEG chan-

nels. Simulations with arti cial data and experiments on rating-state MEG
demonstrate the utility of the method.
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analysis, brain rhythms, resting state

1. Introduction

Recently, analysis of brain activity in resting state (Raible et al., 2001;
Kiviniemi et al., 2003; Beckmann et al., 2005; van de Ven et.al2004), or
during natural stimulation (Bartels and Zeki, 2004; Hassort al., 2004) has
attracted a lot of attention. Such experimental paradigms i a step towards
more everyday-life-like recordings which are not constrad to responses to
overly simplistic stimuli or tasks. However, in these expéenents the compu-
tational or statistical analysis of the data is very challeging because there is
no simple stimulus sequence to which the measured activitgic be compared
(correlated). Therefore, unsupervised or exploratory amgsis methods have
to be used.

Independent component analysis (ICA) and other blind souecseparation
methods have been successfully applied for separating sply independent
sources in functional magnetic resonance imaging (fMRI) tameasured in
resting state (Beckmann et al., 2005; van de Ven et al., 200d) during nat-
ural stimulation (Bartels and Zeki, 2004). However, the appation of ICA
on spontaneous electroencephalography (EEG) or magnetacephalography
(MEG) does not seem to be straightforward, and only few studs have suc-
cessfully separated sources of spontaneous brain actiwith ICA. Typically,
ICA is very successful in nding artifacts (Jung et al., 2000Vigario et al.,
2000), but less successful in nding components related tadin activity.

We think that the main reason for this problem is that ICA essatially

nds the components whose amplitudes have the most non-Gasign distri-



butions, while the interesting sources in EEG/MEG are oftemot very far
from Gaussian. Consider amplitude-modulated oscillatorgctivity as illus-
trated in Figure 1. The amplitude distribution of the modulaed sinusoid is
determined by two con icting properties. On the one hand, tle amplitude
distribution of the underlying oscillation (a sinusoid) ha a strongly negative
kurtosis ( 1:5) since its histogram is bimodal. When such a distibution is
modulated, it moves towards sparseness (Beale and Mallovi®959), i.e. its
kurtosis increases. However, when a negative kurtosis irases, it actually
gets closer to zero and thus the distribution becomes more @Gsian, as is
shown in the histogram of a modulated signal in Figure 1 d). Tér modu-
lation has to be quite strong in order for the modulated sigrido display a
strong degree of non-Gaussianity: even the rather strong ihalation shown
in Figure 1 e) does not produce a large kurtosis (only 1.47 ihis case).

Since ICA algorithms can be interpreted as maximizing the meGaussianity
of the components, they are thus biased towards nding artifcts. This seems
to explain why it is di cult to nd oscillatory components wi th basic ICA,
although such components are usually the main target of insggation in
studies of spontaneous EEG/MEG.

Even if the degree of non-Gaussianity of oscillatory sourcavere strong
enough for their separation by basic ICA, artifacts tend to b even more
non-Gaussian. This is a problem because the number of indegent com-
ponents that needs to be estimated to recover oscillatory mponents can
be quite large. Thus, we still need a method for selecting, amg the many
components estimated by ICA, the interesting ones, i.e. tise related to brain

activity. Non-Gaussianity would not be informative regarang the \interest-
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Figure 1: lllustration of amplitude-modulation of a sinusoid and its e ect on the non-
Gaussianity of the sources.a) A sinusoid, whose kurtosis is ~ 1:5. b) An envelope which
modulates the oscillation ina. ¢) The resulting modulated oscillation, i.e. a multiplied by
b. d) The amplitude histogram of the modulated signal inc. It is not very non-Gaussian,
which is re ected in its (normalized) kurtosis which equals 0:51. e) An envelope which
has stronger uctuations than the one in b. f) The resulting modulated oscillation, i.e.
a multiplied by e. d) The histogram of the more strongly modulated signal ine. It
is somewhat more non-Gaussian, which is re ected in its (namalized) kurtosis which is
1:47.



ingness" of the components. In fact, many blind source sepdion algorithms
can be interpreted as nding sources which maximize some nseme of \in-
terestingness”, and therefore separation of componentscaranking them are
essentially two viewpoints on the same problem: how to de na useful mea-
sure of \interestingness" which is also a valid separatiorriterion. Ideally,
having a properly de ned separation criterion, we can estiate just a subset
of components which maximize the criterion of separation anterestingness,
and sort the components by the value of the separation critien, thus solving
the separation and sorting problems at the same time.

Another problem with straightforward application of ICA to spontaneous
EEG/MEG is that it assumes that each oscillatory source is aierved in all
the channels at the same phase (or with radian phase shift, corresponding
to just ipping the sign of the signal). While this is true for a single cur-
rent dipole source, it would be interesting to nd sources wibh are spatially
more distributed. Such sources could consist of several dips whose time
courses are closely correlated but with small time di ereres. They would
presumably be seen in the di erent channels with constant @se di erences;
i.e. the oscillations in the di erent channels would be phaslocked but would
not have the same phase. Basic ICA would split such sourcedorseveral
components, while it would be useful to have them grouped insingle com-
ponent.

Here, we propose a new method of blind source separation lthem a
measure of interestingness which is maximized by amplitusieodulated os-
cillatory activity, and allows for constant phase-di ererces in the oscillation.

The method is based on the following three ingredients: 1) wese short-time



Fourier transforms of the data to probe oscillatory activiy, 2) we use a com-
plex mixing matrix to model di erent phases in spatially exended sources
and 3) the analysis is performed using the complex-valuedrs®n of FastiICA

with a robust measure of non-Gaussianity (Bingham and Hyvenen, 2000).

2. Model

2.1. ICA of short-time Fourier transformed data

We start by assuming a linear instantaneous mixing model kkin ordinary
ICA. Denote by x.. the measured data where is the channel index and
is the time index. Each channel is assumed to be a linear supesition of

underlying source signals (independent components)

X
Xe;, = Ac;pSp; (1)
p=1

The sources are assumed to be statistically independent shastic processes.
We propose to transform the EEG/MEG data in a very simple waytake
short time-windows of the data, and replace each window bysit~ourier trans-

form. For regularly spaced time indicest, we take windows

compute the Fourier transform for each such window, and basilly replace
the original data window with the Fourier transform; the precise de nition
of such replacement will be given in what follows.

This approach leads to data with the following three indices

cis the channel index, as above

t is the index of the window, i.e. the temporal location withinthe

experiments (with a lower temporal resolution than )

6



f is the index of the Fourier transform coe cient inside the short time

window.

The maximum values for the indices are denoted b§; T; F, respectively.

An important point is that in spite of the three indices we cosider the
data as an ordinary two-dimensional matrix in which each rocorresponding
to a given channelc) contains the data for all the possible values of the

t and f indices. Thus, our Fourier-transformed data consists of a atrix

andf indices together is indicated by the lack of comma betweenehndices.
In other words, we donot treat the transformed data as a three-dimensional
object in the spirit of three-way data analysis methods (Miakeichi et al.,
2004); instead, we concatenate the short-time Fourier traforms one after
the other, so we still have a two-dimensional data matrix.

A fundamental property of the linear mixing model in Equatia (1) is that
our transformation of the data does not in any way change the iming model.
This is a general property of linear time- Itering and simibr transformations
of the data (Hyvarinen et al., 2001). Thus, we have the follwing model for
the Fourier-transformed data:

X
Rewr = ac;pgp;tf (2)
p=1

where thea., are the same mixing parameters as in Equation (1), and the
Sy are random coe cients, like in most source separation mettas. Again,
the §,+ are considered as a two-dimensional matrix so that the conmed
index tf replaces the time index in the original data. This means simply

that their short-time Fourier transforms are concatenatedne after the other.



Note that the data ® are complex-valued by the conventional de nition
of the Fourier transform. The mixing coe cient a;, are real-valued here,
but in Section 2.3 we will further propose that the mixing coeient are also
allowed to take complex values to extend to linear mixing macad.

The model in Equation (2) is quite similar to a complex-valug ICA
model, whose estimation has been considered in the sourcpasation liter-
ature.!’ For example, a variant of FastiICA was proposed by Bingham and
Hyvarinen (2000). In the following, we call this ICA of shot-time Fourier

transforms \Fourier-ICA" for short.

2.2. Sparseness and oscillatory activity

The important point here is that after the short-time Fourier transforma-

tion, the principles of ICA estimation can be interpreted ina new light. One

1Our model is, however, not equivalent to the complex-valuedlICA model because
the sources cannot be considered strictly independent in geeral. This is because of the
in uence of the frequency which is a sampling index in this rgresentation. We can con-
struct the following counterexample in which the original sources are independent but
the transformed ones are not. Take two statistically indepexdent narrow-band oscillatory
sourcess; and s, with the same peak frequency (say, 10 Hz). The short-time Fotier
transforms have peaks in the same places, i.e. for the samembinations of the indices
t and f. Thus, if we compute the covariance of the absolutes valuesfdhe §; and %,
Le.T%-P ¢ J81i %2 T%-PtijﬂT%—P ¢ 1%2J, this covariance is positive. This is in con-
tradiction with independence, because for independent radom variables, any nonlinear
transformations are uncorrelated. Fortunately, this dependence seems to be weak, and
does not seem to be signi cant in practice. Furthermore, this dependence can be consid-
ered as an artifact of our Fourier representation in whichf is considered as a sampling

index.



interpretation of ICA estimation is that it maximizes the non-Gaussianity of
the sources; for most sources (those which are super-Gaasir sparse) this
means maximization of the sparseness.

What does sparseness mean for our transformed data? In fattmeans
two di erent things, both of which are in line with our goal of nding sources

of oscillatory activity:

1. Few frequency bands with non-zero energy. If the Fouriepbe cients
are zero for most frequency bands, then the distribution ohe Fourier
coe cients (taken over all frequencies and windows) is spae.

2. Amplitude-modulation of signals. It is well-known (Beat and Mallows,
1959), and illustrated in Figure 1, that amplitude modulaton of signals
increases sparseness of the original signal. It also inges the sparse-
ness for each single frequency band in the short-time Fourteansform,
because the amplitude-modulation of the signals modulatése Fourier
transforms as well (at least if it is slow enough so that the sint-time

Fourier spectrum is not signi cantly smeared by the modulabn).

Thus, sparseness of the Fourier coe cients is a meaningfubgective if we
want to separate oscillatory signals, or if we want to nd themost interesting
sources among the separated ones.

Further, this means that the objective function which meastes the \in-
terestingness” of the source is given by the theory of ICA estation, here
the complex-valued case. We use the following objective fttion proposed
by Bingham and Hyvarinen (2000):

1 X
I&) = — log(1 + j8p: i°) 3

F t;f



which can be interpreted as a measure of sparseness which as sensitive
to outliers. As we will see in the experiments below, it is imgrtant to

use a measure of non-Gaussianity which is robust against bets instead
of, for example, the more classic kurtosis measure. The megsin Eq. (3)

is robust, i.e. insensitive to outliers, because the log#rmic function does
not grow fast when going far from zero, as opposed to the fobrpower
used in kurtosis. Here, it is assumed that thes,"is standardized to zero
mean and unit variance. Maximization of this measure, and tation of

the complex-value ICA model are simultaneously performed/lthe complex-
valued FastICA algorithm (Bingham and Hyvarinen, 2000).

We emphasize here that de ning a good measure of \interesginess" is
important to solve one practical problem in application of CA: the method
can give a large number of components, and it may be time-camsing for the
researcher to go through all of them to nd the useful compomes. If our ob-
jective function really corresponds to the interestingnasof the components
in our application, we can do two things: First, we can estinta a smaller
number of components than the dimension of the data (even site than the
dimension after PCA); second, we can rank the estimated compents ac-
cording to the objective function, and thus suggest which ocaponents should
be considered for further analysis. We will see the utility foboth of these
ideas in the simulations below.

In contrast to basic ICA, our method thus uses information othe tempo-
ral correlations of the sources. A number of blind source sa@tion methods
have been developed based on such correlations (Belouchranal., 1997;
Ziehe and Mualler, 1998; Hyvarinen et al., 2001). Those mbbds can also
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separate Gaussian sources. However, they have the seriouandback that
they cannot separate sources if at least two of the sourcesvhadentical
temporal correlation structure, i.e. the same Fourier sp&@.? This is why
their direct application to spontaneous EEG/MEG seems wedk justi ed.
In the analysis of spontaneous EEG/MEG, blind source separan methods
(see Experiments below) typically nd several sources witthe same spectral
characteristics, which implies that methods based on tempal correlations
alone cannot be expected to yield any original sources in sua case, only
arbitrary mixtures of such spectrally identical sources.

In contrast, our method combines temporal correlations (meow-band
characteristic) with amplitude modulations to provide a sparation methods
which can further separate spectrally identical sources. hls, it attempts
to combine the best properties of source separation methoddased on non-
Gaussianity and temporal correlations. In the Appendix, w@rovide a math-
ematical analysis of Fourier-ICA and show, in particular, hat it can separate

even Gaussian sources based on their temporal correlatialene.

2.3. Modelling phase di erences by complex-valued mixing

We further propose that the coe cients a.,, are allowed to take complex
values. The meaning of such a complex-valued model is that ausce with
index p can be observed in the channels with di erent phases, whichlieagiven

by the phases ofa.,, for di erent c, as will be explained next.

2Note that by the well-known Wiener-Khinchin theorem, if two signals have identical
Fourier power spectra, then they also have identical tempoal correlations structure (i.e.
identical autocorrelation function), and vice versa. Strictly speaking, the theorem applies

to stationary processes only.
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Assume that in our original mixing model in Equation (1), thesource
oscillations are recorded in di erent channels with delays(c; p which are

small with respect to the period of the oscillation:

X
Xe;, = Ac;pSp;  (cip) (4)
p=1

We emphasize that we do not model delays due to the propagati@f the
signals, since such delays are extremely small. Insteady @oal is to model
spatially extended sources of rhythmic activity, or distrbuted sources con-
sisting of multiple focal sources with constant phase rel@ins. Such sources
(which could also be called networks) may result in oscillains with slightly
di erent phases in dierent channels, if dierent parts of the source have
phase-locked activity but with time di erences. We do not popose a bio-
physical mechanism of how such phase di erences arise, butr@xperiments
reported below give some support to such a signal model.

It is well-known in the theory of Fourier analysis that the Faurier trans-
form of a lagged signak ,, is obtained by multiplication by a function of
modulus one:

8§ (f)=% (f)exp(2inf ) (5)

Furthermore, we assume that the sources are quite localizedthe Fourier
space, i.e., narrow-band. Then, the dependence of expi2 ) onf has little

e ect because we have
8 (f)exp(2inf ) & (f)exp(2inf o) (6)

wherefg is the dominant frequency of an oscillatory source( ). When we

take the short-time Fourier transform of the lagged mixing radel in (4), we
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thus have
X

Rewt = ac;p €XP(2if o(p) (C;P)Bpir (7)
p=1

Here, we can combine the original real-valued mixing coe eints a.,, and the
new terms exp(2f o(p) (c;p) as new complex-valued mixing coe cients,
denote them byad,. Thus, the mixing model in the Fourier domain in
Equation (2) can be approximated by a model which is formallgxactly the
same as Equation (2), but the mixing coe cientsa.., are complex-valued

It should be emphasized that this approximation is only vatl for narrow-
band sources. In the general case, we would need a separatasphparam-
eter for each frequency band (Anemuller et al., 2003), whicwould greatly
increase the number of parameters in the model (10-fold evdérwe only had
10 frequency bands), and thus make its estimation more di cli. Since most
sources of interest in spontaneous EEG/MEG are relatively arrow-band,
this approximation seems reasonable, and it has the bene f &eeping the
number of parameters quite low.

As we can see in Equation (7), the magnitudes of the complegiued mix-
ing coe cients ag;p are the same as those of the original coe cienta., since
exp(2if o(p) (c;p) has modulus one and only changes the phase (argument)
of the complex coe cient.

As is well-known in the theory of ICA, the global phase or magtude of a
component cannot be estimated in the model. This is because wan always
multiply any source g, by a scalar constantg,, and divide the coe cients a,
by the sameq,, and the observed data are not changed in any way. Thus, all
the estimated magnitudes and phases of each source are ordynéd relative

to each other, i.e. we can only estimate the phasi erences betweena,,
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and ax,, or their relative magnitudes.

2.4. Reliability analysis

It is also useful, although not necessary, to incorporate ithe method an
algorithmic reliability analysis as in (Himberg et al., 20@). The estimation
is repeated for many times for each data set, using either dirent random
samples of time windows or di erent random initial points, @ both. This
allows an analysis of the reliability of the estimates: a mimum requirement
for a component to be reliable is that it is obtained in (alma3 all these
randomized runs® If a component is obtained only a few times, it may be an
algorithmic artifact, possibly a small local maximum of theobjective func-
tion, or a purely random e ect due to a small sample size. It isnportant to
investigate this possibility when one uses data-analysisgarithms based on
maximization of complicated objective functions, since fiction maximiza-

tion can be very di cult and unreliable.

3. Simulations and Experiments

We applied the method on three di erent kinds of simulated dea, as well

as on real MEG data.

3This rather primitive quanti cation of reliability is the b est that we have in the theory
of ICA so far. Hopefully, future research will provide methods which quantify reliability
in a more principled manner, for example, in terms of statisical signi cance (p-values).

See Groppe et al. (2009) for related work.
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3.1. General methods

To make the simulations as realistic as possible, we procedghe simu-

lated data almost exactly the same way as the real MEG data. Ehhypo-

thetical \sampling frequency" in the simulations was 150 Hzwhich was the

sampling frequency of the real MEG data after some preprosasg indepen-

dent of the present method.

All datasets were processed by the following steps:

1.

The data were downsampled to 75 Hz using Matlabtecimatefunction

which includes an interpolation.

. Windows of a duration of 1 second were taken, half overlapg (i.e.

with an interval of 0.5 s between the starting points of the widows).

. A Fast Fourier transform (FFT) was performed on each winde. Only

coe cients in the range from 5 Hz to 30 Hz were retained, i.e.ne data
were e ectively band-pass ltered.

Outliers were rejected by computing the logarithms of theworms of
each FFT-transformed window, and rejecting any window wheslog-
norm was larger than the mean plus three standard deviationgThis

was only done with real MEG data.)

. The means of the Fourier-transformed channels were subtted to

make all signals zero-mean.

The dimension of the data was reduced by principal companteanal-
ysis (PCA) to 25, except in Simulations 1 and 2, where no dimsion
reduction was performed because the initial data dimensiomas smaller
than 25. The choice of this dimension was rather ad hoc, obtesd by

trying out a few di erent values in pilot experiments.
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7. Fourier-ICA was performed using the complex-valued Fd§A algo-
rithm (Bingham and Hywvarinen, 2000) with the objective furnction in
Equation (3). The number of components estimated was typitg

smaller than the PCA dimension.

As part of the FastICA algorithms, the data are whitened; howver, we
do not consider that a part of the preprocessing but rather agt of the
estimation method itself.

For comparison, we also applied the ordinary (time-domainjastiCA
algorithm on the datasets (Hyvarinen, 1999). In this casesteps 2 and 3
above were omitted. As a replacement to the band-pass Iterg in step 3,
we performed a corresponding time-domain Itering of the da. Outliers

were detected in step 4 in each 1-s window.

3.2. Simulation 1: Validation of objective function

In the rst simulation, we compared Fourier-ICA with basic (time-domain)
ICA using arti cial data, and evaluated the e ect of using rabust vs. non-

robust non-Gaussianity measures.

3.2.1. Methods

We synthetized three source signals which resemble rhytheractivity, and
another three source signals which resemble artifacts enotered in MEG
data. The source signals had a length of 10,000 time pointsadathey are
shown in Figure 2. They were preprocessed as described inti®ec3.1.

We computed the values of the robust objective function of kwier-ICA,
in Equation (3), of these source signals. Before the comptitan, each source

signal was preprocessed as described above (steps 1{6). ¢anparison, we
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computed the values of objective functions of basic (timeednain) ICA, us-
ing the objective functions of the formP  G(st) where the sum is taken in
the time-domain only. Two di erent forms of G were used: First, the func-
tion G was set to the (negative) log cosh function, which is used irastICA
(Hyvarinen, 1999) with the nonlinearity \tanh" as well as in the infomax
algorithm (Amari et al., 1996; Bell and Sejnowski, 1995). $end, we setG
to be the fourth power, which is equivalent to using kurtosisn of FastiCA
(Hyvarinen and Oja, 1997). This choice corresponds to theamlinearity
\pow3" or third power, and is also used in a number of other saoe sepa-
ration methods including JADE (joint approximate diagonaization of eigen-
matrices) by Cardoso and Souloumiac (1993). Furthermore,encomputed
the kurtosis of the Fourier-transformed data, which is alsa valid objective
function in complex ICA. In all these computations, the preppcessed source
signals were normalized to unit variance.

Since the maximization of ICA objective functions is computionally
quite di cult, the computed values of the objective function do not strictly
determine the actual behaviour of source separation alggdmms. This is
why we made source separation simulations with the corregmling four al-
gorithms (Fourier-ICA using robust objective or kurtosis,and time-domain
FastICA with tanh or kurtosis/pow3) using the di erent obje ctive functions.
For this purpose, we mixed these signals with random (reakled, normally
distributed) coe cients acp, and then applied the three algorithms on the
mixed data. To have a more reliable assessement of the al¢fums, we also
re-generated the random parts (noise, and locations of ddct spikes) of the

source signals, as well as the mixing coe cients, and re-rafie algorithms
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100 times. The algorithms were told to nd three source sighs (with the
largest values of the objective function). The results weranalyzed by con-
sidering the product of the estimated separating matrix andhe true mixing
matrix, normalizing each row of this matrix to unit norm, and counting the
number elements in the matrix which were larger than 0.95 inbsolute value;

this we considered the number of source signals succesgfaéparated.

3.2.2. Results and Discussion

The values of the objective functions are shown in Figure 3. &\tan see
that for Fourier-ICA using the robust measure in Equation (3, the oscilla-
tory (\brain") source signals have larger values of the obgive function as
compared to the artifactual signals. In contrast, for the bsic (time-domain)
ICA objective functions, the artifactual signals take largr values, which is
also the case for Fourier-ICA using kurtosis. Thus, our pragsed objective
function is able to better indicate which source signals atiely to be oscilla-
tory: Oscillatory signals have relatively higher values ahe robust objective
function (higher sparseness) than artifactual signals. Inontrast, kurtosis is
quite sensitive to artifacts even in the Fourier domain.

The results of the corresponding source separation simulats are sum-
marized in Figure 4. We see that Fourier-ICA using (3) quite ften found
oscillatory brain signals (243 out of the maximum possible0B®, or 77%),
whereas the time-domain methods preferred artifactual sigls, nding ap-
proximately 17% and 11% of brain signals. The performance Bburier-ICA
based on kurtosis was between these two cases. Thus, also gpractical
level, our new method seems to be e cient in nding the oscilitory brain

signals and ignoring artifacts.
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The performance is not 100%, but in practice one can run thegarithm
many times to circumvent this problem, as explained in Seatns 2.4 and 3.5.1.
Alternatively, one can estimate the full set of independentomponents and
then use the objective function to sort them; results in Figre 3 suggest that

in this case the performance would be close to 100%.

3.3. Simulation 2: Modelling phase di erences by complex@ued mixing

In simulation 2, we investigated the utility of using a comptx-valued
mixing matrix to recover source signals when the sources agéstributed,

leading to phase di erences (delays).

3.3.1. Methods

We used the three oscillatory source signals in Simulation depicted as
the three rst source signals in Figure 2.

First, a real-valued random 3 3 mixing matrix was generated from nor-
mally distributed variables. Then, a 3 3 matrix of delays were randomly
generated by uniformly sampling integer delays between 0 @&7. The max-
imum delay of 7 samples corresponds to 93 ms which is close lie period
of the 10-Hz oscillations, i.e. 100 ms. Again, the length oh¢ signals was
10,000 time points.

The data were preprocessed as in Section 3.1. Source sepanatvas
performed by Fourier-ICA using the robust measure in (3) inwo conditions:
estimating a real-valued mixing matrix, or a complex-value one.

The evaluation of separation is a bit more involved becauské algorithm
gives phases as complex numbers whereas the data were geedrasing a

real-valued mixing matrix with delays. Thus, we cannot diretly compare
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0 2000 4000 6000 8000 10000s O 15 30 45 50 75571

Figure 2: The six simulated source signals used to compare drent objective functions.
Left: the original signals in time domain, Right: their Four ier amplitudes. Horizontal
scales are sample index and Hz, respectively; units on vedal scale are arbitrary. The
rst three source signals are amplitude-modulated band-p&s signals resembling brain os-
cillations, with carrier frequencies of 10, 10, and 20 Hz. Tk latter three source signals
resemble artifacts: a large spike artifact, several spikesand a muscular artifact consisting

of a short period of strong gaussian noise, respectively.
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F-ICA/rbst F-ICA/kurt ICA/tanh ICA/kurt

Figure 3: Simulation 1: The values of the objective functiors for Fourier-ICA vs. FastiICA
and robust vs. non-robust sparseness measures. F-ICA/rbst Fourier-ICA with robust
measure in Equation (3), F-ICA/kurt: Fourier-ICA with kurt osis, ICA/rbst: ICA with
nonlinearity tanh, ICA/kurt: ICA with kurtosis. For each me thod, the three black bars
give the objective function values for the brain source sigals and the three white bars
give the values for the artifactual source signals. Sourceignals are in the same order as
in Figure 2. The actual scale is di erent for each method, but since the actual values do
not matter, the values for each method have been rescaled to aommon scale from 0.1

(smallest value for the method) to 1 (largest value for the mehod).
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Figure 4: Simulation 1: Separation results for Fourier-ICA using robust objective in (3) or
kurtosis, and FastICA with the nonlinearities tanh and pow3 (i.e. kurtosis). The bars show
the numbers of brain components and artifact components fond over 100 repetitions. Note
that the algorithm was told to nd only three components in ea ch trial. Blue: Fourier-ICA
using the robust objective function in Eq. (3). Cyan: Fourier-ICA with kurtosis. Yellow:

Basic (time-domain) ICA with tanh. Red: Basic ICA with kurto sis (pow3)
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the estimated mixing matrix with the original one. A simple vay of compar-
ing the mixing matrices is to compare theabsolute valuesf the estimated
and original mixing matrices, ignoring the comparison of émated phases
vs. original delays, which is not straightforward. Thus, wecomputed the
product of the inverse of the absolute values of the estimatemixing matrix
with the absolute values of the original mixing matrix. Thisshould be close
to a permutation matrix if separation is successful, and theloseness to a
permutation matrix can be quanti ed as in ordinary blind souce separation
trials: We use the same method as in Simulation 1 to compute éhnumber
of successfully separated components.

Furthermore, we computed the correlation coe cients of theestimated
source signals and original source signals in the Fourierrdain. These cor-
relation coe cients tell us how well the source signals theselves were es-
timated. Again, we thresholded their absolute values as inirBulation 1 to

compute the number of separated components.

3.3.2. Results and Discussion

Based on the absolute values in the mixing matrix, the percége of cor-
rectly estimated components was 85% in the case of a compi@lued mixing
model, and 42% in the case of a real-valued one. Using the enxion based
on correlation coe cients, the percentages were 93% and 34%&spectively.

Thus, using a complex-valued mixing matrix greatly enhanckthe sepa-
ration capability in the case of distributed source signalsThe separation ca-
pability was not 100% presumably because modelling delay#hva complex-
valued mixing matrix is only an approximation. Some of the eors are, of

course, due to the nite data length as well.
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3.4. Simulation 3: Oscillatory current dipoles and real MEGoise

In Simulation 3, we mimicked measurements from an MEG devic8rain

sources were simulated by a set of current dipoles, and reaise was added.

3.4.1. Methods

We simulated data from a 306-channel MEG device (Elekta Neoimag Oy,
Helsinki, Finland) comprising 102 magnetometers and 204gviar gradiome-
ters in a helmet-shaped array. A standard forward model witla spherical
volume conductor was used (Sarvas, 1987). Three corticalrent dipoles
were de ned as follows: The time courses were oscillations @nstant fre-
guencies, amplitude modulated by di erent smoothed boxcafunctions. Be-
fore modulation, Gaussian noise was added to the boxcar faion with a
signal-to-noise ratio of 1. The locations (approximate) ah frequencies of
the dipoles were: the right sensorimotor cortex at 10 Hz, thieft sensorimo-
tor cortex at 19 Hz and the right visual cortex at 10 Hz. The legth of the
simulated data was 120 s, and the sampling rate was 150 Hz.

To obtain realistic noise, 120 s of data measured from the etgpmag-
netically shielded room with the 306-channel MEG device waslded on the
signals generated by the simulated current dipoles with agial-to-noise ratio
of 1.

The reliability analysis (see Section 2.4) was done accandito the ICASSO
framework (Himberg et al., 2004) (Simulations 1 and 2 incluetl no reliabil-
ity analysis because in completely arti cial data all compoents are usually
reliable). The default settings were used except that we uséhe complete-
linkage strategy in the hierarchical clustering. The reliBle components were

selected using the stability indexl 4 de ned by Himberg et al. (2004). It is
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an index between 0 and 1 which measures the reliability of aroponent. In
our experiment with real MEG data, only components for whiclthis index
was larger than 0.75 were included in the analysis.

The components considered reliable by the randomization vee nally
sorted (ranked) according to the values of the correspondjrobjective func-
tion, large values rst.

To visualize the time courses of the sources, we computed tham of the
source in each 1-s window. We also computed the average Feurspectra
of each source by averaging across time windows. To visualithe spatial
distribution of the sources, we computed the sum of square§tbe real and
imaginary parts of the a.,;, corresponding to the two orthogonal planar gra-
diometer channels in the same spatial location. This givesmeasure of the
spatial \weight" of a source in a given sensor location, and evplot it on a
topographic helmet. All these quantities are in arbitrary wmits since each
component can only be estimated up to a global scaling fact@Hyvarinen
et al., 2001).

Since Fourier-ICA with kurtosis had poor performance in Simation 1,
we did not consider it anymore. We only used Fourier-ICA withithe robust
measure of non-Gaussianity. As above, we used for companisbasic ICA
with the two nonlinearities (tanh and kurtosis/pow3). Sine the data dimen-
sion is large even after PCA, and one of our goals is to redudeetnumber
of estimated components by concentrating on the most intesgéng ones, the
number of components to be estimated was set to 5.

To further compare with other ICA algorithms than FastICA, we applied

the JADE algorithm (Cardoso and Souloumiac, 1993) to the saenFourier-
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transformed data, using a complex-valued mixing matrix. T@wompare with
source separation methods based on temporal correlationge applied the
SOBI (second-order blind identi cation) blind source sepaation method (Be-
louchrani et al., 1997) on the data (without Fourier transfom), with real-
valued mixing matrix, and 500 time lags. These two methods daot allow
separation of a smaller number of components, so we had toissite a full set
of 25 components and develop a criterion for choosing the nisteresting”
ones. For JADE, we used kurtosis, since the method is basedlagher-order
cumulants. For SOBI, we used the sum of squares of autocoa&bns of a
source, which is a relatively heuristic measure of the totaimount of tempo-
ral structure in a source. No reliability analysis was perfoned because these
methods are deterministic (at least in the authors' implem@atation, which

we used herd).

3.4.2. Results and Discussion
The results for the dierent algorithms (Fourier-ICA, basic ICA with

tanh, basic ICA with kurtosis, Fourier-ICA with JADE, SOBI) are shown in
Figures 5{9. The reliability analysis found four reliable surces. Fourier-ICA
found the three sources corresponding to the simulated cent dipoles and
ranked them as the rst three, showing that the method found xactly what
it was supposed to. ICA with tanh found only one of the currentlipoles and
failed to rank even that one as the rst one. ICA with kurtosisfound none

of the current dipoles®

“http://www.tsi.enst.fr/~cardoso/stuff.html
SIn fact, FastICA with kurtosis often failed to converge, which sometimes happens

when the data are very far from the speci cations of the ICA model.
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Fourier-ICA using JADE instead of FastICA was also successfin nding
all the three oscillatory components. SOBI found one of thesoillatory com-
ponents but was not able to separate the 10-Hz oscillationsom each other,
as predicted by the theory of second-order separation dissed above. (Here
we show the four signals ranked most interesting; we give tlsame number
of signals as the reliability analysis indicated with the peceding methods.)

All the methods also found a physical artifact of unknown ogin, e.g.
signal #4 in Figure 5.

Thus, the index of interestingness in Fourier-ICA was sucssful in both
nding and ranking the sources, while basic (time-domain)CA was not able
to separate most of them properly, and ranking was not sucetsl either.
The performance of SOBI clearly showed the limitations of nigods based
on temporal correlations only. Fourier-ICA with JADE perfamed equally

well as FastlCA with the robust measure in this simulation.

3.5. Experiments on real MEG data

Finally, we applied the new method on real resting-state ME@ata.

3.5.1. Methods

The raw data consisted of 5 minutes of the 306 MEG signals olmad
from a healthy volunteer resting eyes closed (Ramkumar et.aP007). The
subject participated after informed consent, and the MEG reordings had a
prior approval by the Ethics Committee of the Helsinki and Ugimaa Hos-
pital District. The initial sampling frequency was 600 Hz. The signal space
separation method (Taulu et al., 2004) was used to reduce Bej and the

data were downsampled to 150 Hz. Magnetometer channels wenduded
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Figure 5: Simulation 3: The reliable sources found by Fourie-ICA sorted according to the

criterion in Eq. (3). Left: time courses (envelopes), midde: power spectra, right: spatial

distributions.
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Figure 6: Simulation 3: The reliable sources found by basicCA and nonlinearity tanh,
sorted according to the corresponding objective function.Left: time courses (envelopes),

middle: power spectra, right: spatial distributions.
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Figure 7: Simulation 3: The reliable sources found by basic CA and kurtosis, sorted
according to the values of kurtosis. Left: time courses (emn®lopes), middle: power spectra,

right: spatial distributions.
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Figure 8: Simulation 3: The most \interesting" sources found by Fourier-ICA using JADE
instead of FastICA, sorted according to the values of kurtoss. Left: time courses (en-

velopes), middle: power spectra, right: spatial distributions.
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Figure 9: Simulation 3: The most\interesting" sources found by SOBI, sorted according to
the amount of temporal structure. Left: time courses (envebpes), middle: power spectra,

right: spatial distributions.
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from the analysis due to their wide-spread lead elds, leavg the 204 planar
gradiometer channels.

The data were analyzed as described above in Section 3.1. Thenber
of estimated components was set to 10; since our goal is to de®p a method
which directly nds the most interesting sources, this numer was chosen to
be signi cantly smaller than the number of dimensions aftePCA.

Fourier-ICA with the robust measure was performed on this da. Again,
for comparison, basic (time-domain) ICA was also applied tthe same data,
with the two nonlinearities tanh and pow3 (kurtosis), and fo further compar-
ison, SOBI and Fourier-ICA with JADE were performed. Reliabity analysis,
sorting of the components, and visualization were perforrdeas described in
Section 3.4.

The phase di erences were visualized as follows. As notedoa#e, an im-
portant indeterminacy in ICA is that for each source signalthe global phase
cannot be estimated, i.e. each columa., is estimated up to a phase rota-
tion. This is not a problem since we are only interested in plsa di erences
anyway, but for visualization, we have to x that phase rotaion for each
source signal. Here, we rotate the phases as close to zero assible, and
thus we can interpret them directly as the di erence from a gibal average
phase. A second problem is that this approach still gives twphase di er-
ence values for each sensor location (which have two gradeters each). We

choose simply to plot the one which has the larger absolutelva.

3.5.2. Results and Discussion
Components found by Fourier-ICA are shown in Figures 10{15nd com-

ponents found by basic (time-domain) ICA are shown in Figuse12{13.
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Based on visual inspection, all components found by FourkCA seem
to be physiologically meaningful and not biological or teafical artifacts. We
see two rhythmic mu components (#2 and #3 in Figure 10, and #1 ad #4
in Figure 11) and a number of approx. 10-Hz components.

Using a complex-valued mixing matrix (Figure 10) does leadtrecovery
of sources which have time lags, as was our hypothesis. Thengptex-valued
mixing matrix seems to produce \cleaner" results than usin@ real-valued
mixing matrix (Figure 11) in the sense that the source signalcorrespond
to spatially more contiguous regions. This can be seen by cparing the
topographic plots in Figs. 10 and 11.

Many of the components found by basic ICA seem to be artifagtbased
on visual inspection of their topographic distributions, tme courses, and
frequency contents. Some of them are ranked high in inter@ggness by
their objective function. In fact, among the four componerg ranked most
interesting (top rows), two seem to be artifacts (#1 and #2 inFigure 12 and
#1 and #4 in Figure 13). Only one mu component seems to be foun@5
in Figure 12, #7 in Figure 13).

The JADE ICA algorithm (Fig. 14) failed to clearly separate @en both
mu rhythms, instead nding many artifacts. Thus, it seems neessary to
use a robust nonlinearity in the ICA part of Fourier-ICA, whaeas JADE is
based on non-robust higher-order cumulants. SOBI (Fig. 159ave compo-
nents which seem to be, based on visual inspection, rathemdar to those of
Fourier-ICA. However, the theoretical results and Simulaon 3 indicate that
components with similar spectral contents are not likely tde successfully

separated, and many of the components here have a spectrumiefhis al-
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most identical to the spectrum of some other component (in & among the
remaining 15 sources not shown here, many more similar spacare likely
to be found). Thus, the results of SOBI cannot be trusted.

To conclude, Fourier-ICA, when used with a robust measure afon-
Gaussianity, seems to nd mainly sources of rhythmic actity, whereas other
methods concentrate to a large extent on artifacts. A di eret problem pre-
vents the application of SOBI: The basic statistical assuntfpn allowing sep-

aration by SOBI is violated with this data.

4. General discussion

We proposed to apply ICA on the (complex-valued) short-timd=ourier
transforms of EEG/MEG. When combined with a robust measure fonon-
Gaussianity, the method nds sources which are maximally meow-band
and/or amplitude-modulated. Simulations with arti cial d ata and experi-
ments with real MEG data show that such a method is able to sepate
sources of rhythmic brain activity better than basic ICA, or second-order
blind source separation methods. These results are in coast to most exist-
ing literature which has used ICA merely to remove artifactérom EEG and
MEG, and separation of spontaneous brain activity into sowe signals has
not been very successful. Moreover, our method provides armipled way
of ranking the components, so that the analyst may not need tgo manually
through dozens or even hundreds of components to nd the intesting ones.

It is well-known in the theory of ICA that one can apply a wavett trans-
form or a related time-frequency decomposition to the datadjore ICA.

Zibulevsky and Pearlmutter (2001) proposed to perform a tiefrequency
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decomposition with the speci ¢ goal of making the data and th components
sparser. Anemuller et al. (2003) used a short-time Fourigransform of EEG
data in a rather similar framework to ours, but in the contextof evoked po-
tentials. A related application on fMRI was presented by Anewller et al.
(2006). Further work on convolutional models for EEG signalis by Dyrholm
et al. (2007). However, application of such methods to impve source sepa-
ration in spontaneous EEG/MEG seems to be lacking.

Although ICA, in theory, can separate any independent compeents which
are mixed according to the assumptions of the model, the ststical per-
formance with real data is strongly a ected by the model for lhe signals.
Theoretically, such e ects could be seen in the asymptoticaviance of the
estimators. In practice, such analysis may not be very relant because most
of the errors in practical analysis may be due to violationsfahe model
assumptions such as independence and linearity, and the eteof such vio-
lations is quite di cult to analyze. Intuitively, however, it seems reasonable
that if the signal model is richer, in our case capturing the sxillatory time
structure in addition to the amplitude distribution, the method is likely to
be better in separating sources. Perhaps a more useful wayaohlyzing such
improvement is to use sophisticated simulations related tthe application
domain considered, and real data for which the expected rdisuare known
to some degree. This was our approach in this article. At theame time,
one has to remember that any separation algorithm is biasedwards nd-
ing certain kinds of sources. We have argued here that basiCA is biased
towards signals with non-Gaussian amplitudes, and thus t@wds artifacts.

Fourier-ICA is also biased towards certain sources, for exgle those which
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are narrow-band, and this bias has to be kept in mind when intpreting the
results.

Our results on real MEG data suggested that Fourier-ICA is db to de-
compose rhythmic brain activity into components in a new wayin particular,
the method recovered a large number of components for the prment ap-
prox. 10 Hz activity. The signi cance of such ndings needsd be con rmed
by experiments with several subjects. On the other hand, baed on visual
inspection, modelling delays with a complex mixing matrixeems to improve
the results, although such improvement is hard to quantifyisce we do not
know the ground truth, i.e. the actual structure of the undelying sources in
the real MEG data. This is another important topic for future research.

Investigations of EEG/MEG recordings in resting state, or wh natural
stimulation, have not advanced nearly as much as the correspding fMRI
analyses. One of the main reasons may have been the lack ofdyseparation
methods. We hope that the method proposed here is an importastep in

that direction.
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A. Mathematical analysis of Fourier-ICA

Here, we provide rigorous mathematical analysis on two asge of Fourier-
ICA: a decomposition of kurtosis which justi es the decompsition in Sec-
tion 2.2, and a rather suprising theorem which states that & method can

separate even Gaussian sources.
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A.1l. Decomposition of kurtosis

We assume that the total recording timeT is in nite as typical in analysis
of blind source separation methods. Denote bg ‘a random variable which
takes randomly and with equal probability the valuessy} , i.e. its expectation
is average overt and f . Likewise, denote bysfy a random variable which
takes randomly and with equal probability the valuessp; , i.e. its expectation
is average ovet with xed f.

We rescale the components so that ves()*= Efj §j°g = 1. Now, consider
the kurtosis of . We use the following de nition of kurtosis for complex-

valued variables with random phase (Bingham and Hyvarinen2000),
kurt(z) = Efj zj*g 2(Efj zj%g)?; (8)

where in contrast to real-valued data, we nd a coe cient equal to 2 instead

of 3. Due to scaling of thes/, we have
kurt(s) = E fj§j%g 2 (9)

We would like to express this as a function of the frequencysci ¢ kurtoses

kurt(s;¢ ). This can be accomplished as

11X,
kurt(%;) = E Edj$ii"g 2
f oo #
1 X h . -4 . .2 2I 2 X . .0 2
= E Efigij’g 2 Edfj$§sj°g " + E Edj §1 0 2 (10)
f f

which can be further expressed as

X
kurt(’Sj) = Fi kurt(’Sj;f ) +2 [Var(/Sj;f )]2 2 (11)
f
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This equation shows that the \total" kurtosis overt and f can be decom-
posed as the average of the kurtoses in each frequency bangsgkwo times)
the average of the variances of the frequency bands. This msponds to the

two aspects of non-Gaussianity in Section 2.2

A.2. Gaussian signals: proof of separation
If the sources are Gaussian processes, the rst term on thegii-hand
side in (11) is zero. However, the second term is not, and therkosis is not

usually zero, as stated in the following Theorem:

Theorem 1. Assume that thes; are Gaussian processes. Then, ki#;) is

non-negative, and zero if and only if; is white noise.

Proof. Consider a xed |, and denotely = ( Efj §; jzg)2 = (var(’s;; ).
What we need to prove is thatg(b) = Flp . 1 0 and with equality if
and only if b is constant for allf . We know that the constraint Fi P (=1
must hold by de nition of unit variance of the transformed sarces. The
Lagrangian for this constrained optimization problem give the condition for
extremum as

éb gC= 0 (12)
wherec is a vector of all ones. This gives the admissible solutidn= c, at
which point the function g attains zero. It is geometrically obvious that this
is a minimum, sinceg is essentially the Euclidean norm, the constraint set is
a simplex, and the extremum is attained at the centerpoint othe simplex.

Thus, for all other values ofty , g(b) > 0, and the Theorem is proven.

It may seem surprising that Gaussian signals can be transfoed into non-

Gaussian ones by a linear transformation, since linear traforms of Gaussian
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variables are Gaussian. This apparent contradiction is s@d when one real-
izes that when we \concatenate" the Fourier transforms onefier the other,
which is equivalent to summing or averaging oveir, the distribution of the
transformed sourcess®is e ectively a mixture of Gaussians. The Gaussian
distributions in the mixture cannot all have the same varianes unless the
data is white noise. Such \scale mixtures of Gaussians" areelivknown to
be non-Gaussian (Beale and Mallows, 1959).

Thus, the kurtoses of the transformed sources can be assuntedbe
positive. This would seem to indicate that we can apply any (mplex-
valued) non-Gaussianity-based ICA method on the transfored data, and
we would get the original sources. This is not a valid concliss, however,
because the transformed sources are not independent. Thisshecause of
frequency acts as one of the sampling indices. For examplewe know that
one source has a large value for a randomly picked column inettmatrix
§«+ , it means that the frequency in that column is one of the prefesd
frequencies of that source. This gives us information abottie value in that
column for another source, assuming we know its power spestr. Thus, the
value for one source gives information on the value of anothand statistical
independence is violated.

However, in spite of the dependence, ordinary non-Gaussigrbased ICA
methods do separate sources under the additional condit®mf distinct au-
tocorrelations, as we will prove next. Consider maximizatn of the following

objective function, sum of kurtoses of the estimated sourse

X X
KW)=  kurt(  wicRe) (13)

j=1 c
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whereW is the estimate of the inverse of the mixing matrixA. where the
kurtosis is computed using expectation over and f . The maximization of
such an objective function is essentially what happens whehe Fourier-
transformed data is input to kurtosis-based ICA algorithmgComon, 1994;
Delfosse and Loubaton, 1995; Hyvarinen and Oja, 1997), small the kurtoses
of the transformed sources are non-negative according to dérem 1.

A most interesting mathematical result is the following therem:

Theorem 2. Assume the following:

1. The original source signalss; are stationary Gaussian processes.
2. The temporal correlations of the sources are distinct in théllowing

sense: The matrix of the Fourier energies
me = Edfj 8 j°0 (14)

has full column rank. (In particular, this requires that thenumber of
frequenciesF in the Fourier transform must be equal to or larger than
the number of sources.)

3. The matrix W is constrained so that theP < Wic X are uncorrelated and

of unit variance (as typical in ICA).

Then, the objective functionK in Equation (13) is maximized when th&V
equals the inverse of the mixing matriA, with rows in arbitrary order and

possibly multiplied by 1.

Proof. Consider the linear combination of the Fourier-transforme data:

<WcRei . This is also a linear combination of the original sources thi
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some coe cients which depend on the mixing matrix.

X X X X
Wk;ckc;tf = ( Wk;cac;j)gj;tf = Ck;j Sj;tf (15)

c j c j
where we denote the coe cients in parentheses by .

We start by decomposing the kurtoses itk as in (11). Note that the de-
composition is valid for any random variable, and thereforalso forP cWckeit -
The kurtoses of the frequency bands (the rst terms) are zerbecause the
time points in the windows are jointly Gaussian (Assumptiori in theorem),
and thus any linear transformation of them is also Gaussianfhus, we only
need to consider the second term (the last constant term bgnmmaterial).
Transforming the w to the g as in (15), we have

|

XX X 2

K =2 E.fj Gk Sj?g  +const. (16)
j=1 f=1 k

By the stationarity part of Assumption 1 of the Theorem, the ovariance
of sxr and sy depends only ont t°% and the Fourier basis vectors are
the eigenvectors of the covariance matrix of the time windasv Thus, the

coe cients %, and $ o in the Fourier transform are uncorrelated forf 6 f°

This implies
xX X x
K =2 (%F Mrx )* + const. (17)
f=1 k=1 j=1
Denote b, = qz;i , and denote byk:k? the square of the Frobenius norm of

the matrix, i.e. the sum of the squares of all the elements. TEhobjective

function can then be expressed in matrix form as

K = 2kMB k? + const. (18)

52



Now, we can apply the following lemma, which slightly geneliaes the lemma
in (Hyvarinen and Hurri, 2004), which is also related to Lerma 15 in (Comon,
1994):

Lemma 1. Consider an n matrix B that is doubly stochastic, i.e. the
sums of rows and the sums of columns are all equal to one. Takg & n

matrix M that has full column rank. Then for the Frobenius norm it hokl
kMB k? k MKk? (19)
with equality if and only if B is a permutation matrix.

Proof of Lemma: According to a theorem by Birkho (Horn and Johnson,
1985), we can represent a doubly stochastic matrix as a niteonvex sum

P
of permutation matrices: B = sPswith ¢>0and _ s=1. The

s
converse also holds. The set of doubly stochastic matricastihus a compact
convex polygon with extreme pointsPs. On the other hand, the square of
the Frobenius normkMB k2 is a strictly convex function of B becausek:k?
is trivially strictly convex, and the multiplication (from the left) by M is
an injective linear transformation sinceM has full column rank. Thus, the
maxima are obtained at the extreme points, i.e. wheB is a permutation
matrix, which proves the lemma.

To continue with the proof of the Theorem: In (18),B is doubly stochastic
since it consists of the squares of an orthogonal matrix by Aismption 3,
and M has full column rank by Assumption 2 of the Theorem. Applying
the Lemma, we see thaK is maximized exactly whenB is a permutation
matrix. This means that Q = WA is a signed permutation matrix, and the

theorem is proven.
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The theorem basically says that even Gaussian sources arpasated by
maximization of K. The indeterminacy of the sign is ubiquituous in source
separation. The condition that the source signals must hawistinct tempo-
ral correlations is well-known in the theory of blind sourceeparation using
temporal correlation, sometimes called \second-order" scce separation (Be-

louchrani et al., 1997; Ziehe and Muller, 1998; Hyvarineret al., 2001).
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