
1
Introduction

Current technology makes it fairly easy to collect data, but data analysis
tends to be slow and expensive. Knowledge discovery in databases (KDD),
often called data mining, aims at the discovery of useful information from
large collections of data. The motivation for KDD is a suspicion that there
might be nuggets of useful information hiding in the masses of unanalyzed or
underanalyzed data, and therefore semiautomatic methods for locating in-
teresting information from data would be useful. The discovered knowledge
can be rules describing properties of the data, frequently occurring patterns,
clusterings of the objects in the database, etc. There are several successful
applications of data mining. See [23] for a recent overview of the area.

This introductory chapter gives a short discussion of some of the issues
in knowledge discovery. We start in Section 1.1 by looking at the definition
of knowledge discovery and some small examples, and we briefly discuss
the basic goals of knowledge discovery. The KDD process is considered
in Section 1.2. Some applications of KDD are described in Section 1.3.
Section 1.4 discusses the role of machine learning and statistics in KDD and
data mining, Section 1.5 the role of databases.

1.1 What is knowledge discovery

Knowledge discovery in database can be loosely defined as the task of find-
ing interesting and potentially useful knowledge from large masses of data.
Examples of types of knowledge that could be discovered are

• rules:
”80 % of customers who buy beer and sausage buy also mustard”
”if Age < 40 then Income < 10”
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• trends

• classifiers

• clusterings

• predictions

To illustrate one of these concepts, we consider briefly association rules.
An association rule [3] about a relation r over schema R is an expression of
the form X ⇒ Y , where X, Y ⊆ R and X ∩ Y = ∅. The intuitive meaning
of the rule is that if a row of the matrix r has a 1 in each column of X, then
the row also tends to have a 1 in each column of Y .

Examples of data where association rules might be applicable include
the following.

• A student database at a university: rows correspond to students,
columns to courses, and a 1 in entry (s, c) indicates that the student
s has taken course c.

• Data collected from bar-code readers in supermarkets: columns cor-
respond to products, and each row corresponds to the set of items
purchased at one time.

• A database of publications: the rows and columns both correspond
to publications, and (p, p′) = 1 means that publication p refers to
publication p′.

• A set of measurements about the behavior of a number of systems,
say exchanges in a telephone network. The columns correspond to the
presence or absence of certain conditions, and each row corresponds to
a measurement: if entry (m, c) is 1, then at measurement m condition
c was present.

Given X ⊆ R, we denote by fr(X, r) the frequency of X in r: the fraction
of rows of r that have a 1 in each column of X. The frequency of the rule
X ⇒ Y in r is defined to be fr(X ∪ Y, r), and the confidence of the rule is
fr(X∪Y, r)/fr(X, r). The confidence is the observed probability with which
a row containing X also contains Y .

In the discovery of association rules, the task is to find all rules X ⇒ Y
such that the frequency of the rule is at least a given threshold min fr
and the confidence of the rule is at least another threshold min conf . In
large retailing applications the number of rows might easily be 106 or 107,
over thousends of columns. Both the frequency threshold min fr and the
confidence threshold min conf can be any percentage. From such databases
one might obtain hundreds or thousands of association rules. (Of course, one
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has to be careful in assigning any statistical significance to findings obtained
with such methods.)

Note that there is no predefined limit on the number of attributes of an
association rule X ⇒ Y ; this is important so that unexpected associations
are not ruled out before the processing starts. It also means that the search
space of the rules has exponential size in the number of attributes of the
input relation. Handling this requires some care for the algorithms, but
there is a simple way of pruning the search space.

Example 1.1. Discovered in a student enrolment database, the association
rule { Distributed Operating Systems, Introduction to Unix } ⇒ Program-
ming in C (frequency = 2 %, confidence = 96 %) states that 96 % of the
students that have taken Distributed Operating Systems and Introduction to
Unix, also have taken Programming in C, and that 2 % of all the students
actually have taken all three courses. Such rules can be useful in obtaining
a picture of the combinations of courses actually taken by the students. The
acquired knowledge can be applied, e.g., in the design of individual courses
and the whole curriculum.

In market basket analysis, the number of products being sold can be large
and it is more difficult to have a hunch for all the associations in the data.
On the other hand, discovered patterns can be very valuable for the business.
A well-known story tells how a surprising association was discovered between
diapers and beer in late afternoons. With some research a fairly natural
cause was discovered: young fathers buying diapers on the way back home
from work. This simple but surprising observation could maybe be capitalized
by placing beer closer to diapers, in order to make the impulse shopping
behaviour stronger, and maybe by placing chips right next to diapers and
beer.

1.2 The KDD process

The goal of knowledge discovery is to obtain useful knowledge from large
collections of data. Such a task is inherently interactive and iterative: one
cannot expect to obtain useful knowledge simply by pushing a lot of data to
a black box. The user of a KDD system has to have a solid understanding
of the domain in order to select the right subsets of data, suitable classes of
patterns, and good criteria for interestingness of the patterns. Thus KDD
systems should be seen as interactive tools, not as fully automatic analysis
systems.

Discovering knowledge from data should therefore be seen as a process
containing several steps:

1. understanding the domain;

2. preparing the data set;
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3. discovering patterns (data mining),

4. postprocessing and presenting the discovered patterns, and

5. putting the results into use.

(See [22] for a slightly different process model and excellent discussion.)
Understanding the domain of the data is naturally a prerequisite for

extracting anything useful: the user of a KDD system has to have some sort
of understanding about the application area before any valuable information
can be obtained. As an example, consider the discovered association rule
between diapers and beer. Beer probably is purchased in addition to diapers,
and the rule indicates a link that can potentially be strengthened. On the
other hand, if a strong association is discovered between bread and butter,
the actions taken could be opposite: placing bread and butter far away from
each other would force customers who really came to pick up both items to
spend more time in the store. Critical interpretation of data mining results
and the drawing of conclusions typically require good domain knowledge.
Data mining does not work by pushing a button.

If very good human experts exist for a domain, it can be hard for semi-
automatic tools to obtain any novel information. This can be the case in
fairly stable domains, where the humans have had time to achieve expertise
even in the details of the data. A possible example occurs in some areas of
retailing, where the products and customer profiles can stay about the same
for longer periods of time. The easiest application areas for KDD seem to be
ones where general human experts can be found, but the actual microlevel
properties of the data are changing. This seems to be the case in, e.g.,
telecommunications, where the operators of the networks have a fairly good
overview of the systems characteristics, but changes and updates in equip-
ment and software mean that actual expertise in the details of the data is
more difficult to obtain.

Preparation of the data set involves selection of the data sources, in-
tegration of heterogeneous data, cleaning the data from errors, assessing
noise, dealing with missing values, etc. This step can easily take up most
of the time needed for the whole KDD process. This is not surprising: the
difficulties in data integration are well known.

The pattern discovery phase in KDD is the step where the interesting
and frequently occurring patterns are discovered from the data. In this
book we follow the terminology introduced in [22]: data mining refers to
the pattern discovery part of knowledge discovery. Elsewhere, especially in
industry, data mining is often used as a synonym for KDD.

The data mining step can use various techniques from statistics and
machine learning, such as rule learning, decision tree induction, clustering,
inductive logic programming, etc. The emphasis in data mining research is
mostly on efficient discovery of fairly simple patterns.
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The KDD process does not stop when patterns have been discovered.
The user has to be able to understand what has been discovered, to view
the data and patterns simultaneously, contrast the discovered patterns with
background knowledge, etc. Postprocessing of discovered knowledge involves
steps such as further selection or ordering of patterns, visualization, etc.
Some approaches to KDD methodology put a heavy emphasis on postpro-
cessing.

The KDD process is necessarily iterative: the results of a data mining
step can show that some changes should be made to the data set formation
step, postprocessing of patterns can cause the user to look for some slightly
modified types of patterns, etc. Efficient support for such iteration is one
important topic of development in KDD.

1.3 Applications of knowledge discovery

1.3.1 Scientific applications

Prominent applications of KDD include health care data, financial applica-
tions, and scientific data [33, 29, 20].

One of the more spectacular applications is the SKICAT system [21],
which operates on 3 terabytes of image data. Image processing of the pixels
produces approximately 2 billion objects, basically smudges of light, each
with 40 attributes. To be usable, the objects have to be classified into a few
classes: stars, galaxies, etc.

The task is obviously impossible to do manually. Using example classifi-
cations provided by experts, the system induced decision trees and extracted
classification rules for the problem. The results are spectacular: verification
shows that the resulting classification is accurate, and the classification has
already been used to discover new high-redshift quasars.

Another astronomical application has been done on the radar data pro-
duced by the Magellan spacecraft that has surveyed the surface of Venus
using radar. The basic problem was to find out which features observed on
the surface are volcanos and which are not. The problem is complicated by
the fact that finding the “ground truth” is by no means trivial: it is not
possible to obtain more accurate information about the surface of Venus
than that obtained by the Magellan spacecraft. The approach taken in [15]
was to search automatically for volcanos by first training the system using
examples provided by geologists.

In biological sciences the ability to analyze the 1-dimensional structure
of genes and proteins has made significant advances possible. Finding the
structures and functions of proteins is central in molecular biology. The
protein and gene data sets yield several important data mining problems,
such as the location of recurrent motifs from protein sequences, and simi-
larity searches among large sets of sequences. Several research groups have



DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  

6 CHAPTER 1. INTRODUCTION

recently used sophisticated hidden Markov model (HMM) methods to look
for such structural patterns [30, 31].

1.3.2 Business applications

In business, the main area of application for KDD techniques has been mar-
keting. A typical problem is targeting of mail advertising: how to determine
which products should be offered to customers, on the basis of their past
purchase behavior? A good example of this type of work is the system
Opportunity Explorer [9].

In many business domains, publication of details of succesful systems is
rare. Often the reason is simple: if data mining gives a competitive advan-
tage, it is not wise to spread the word to competitors. Succesfull applications
are reported in portfolio management, fraud detection, manufacturing and
production, and network management. See [13] for an overview of applica-
tions.

1.3.3 Data warehousing, OLAP, and knowledge discovery

In industry, the success of KDD is partly related to the rise of the con-
cepts of data warehousing and on-line analytical processing (OLAP). These
strategies for the storage and processing of the accumulated data in an or-
ganization have become popular in recent years. KDD and data mining can
be viewed as ways of realizing some of the goals of data warehousing and
OLAP.

In principle, a data warehouse aims at the storage and processing of all
relevant business data on an enterprise wide level for different analysis tasks.
The motivation for data warehousing is that such integrated data storage
can be immensely useful for making valuable inferences about the business
across the enterprise.

Knowledge discovery is a good way of using the data in the data ware-
house. Data warehousing, on the other hand, makes long-term knowledge
discovery cheaper, as a data warehouse removes a lot of the effort needed in
the early stages of the KDD process. On the other hand, data warehousing
often is very expensive: the integration of data from different sources can
be quite costly.

On-line analytical processing, OLAP, is a term introduced as a coun-
terpart to on-line transaction processing, OLTP, the traditional mode of
database usage. In OLAP the emphasis is on producing different types of
multidimensional reports for the use of strategic decision making in the or-
ganization. A possible way of differentiating between KDD and OLAP is to
say that OLAP is oriented towards verification, whereas KDD is typically
aiming at discovery. In OLAP systems, the user typically has a question in
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his mind that he wants to be answered, whereas in KDD the user typically
has a less clear view of what is to be found from the data.

The boundary of KDD and OLAP is vague, and typically a succesful
KDD session leads to some more focused questions that could be labeled
OLAP-type.

1.4 KDD versus machine learning and statistics

Data mining combines methods and tools from at least three areas: machine
learning, statistics, and databases. Indeed, one can sometimes hear the
following comments.

• Data mining is just machine learning!

• Data mining is just statistics!

• What does data mining have to do with databases?

In this section we discuss briefly the first two points; the next sections are
devoted to a discussion on the third point.

The close links between machine learning, statistics, and data mining
are fairly obvious. All three areas aim at locating interesting regularities,
patterns, or concepts from empirical data. The exact relationships of these
areas have been subject to some debate.

Machine learning methods form the core of data mining: decision tree
learning or rule induction is one of the main components of several data
mining algorithms. There are some differences, however.

The emphasis on the process of knowledge discovery is one; large parts
of machine learning literature concentrate on just the learning or induction
step, although exceptions of course exist.

The next difference concerns the relative roles of concepts and data. It
seems that most of machine learning research assumes there is something to
be learned, i.e., that there is an underlying interesting concept or mechanism
that produces the data. The data can be corrupted by noise, errors, etc.,
but still the idea is that there is an interesting concept at the bottom. In
knowledge discovery, on the other hand, the data is the primary thing, and
one does not necessarily assume that there would be any sensible structure
behind the data. For example, in analyzing retail sales data, the data is
what it is, and the users are not interested in obtaining a full understanding
of it; useful nuggets of information are sufficient. Of course, this difference
is not absolute.

A third difference is related to the goals. KDD systems typically have
fairly modest aims, in terms of the complexity of the obtained knowledge.
Whereas parts of machine learning research aim at learning things that
are difficult for humans to do, most of the work in KDD aims at finding
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knowledge that a competent data analyst would in principle be able to find, if
he had the time. This distinction is particularly evident when one compares
the area of machine discovery to knowledge discovery.

An often cited difference between KDD and machine learning is the
amount of data. Traditionally, machine learning research has concentrated
on looking at data sets containing hundreds or thousands of examples, while
KDD applications consider larger data sets. It is not clear how significant
this distinction is, however: some machine learning work has been done on
huge data sets, and KDD methods can be useful even on small data col-
lections. Furthermore, the essential source of complexity in data mining is
typically not the number of objects in the database, but rather the number
of attributes: the number of possible patterns typically grows at least ex-
ponentially in the number of attributes. This growth is the real source of
difficulty, not the number of objects in the database.

Summarizing, machine learning is at the core of KDD, but there are
differences between the areas.

In statistics the term data mining has been used for a long time, often
in slightly derogatory fashion, as referring to data analysis without clearly
formulated hypotheses. A more fashionable term is exploratory data analysis
(EDA) [46], which stresses the supremacy of data as guiding the analysis
process. KDD and EDA have very similar aims and methods.

According to the interesting statistical perspective on KDD by Elder
and Pregibon [19], the focus of statistics has gradually moved from model
estimation to model selection. Instead of looking for the parameter values
that make a model fit the data well, also the model structure is part of
the search process. This trend fits the goals of KDD nicely: one does not
want to fix the model structure in advance. The recent advances in, say
Markov chain Monte Carlo (MCMC) methods, make it possible to consider
far larger model spaces than previously. In addition to these techniques, the
KDD community has lots to learn from statistics, e.g., in the handling of
uncertainty.

The main difference between KDD and statistics is perhaps in the exten-
sive use of machine learning methods in KDD, in the volume of data, and
in the role of computational complexity issues in KDD. For example, even
MCMC methods have difficulties in handling tens of thousands of parame-
ter values; some sort of combinatorial preprocessing is needed to make the
model selection task tractable. It seems that such combinations of methods
can be useful: combinatorial techniques are used to prune the search space,
and statistical methods are used to explore the remaining parts in great
detail.



DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  

1.5. DATABASES AND DATA MINING 9

1.5 Databases and data mining

What is the role of database management systems in data mining? Normal
use of databases can be seen as deduction, whereas knowledge discovery
aims at induction. Furthermore, parts of database technology are not very
relevant to knowledge discovery. For example, recovery and transaction
management are issues that a KDD application typically does not have to
care about.

Nevertheless, database management systems have been especially devel-
oped for the storage and flexible retrieval of large masses of structured data,
so at least in principle they should be suited for KDD. What database sys-
tems have to offer is basically fast access to certain subgroups of a data set
and efficient computation of some characteristics of such subgroups.

Usual database systems are not very well suited for such tasks. Im-
plementation of classification algorithms (say, C4.5) or neural networks on
top of a large database require tighter coupling with the database system
and smart use of indexing techniques. For example, training a classifier on
a large training set stored in a database requires possibly multiple passes
through the data using different orderings between attributes. This can be
implemented by utilizing DBMS support for aggregate operations, indexes
and database sorting (‘order by’). Clustering may require efficient imple-
mentations of nearest neighbor algorithms on the top of large databases.
Finally, generation of association rules can be performed in many different
ways, depending on the amount of main memory available. There have been
a growing number of papers on this subject at recent VLDB and SIGMOD
conferences.

Database mining should learn from the general experience of DBMS field
and follow one of the key DBMS paradigms [28]: building optimizing com-
pilers for ad hoc queries and embedding queries in application programming
interfaces. Thus, the focus should be on increasing programmer productivity
for KDD application development.

Queries, however have to be much more general than SQL; similarly,
the queried objects have to be far more complex than records (tuples) in
relational database.
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2
Discovery of association rules

Frequent sets play an essential role in many data mining tasks that try to
find interesting patterns from databases, such as association rules, corre-
lations, sequences, episodes, classifiers, clusters and many more of which
the mining of association rules is one of the most popular problems. The
original motivation for searching association rules came from the need to an-
alyze so called supermarket transaction data, that is, to examine customer
behavior in terms of the purchased products. Association rules describe
how often items are purchased together. For example, an association rule
“beer ⇒ chips (80%)” states that four out of five customers that bought
beer also bought chips. Such rules can be useful for decisions concerning
product pricing, promotions, store layout and many others.

Since their introduction in 1993 by Argawal et al. [4], the frequent itemset
and association rule mining problems have received a great deal of attention.
Within the past decade, hundreds of research papers have been published
presenting new algorithms or improvements on existing algorithms to solve
these mining problems more efficiently.

In this chapter, we explain the basic frequent itemset and association
rule mining problems. We describe the main techniques used to solve these
problems and give a comprehensive survey of the most influential algorithms
that were proposed during the last decade.

2.1 Association rules

Given a collection of sets of items, association rules describe how likely
various combinations of items are to occur together in the same sets. The
simple data model we consider is the following.

11
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Row ID Row

t1 {A,B,C,D,G}
t2 {A,B,E, F}
t3 {B, I,K}
t4 {A,B,H}
t5 {E,G, J}

Figure 2.1: An example 0/1 relation r over the set R = {A, . . . , K}.

Definition 2.1. Given a set R, a 0/1 relation r over R is a collection
(or multiset) of subsets of R. The elements of R are called items, and the
elements of r are called rows. The number of rows in r is denoted by |r|,
and the size of r is ||r|| =

∑

t∈r |t|.

In the literature, the rows of such databases are often referred to as
transactions, with its origin in the initial problem setting. In this chapter,
we will also often refer to the used database as a transaction database and
to its content as transactions.

Example 2.2. In the domain of supermarket basket analysis, items repre-
sent products in the stock. There could be items such as beer, chips, diapers,
milk, bread, and so on. A row in a basket database then corresponds to the
contents of a shopping basket: for each product type in the basket, the corre-
sponding item is in the row. If a customer purchased milk and diapers, then
there is a corresponding row {milk, diapers} in the database. The quantity
or price of items is not considered in this model, only the binary information
whether a product was purchased or not.

The number of different items can be in the order of thousands, whereas
typical purchases only contain at most dozens of items. When practical
storage structures for such sparse databases are used, the physical database
size closely corresponds to ||r||.

An interesting property of a set X ⊆ R of items is how many rows
contain it. This brings us to the formal definition of the term “frequent”.

Definition 2.3. Let R be a set and r a 0/1 relation over R, and let X ⊆ R
be a set of items. The set X matches a row t ∈ r, if X ⊆ t. The (multi)
set of rows in r matched by X is denoted by M(X, r), i.e., M(X, r) = {t ∈
r | X ⊆ t}, also called the cover of X. The frequency of X in r, denoted

by fr(X, r), is |M(X,r)|
|r| . We write simply M(X) and fr(X) if the database

is unambiguous in the context. Given a frequency threshold min fr ∈ [0, 1],
the set X is frequent1 if fr(X, r) ≥ min fr .

1In the literature, also the terms large and covering have been used for “frequent”, and
the term support for “frequency”.
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Row ID A B C D E F G H I J K

t1 1 1 1 1 0 0 1 0 0 0 0
t2 1 1 0 0 1 1 0 0 0 0 0
t3 0 1 0 0 0 0 0 0 1 0 1
t4 1 1 0 0 0 0 0 1 0 0 0
t5 0 0 0 0 1 0 1 0 0 1 0

Figure 2.2: The example 0/1 relation r in relational form over 0/1-valued
attributes {A, . . . , K}.

Example 2.4. Consider the 0/1 relation r over the set R = {A, . . . , K}
in Figure 2.1. We have, for instance, M({A, B}, r) = {t1, t2, t4} and
fr({A, B}, r) = 3/5 = 0.6. The database can be viewed as a relational
database over the schema {A, . . . , K}, where A, . . . , K are 0/1-valued at-
tributes, hence the name “0/1 relation”. Figure 2.2 presents the database in
this form.

The frequency threshold min fr is a parameter given by the user and
depends on the application. For notational convenience, we next introduce
notations for collections of frequent sets.

Definition 2.5. Let R be a set, r a 0/1 relation over R, and min fr a fre-
quency threshold. The collection of frequent sets in r with respect to min fr
is denoted by F(r,min fr),

F(r,min fr) = {X ⊆ R | fr(X, r) ≥ min fr},

or simply by F(r) if the frequency threshold is clear in the context. The
collection of frequent sets of size l is denoted by

Fl(r) = {X ∈ F(r) | |X| = l}.

Example 2.6. Assume that the frequency threshold is 0.3. The collection
of frequent sets in the database r of Figure 2.1 is then

F(r, 0.3) = {{A}, {B}, {E}, {G}, {A, B}},

since no other non-empty set occurs in more than one row. The empty set
∅ is trivially frequent in every 0/1 relation; we often ignore the empty set as
a non-interesting case.

We now move on and define association rules. An association rule states
that a set of items tends to occur in the same row with another set of items.
Associated with each rule are two factors: its confidence and frequency.
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Definition 2.7. Let R be a set, r a 0/1 relation over R, and X, Y ⊆ R sets
of items. Then the expression X ⇒ Y is an association rule over r. The
confidence of X ⇒ Y in r, denoted by conf (X ⇒ Y, r), is fr(X∪Y,r)

fr(X,r) . The

frequency fr(X ⇒ Y, r) of X ⇒ Y in r is fr(X ∪ Y, r). We write simply
conf (X ⇒ Y ) and fr(X ⇒ Y ) if the database is unambiguous in the context.
Given a frequency threshold min fr and a confidence threshold min conf ,
X ⇒ Y holds in r if and only if fr(X ⇒ Y, r) ≥ min fr and conf (X ⇒
Y, r) ≥ min conf .

In other words, the confidence conf (X ⇒ Y, r) is the conditional proba-
bility that a randomly chosen row from r that matches X also matches Y .
The frequency of a rule is the amount of positive evidence for the rule. For
a rule to be considered interesting, it must be strong enough and common
enough. The association rule discovery task [3] is now the following: given R,
r, min fr , and min conf , find all association rules X ⇒ Y that hold in r
with respect to min fr and min conf . Note that every frequent set X in
r also represents the association rule X ⇒ {} that holds in r with respect
to min fr and min conf (the rule always holds with 100%). In practice, we
only consider those rules for which X and Y are disjoint and non-empty.

Example 2.8. Consider, again, the database in Figure 2.1. Suppose we
have frequency threshold min fr = 0.3 and confidence threshold min conf =
0.9. The only association rule with disjoint and non-empty left and right-
hand sides that holds in the database is {A} ⇒ {B}. The frequency of the
rule is 0.6 ≥ min fr, and the confidence is 1 ≥ min conf . The rule {B} ⇒
{A} does not hold in the database as its confidence 0.75 is below min conf .

Finding all association rules that hold in a 0/1 relation comprises two
main challenges. First, typical databases used for association rule mining
tend to be very large and can not be stored main memory. Second, the
search space of all association rules contains exactly 3|R| rules, of which 2|R|

represent all item sets. Since R typically contains thousands of attributes,
it is infeasible to simply generate and count the frequencies of all possible
item sets within reasonable time.

The first algorithm proposed to solve the association rule mining prob-
lem was divided into two phases [3]. In the first phase, all frequent sets are
generated (or all frequent rules of the form X ⇒ {}). The second phase con-
sists of the generation of all frequent and confident association rules. Almost
all association rule mining algorithms comply with this two phased strategy.
In the following two sections, we discuss these two phases in further detail.
Nevertheless, there exists a successful algorithm, called MagnumOpus, that
uses another strategy to immediately generate a predefined subset of all as-
sociation rules [47]. We will not discuss this algorithm any further, since
our focus is solely on generating all association rules.
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Next to the frequency and confidence measures, a lot of other interesting-
ness measures have been proposed in order to get better or more interesting
association rules. Recently, Tan et al. presented an overview of various
measures proposed in statistics, machine learning and data mining litera-
ture [44]. Here, we only consider algorithms within the frequency-confidence
framework as presented before.

2.2 Frequent set generation

The task of discovering all frequent sets is quite challenging. The search
space is exponential in the number of attributes occurring in the database,
although the frequency threshold limits the output to a hopefully reasonable
subspace. Additionally, such databases could be massive, containing millions
of rows, making frequency counting a hard problem. In this section, we will
analyze these two aspects into further detail.

2.2.1 The search space

Exhaustive search of frequent sets is obviously infeasible for all but the
smallest sets since the search space of potential frequent sets consists of the
2|R| subsets of R. Instead, we could generate only those sets that occur at
least once in the transaction database. More specifically, we generate all
subsets of all transactions in the database. Of course, for large transactions,
this number could still be too large. Therefore, as an optimization, we could
generate only those subsets of at most a given maximum size. This technique
has been studied by Amir et al. [8] and has proven to pay off for very
sparse transaction databases. Nevertheless, for large or dense databases,
this algorithm suffers from massive memory requirements. Therefore, several
solutions have been proposed to perform a more directed search through the
search space.

During such a search, several collections of candidate sets are generated
and and their frequencies computed until all frequent sets have been gener-
ated. Obviously, the size of a collection of candidate sets must not exceed
the size of available main memory. Moreover, it is important to generate as
few candidate sets as possible, since computing the frequencies of a collection
of sets is a time consuming procedure. In the best case, only the frequent
sets are generated and counted. Unfortunately, this ideal is impossible in
general, which we will be shown later in this chapter.

The main underlying property exploited by most algorithms is that fre-
quency is monotone decreasing with respect to extension of a set.

Proposition 2.9. (Frequency monotonicity) Let X, Y ⊆ R be two sets.
Then,

X ⊆ Y ⇒ fr(X) ≥ fr(Y ).
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Proof. This follows immediately from M(Y ) ⊆ M(X), which follows imme-
diately from X ⊆ Y

Hence, if a set is infrequent, all of its supersets must be infrequent. In
the literature, this monotonicity property is also called the downward closure
property, since the set of frequent sets is closed with respect to set inclusion.

2.2.2 The database

To compute the frequencies of a collection of itemsets, we need to access
the database. Since such databases tend to be very large, it is not always
possible to store them into main memory.

An important consideration in most algorithms is the representation of
the database. Conceptually, such a database can be represented by a bi-
nary two-dimensional matrix in which every row represents an individual
transaction and the columns represent the items in I. Such a matrix can
be implemented in several ways. The most commonly used layout is the
horizontal data layout. That is, each transaction has a transaction identifier
and a list of items occurring in that transaction. Another commonly used
layout is the vertical data layout, in which the database consists of a set of
items, each followed by its cover [39, 48]. Note that for both layouts, it is
also possible to use the exact bit-strings from the binary matrix [40, 35].
Also a combination of both layouts can be used, as will be explained later
in this chapter.

To count the frequency of an itemset X using the horizontal database
layout, we need to scan the database completely, and test for every trans-
action T whether X ⊆ T . Of course, this can be done for a large collection
of itemsets at once. An important misconception about frequent pattern
mining is that scanning the database is a very time consuming and I/O in-
tensive operation. In most cases, this is not the major cost of such counting
steps. Instead, updating the frequencies of all candidate itemsets contained
in a transaction consumes considerably more time than reading that trans-
action from a file or from a database cursor. Indeed, for each transaction,
we need to check for every candidate itemset whether it is included in that
transaction, or similarly, we need to check for every subset of that transac-
tion whether it is in the set of candidate itemsets. On the other hand, the
number of transactions in a database is often correlated to the maximal size
of a transaction in the database. As such, the number of transactions does
have an influence on the time needed for frequency counting, but it is by no
means the dictating factor.

The vertical database layout has the major advantage that the frequency
of an itemset X can be easily computed by simply intersecting the covers of
any two subsets Y, Z ⊆ X, such that Y ∪ Z = X. However, given a set of
candidate itemsets, this technique requires that the covers of a lot of sets are
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available in main memory, which is of course not always possible. Indeed,
the covers of all singleton itemsets already represent the complete database.

2.3 Rule generation

The search space of all association rules contains exactly 3|R| different rules.
However, given all frequent sets, this search space immediately shrinks
tremendously. For every frequent set X, there exist at most 2|X| rules of the
form X \ Y ⇒ Y , with Y ⊆ X ⊆ R. Again, in order to efficiently traverse
this search space, sets of candidate association rules are iteratively generated
and evaluated, until all frequent and confident association rules are found.
The underlying technique to do this, is based on a similar monotonicity
property as was used for mining all frequent sets.

Proposition 2.10. (Confidence monotonicity) Let X, Y, Z ⊆ R, with
X ∩ Y = ∅. We have,

confidence(X \ Z ⇒ Y ∪ Z) ≤ confidence(X ⇒ Y ).

Proof. Since X ∪ Y ⊆ X ∪ Y ∪ Z, and X \ Z ⊆ X, we have

frequency(X ∪ Y ∪ Z)

frequency(X \ Z)
≤

frequency(X ∪ Y )

frequency(X)
.

In other words, confidence is monotone decreasing with respect to ex-
tension of the head of a rule. If an item in the extension is included in the
body, then it is removed from the body of that rule. Hence, if the head of an
association rule causes the rule to be unconfident, all of the head’s supersets
must result in unconfident rules.

Given all frequent sets and their frequencies, the computation of all
frequent and confident association rules becomes relatively straightforward.
Indeed, to compute the confidence of an association rule X \Y ⇒ Y , we only
need to find the frequencies of X ∪ Y and X, which can be easily retrieved
from the collection of frequent sets.

2.4 The Apriori Algorithm

The first algorithm to generate all frequent sets and confident association
rules was the AIS algorithm by Agrawal et al. [4], which was given together
with the introduction of this mining problem. Shortly after that, the algo-
rithm was improved and renamed Apriori by Agrawal et al., by exploiting
the monotonicity property of the frequency of sets and the confidence of
association rules [6, 42]. The same technique was independently proposed
by Mannila et al. [32]. Both works were combined afterwards [5].
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2.4.1 Frequent set generation

The set mining phase of the Apriori algorithm is given in Algorithm 2.1. We
use the notation X[i], to represent the ith item in X. The k-prefix of a set
X is the k-set {X[1], . . . , X[k]}.

Algorithm 2.1 Apriori — Set mining

Input: r, σ
Output: F(r, σ)
1: C1 := {{i} | i ∈ R}
2: k := 1
3: while Ck 6= {} do
4: // Compute the frequencies of all candidate sets
5: for all transactions (tid , I) ∈ r do
6: for all candidate sets X ∈ Ck do
7: if X ⊆ I then
8: Increment X.frequency by 1
9: // Extract all frequent sets

10: Fk := {X ∈ Ck | X.frequency ≥ σ}
11: // Generate new candidate sets
12: Ck+1 := {}
13: for all X, Y ∈ Fk, X[i] = Y [i] for 1 ≤ i ≤ k− 1, and X[k] < Y [k] do
14: I := X ∪ {Y [k]}
15: if ∀J ⊂ I, |J | = k : J ∈ Fk then
16: Add I to Ck+1

17: Increment k by 1

The algorithm performs a breadth-first search through the search space
of all sets by iteratively generating candidate sets Ck+1 of size k+1, starting
with k = 0. A set is a candidate if all of its subsets are known to be frequent.
More specifically, C1 consists of all items in R, and at a certain level k, all
sets of size k +1 in Bd−(Fk) are generated. This is done in two steps. First,
in the join step, Fk is joined with itself. The union X ∪Y of sets X, Y ∈ Fk

is generated if they have the same k − 1-prefix. In the prune step, X ∪ Y is
only inserted into Ck+1 if all of its k-subsets occur in Fk.

To count the frequencies of all candidate k-sets, the database, which
remains on secondary storage in the horizontal database layout, is scanned
one transaction at a time, and the frequencies of all candidate sets that are
included in that transaction are incremented. All sets that turn out to be
frequent are inserted into Fk.

If the number of candidate k + 1-sets is too large to remain into main
memory, the algorithm can be modified as follows. The candidate generation
procedure stops and the frequencies of all generated candidates is computed
as if nothing happened. But then, in the next iteration, instead of generating
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candidate sets of size k+2, the remaining candidate k+1-sets are generated
and counted repeatedly until all frequent sets of size k + 1 are generated.

2.4.2 Association Rule Mining

Given all frequent sets, we can now generate all frequent and confident
association rules. The algorithm is very similar to the frequent set mining
algorithm and is given in Algorithm 2.2.

Algorithm 2.2 Apriori — Association Rule mining

Input: r, σ, γ
Output: R(r, σ, γ)
1: Compute F(r, σ)
2: R := {}
3: for all I ∈ F do
4: R := R∪ I ⇒ {}
5: C1 := {{i} | i ∈ I};
6: k := 1;
7: while Ck 6= {} do
8: // Extract all heads of confident association rules
9: Hk := {X ∈ Ck | confidence(I \ X ⇒ X, r) ≥ γ}

10: // Generate new candidate heads
11: Ck+1 := {}
12: for all X, Y ∈ Hk, X[i] = Y [i] for 1 ≤ i ≤ k − 1, and X[k] < Y [k]

do
13: I = X ∪ {Y [k]}
14: if ∀J ⊂ I, |J | = k : J ∈ Hk then
15: Add I to Ck+1

16: Increment k by 1
17: // Cumulate all association rules
18: R := R∪ {I \ X ⇒ X | X ∈ H1 ∪ · · · ∪ Hk}

First, all frequent sets are generated using Algorithm 2.1. Then, every
frequent set I is divided into a candidate head Y and a body X = I \ Y .
This process starts with Y = {}, resulting in the rule I ⇒ {}, which always
holds with 100% confidence (line 4). After that, the algorithm iteratively
generates candidate heads Ck+1 of size k + 1, starting with k = 0 (line 5).
A head is a candidate if all of its subsets are known to represent confident
rules. This candidate head generation process is exactly like the candidate
set generation in Algorithm 2.1 (lines 11–16). To compute the confidence
of a candidate head Y , the frequency of I and X is retrieved from F . All
heads that result in confident rules are inserted into Hk (line 9). In the end,
all confident rules are inserted into R (line 20).

It can be seen that this algorithm does not fully exploit the monotonicity



DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  

20 CHAPTER 2. DISCOVERY OF ASSOCIATION RULES

of confidence. Given an set I and a candidate head Y , representing the rule
I \Y ⇒ Y , the algorithm checks for all Y ′ ⊂ Y whether the rule I \Y ′ ⇒ Y ′

is confident, but not whether the rule I \Y ⇒ Y ′ is confident. Nevertheless,
this is perfectly possible if all rules are generated from an set I, only if all
rules are already generated for all sets I ′ ⊂ I.

However, exploiting monotonicity as much as possible is not always the
best solution. Since computing the confidence of a rule only requires the
lookup of the frequency of at most 2 sets, it might even be better not to
exploit the confidence monotonicity at all and simply remove the prune step
from the candidate generation process, i.e., remove lines 13 and 15. Of
course, this depends on the efficiency of finding the frequency of an set or a
head in the used data structures.

Luckily, if the number of frequent and confident association rules is not
too large, then the time needed to find all such rules consists mainly of the
time that was needed to find all frequent sets.

Since the proposal of this algorithm for the association rule generation
phase, no significant optimizations have been proposed anymore and almost
all research has been focused on the frequent set generation phase.

2.4.3 Data Structures

The candidate generation and the frequency counting processes require an
efficient data structure in which all candidate sets are stored since it is
important to efficiently find the sets that are contained in a transaction or
in another set.

Hash-tree

In order to efficiently find all k-subsets of a potential candidate set, all
frequent sets in Fk are stored in a hash table.

Candidate sets are stored in a hash-tree [5]. A node of the hash-tree
either contains a list of sets (a leaf node) or a hash table (an interior node).
In an interior node, each bucket of the hash table points to another node.
The root of the hash-tree is defined to be at depth 1. An interior node at
depth d points to nodes at depth d + 1. Sets are stored in leaves.

When we add a k-set X during the candidate generation process, we start
from the root and go down the tree until we reach a leaf. At an interior node
at depth d, we decide which branch to follow by applying a hash function
to the X[d] item of the set, and following the pointer in the corresponding
bucket. All nodes are initially created as leaf nodes. When the number of
sets in a leaf node at depth d exceeds a specified threshold, the leaf node is
converted into an interior node, only if k > d.

In order to find the candidate-sets that are contained in a transaction
T , we start from the root node. If we are at a leaf, we find which of the sets
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in the leaf are contained in T and increment their frequency. If we are at
an interior node and we have reached it by hashing the item i, we hash on
each item that comes after i in T and recursively apply this procedure to
the node in the corresponding bucket. For the root node, we hash on every
item in T .

Trie

Another data structure that is commonly used is a trie (or prefix-tree) [8,
11, 14, 10]. In a trie, every k-set has a node associated with it, as does its
k − 1-prefix. The empty set is the root node. All the 1-sets are attached to
the root node, and their branches are labelled by the item they represent.
Every other k-set is attached to its k − 1-prefix. Every node stores the last
item in the set it represents, its frequency, and its branches. The branches
of a node can be implemented using several data structures such as a hash
table, a binary search tree or a vector.

At a certain iteration k, all candidate k-sets are stored at depth k in the
trie. In order to find the candidate-sets that are contained in a transaction
T , we start at the root node. To process a transaction for a node of the trie,
(1) follow the branch corresponding to the first item in the transaction and
process the remainder of the transaction recursively for that branch, and (2)
discard the first item of the transaction and process it recursively for the
node itself. This procedure can still be optimized, as is described in [11].

Also the join step of the candidate generation procedure becomes very
simple using a trie, since all sets of size k with the same k − 1-prefix are
represented by the branches of the same node (that node represents the
k − 1-prefix). Indeed, to generate all candidate sets with k − 1-prefix X,
we simply copy all siblings of the node that represents X as branches of
that node. Moreover, we can try to minimize the number of such siblings by
reordering the items in the database in frequency ascending order [11, 14, 10].
Using this heuristic, we reduce the number of sets that is generated during
the join step, and hence, we implicitly reduce the number of times the prune
step needs to be performed. Also, to find the node representing a specific
k-set in the trie, we have to perform k searches within a set of branches.
Obviously, the performance of such a search can be improved when these
sets are kept as small as possible.

An in depth study on the implementation details of a trie for Apriori
can be found in [11].

All implementations of all frequent sets mining algorithms presented in
this thesis are implemented using this trie data structure.
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2.4.4 Optimizations

A lot of other algorithms proposed after the introduction of Apriori retain
the same general structure, adding several techniques to optimize certain
steps within the algorithm. Since the performance of the Apriori algorithm
is almost completely dictated by its frequency counting procedure, most
research has focused on that aspect of the Apriori algorithm. As already
mentioned before, the performance of this procedure is mainly dependent
on the number of candidate sets that occur in each transaction.

AprioriTid, AprioriHybrid

Together with the proposal of the Apriori algorithm, Agrawal et al. [6, 5]
proposed two other algorithms, AprioriTid and AprioriHybrid. The Apriori-
Tid algorithm reduces the time needed for the frequency counting procedure
by replacing every transaction in the database by the set of candidate sets
that occur in that transaction. This is done repeatedly at every iteration k.
The adapted transaction database is denoted by Ck. The algorithm is given
in Algorithm 2.3.

Algorithm 2.3 AprioriTid

Input: r, σ
Output: F(∇, σ)
1: Compute F1 of all frequent items
2: C1 := r (with all items not in F1 removed)
3: k := 2
4: while Fk−1 6= {} do
5: Compute Ck of all candidate k-sets
6: Ck := {}
7: // Compute the frequencies of all candidate sets
8: for all transactions (tid , T ) ∈ Ck do
9: CT := {}

10: for all X ∈ Ck do
11: if {X[1], . . . , X[k−1]} ∈ T ∧{X[1], . . . , X[k−2], X[k]} ∈ T then
12: Add X to CT

13: Increment X.frequency by 1
14: if CT 6= {} then
15: Add (tid , CT ) to Ck

16: Extract Fk of all frequent k-sets
17: Increment k by 1

More implementation details of this algorithm can be found in [7]. Al-
though the AprioriTid algorithm is much faster in later iterations, it per-
forms much slower than Apriori in early iterations. This is mainly due to the
additional overhead that is created when Ck does not fit into main memory
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and has to be written to disk. If a transaction does not contain any candi-
date k-sets, then Ck will not have an entry for this transaction. Hence, the
number of entries in Ck may be smaller than the number of transactions
in the database, especially at later iterations of the algorithm. Addition-
ally, at later iterations, each entry may be smaller than the corresponding
transaction because very few candidates may be contained in the transac-
tion. However, in early iterations, each entry may be larger than its cor-
responding transaction. Therefore, another algorithm, AprioriHybrid, has
been proposed [6, 5] that combines the Apriori and AprioriTid algorithms
into a single hybrid. This hybrid algorithm uses Apriori for the initial iter-
ations and switches to AprioriTid when it is expected that the set Ck fits
into main memory. Since the size of Ck is proportional with the number
of candidate sets, a heuristic is used that estimates the size that Ck would
have in the current iteration. If this size is small enough and there are fewer
candidate patterns in the current iteration than in the previous iteration,
the algorithm decides to switch to AprioriTid. Unfortunately, this heuristic
is not airtight as will be shown in Chapter 4. Nevertheless, AprioriHybrid
performs almost always better than Apriori.

Counting candidate 2-sets

Shortly after the proposal of the Apriori algorithms described before, Park
et al. proposed another optimization, called DHP (Direct Hashing and Prun-
ing) to reduce the number of candidate sets [36]. During the kth iteration,
when the frequencies of all candidate k-sets are counted by scanning the
database, DHP already gathers information about candidate sets of size
k + 1 in such a way that all (k + 1)-subsets of each transaction after some
pruning are hashed to a hash table. Each bucket in the hash table consists
of a counter to represent how many sets have been hashed to that bucket
so far. Then, if a candidate set of size k + 1 is generated, the hash function
is applied on that set. If the counter of the corresponding bucket in the
hash table is below the minimal frequency threshold, the generated set is
not added to the set of candidate sets. Also, during the frequency counting
phase of iteration k, every transaction trimmed in the following way. If a
transaction contains a frequent set of size k + 1, any item contained in that
k + 1 set will appear in at least k of the candidate k-sets in Ck. As a result,
an item in transaction T can be trimmed if it does not appear in at least
k of the candidate k-sets in Ck. These techniques result in a significant de-
crease in the number of candidate sets that need to be counted, especially in
the second iteration. Nevertheless, creating the hash tables and writing the
adapted database to disk at every iteration causes a significant overhead.

Although DHP was reported to have better performance than Apriori
and AprioriHybrid, this claim was countered by Ramakrishnan if the fol-
lowing optimization is added to Apriori [41]. Instead of using the hash-tree
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to store and count all candidate 2-sets, a triangular array C is created, in
which the frequency counter of a candidate 2-set {i, j} is stored at location
C[i][j]. Using this array, the frequency counting procedure reduces to a sim-
ple two-level for-loop over each transaction. A similar technique was later
used by Orlando et al. in their DCP and DCI algorithms [34, 35].

Since the number of candidate 2-sets is exactly
(

|F1|
2

)

, it is still possible
that this number is too large, such that only part of the structure can
be generated and multiple scans over the database need to be performed.
Nevertheless, from experience, we discovered that a lot of candidate 2-sets
do not even occur at all in the database, and hence, their frequency remains
0. Therefore, we propose the following optimization. When all single items
are counted, resulting in the set of all frequent items F1, we do not generate
any candidate 2-set. Instead, we start scanning the database, and remove
from each transaction all items that are not frequent, on the fly. Then,
for each trimmed transaction, we increase the frequency of all candidate
2-sets contained in that transaction. However, if the candidate 2-set does
not yet exists, we generate the candidate set and initialize its frequency to
1. In this way, only those candidate 2-sets that occur at least once in the
database are generated. For example, this technique was especially useful for
the basket data set used in our experiments, since in that data set there exist
8 051 frequent items, and hence Apriori would generate

(

8 051
2

)

= 32 405 275
candidate 2-sets. Using this technique, this number was drastically reduced
to 1 708 203.

Frequency lower bounding

As we already mentioned earlier in this chapter, apart from the monotonicity
property, it is sometimes possible to derive information on the frequency of
an set, given the frequency of all of its subsets. The first algorithm that uses
such a technique was proposed by Bayardo in his MaxMiner and Apriori-LB
algorithms [10]. The presented technique is based on the following property
which gives a lower bound on the frequency of an set.

Proposition 2.11. Let X, Y, Z ⊆ R be sets.

frequency(X∪Y ∪Z) ≥ frequency(X∪Y )+frequency(X∪Z)−frequency(X)

Proof.

frequency(X ∪ Y ∪ Z) = |cover(X ∪ Y ) ∩ cover(X ∪ Z)|

= |cover(X ∪ Y ) \ (cover(X ∪ Y ) \ cover(X ∪ Z))|

≥ |cover(X ∪ Y ) \ (cover(X) \ cover(X ∪ Z))|

≥ |cover(X ∪ Y )| − |(cover(X) \ cover(X ∪ Z))|

= |cover(X ∪ Y )| − (|cover(X)| − |cover(X ∪ Z)|)

= frequency(X ∪ Y ) + frequency(X ∪ Z) − frequency(X)



DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  DRAFT  --  

2.4. THE APRIORI ALGORITHM 25

In practice, this lower bound can be used in the following way. Every
time a candidate k + 1-set is generated by joining two of its subsets of
size k, we can easily compute this lower bound for that candidate. Indeed,
suppose the candidate set X ∪ {i1, i2} is generated by joining X ∪ {i1} and
X∪{i2}, we simply add up the frequencies of these two sets and subtract the
frequency of X. If this lower bound is higher than the minimal frequency
threshold, then we already know that it is frequent and hence, we can already
generate candidate sets of larger sizes for which this lower bound can again
be computed. Nevertheless, we still need to count the exact frequencies
of all these sets, but this can be done all at once during the frequency
counting procedure. Using the efficient frequency counting mechanism as we
described before, this optimization could result in significant performance
improvements.

Additionally, we can exploit a special case of Proposition 2.11 even more.

Corollary 2.12. Let X, Y, Z ⊆ R be sets.

frequency(X∪Y ) = frequency(X) ⇒ frequency(X∪Y ∪Z) = frequency(X∪Z)

This specific property was later exploited by Pasquier et al. in order to
find a concise representation of all frequent sets [37, 12]. Nevertheless, it
can already be used to improve the Apriori algorithm.

Suppose we have generated and counted the frequency of the frequent
set X ∪ {i} and that its frequency is equal to the frequency of X. Then we
already know that the frequencies of every superset X ∪ {i} ∪ Y is equal
to the frequency of X ∪ Y and hence, we do not have to generate all such
supersets anymore, but only have to keep the information that every superset
of X ∪ {i} is also represented by a superset of X.

Recently, Calders and Goethals presented a generalization of all these
techniques resulting in a system of deduction rules that derive tight bounds
on the frequency of candidate sets [16]. These deduction rules allow for con-
structing a minimal representation of all frequent sets, but can also be used
to efficiently generate the set of all frequent sets. Unfortunately, for a given
candidate set, an exponential number of rules in the length of the set need to
be evaluated. The rules presented in this section, which are part of the com-
plete set of derivation rules, are shown to result in significant performance
improvements, while the other rules only show a marginal improvement.

Combining passes

Another improvement of the Apriori algorithm, which is part of the folklore,
tries to combine as many iterations as possible in the end, when only few
candidate patterns can still be generated. The potential of such a combina-
tion technique was realized early on [6], but the modalities under which it
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can be applied were never further examined. In Chapter 4, we study this
problem and provide several upper bounds on the number of candidate sets
that can yet be generated after a certain iteration in the Apriori algorithm.

Dynamic Set Counting

The DIC algorithm, proposed by Brin et al. tries to reduce the number
of passes over the database by dividing the database into intervals of a
specific size [14]. First, all candidate patterns of size 1 are generated. The
frequencies of the candidate sets are then counted over the first interval of
the database. Based on these frequencies, a new candidate pattern of size
2 is already generated if all of its subsets are already known to be frequent,
and its frequency is counted over the database together with the patterns
of size 1. In general, after every interval, candidate patterns are generated
and counted. The algorithm stops if no more candidates can be generated
and all candidates have been counted over the complete database. Although
this method drastically reduces the number of scans through the database,
its performance is also heavily dependent on the distribution of the data.

Although the authors claim that the performance improvement of re-
ordering all items in frequency ascending order is negligible, this is not true
for Apriori in general. Indeed, the reordering used in DIC was based on
the frequencies of the 1-sets that were computed only in the first interval.
Obviously, the success of this heuristic also becomes highly dependent on
the distribution of the data.

The CARMA algorithm (Continuous Association Rule Mining Algo-
rithm), proposed by Hidber [26] uses a similar technique, reducing the inter-
val size to 1. More specifically, candidate sets are generated on the fly from
every transaction. After reading a transaction, it increments the frequencies
of all candidate sets contained in that transaction and it generates a new
candidate set contained in that transaction, if all of its subsets are suspected
to be relatively frequent with respect to the number of transactions that has
already been processed. As a consequence, CARMA generates a lot more
candidate sets than DIC or Apriori. (Note that the number of candidate
sets generated by DIC is exactly the same as in Apriori.) Additionally,
CARMA allows the user to change the minimal frequency threshold dur-
ing the execution of the algorithm. After the database has been processed
once, CARMA is guaranteed to have generated a superset of all frequent
sets relative to some threshold which depends on how the user changed the
minimal frequency threshold during its execution. However, when the min-
imal frequency threshold was kept fixed during the complete execution of
the algorithm, at least all frequent sets have been generated. To determine
the exact frequencies of all generated sets, a second scan of the database is
required.
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Sampling

The sampling algorithm, proposed by Toivonen [45], performs at most two
scans through the database by picking a random sample from the database,
then finding all relatively frequent patterns in that sample, and then verify-
ing the results with the rest of the database. In the cases where the sampling
method does not produce all frequent patterns, the missing patterns can be
found by generating all remaining potentially frequent patterns and ver-
ifying their frequencies during a second pass through the database. The
probability of such a failure can be kept small by decreasing the minimal
frequency threshold. However, for a reasonably small probability of failure,
the threshold must be drastically decreased, which can cause a combinatorial
explosion of the number of candidate patterns.

Partitioning

The Partition algorithm, proposed by Savasere et al. uses an approach
which is completely different from all previous approaches [39]. That is,
the database is stored in main memory using the vertical database layout
and the frequency of an set is computed by intersecting the covers of two of
its subsets. More specifically, for every frequent item, the algorithm stores
its cover. To compute the frequency of a candidate k-set I, which is gen-
erated by joining two of its subsets X, Y as in the Apriori algorithm, it
intersects the covers of X and Y , resulting in the cover of I.

Algorithm 2.4 Partition — Local Set Mining

Input: r, σ
Output: F(r, σ)
1: Compute F1 and store with every frequent item its cover
2: k := 2
3: while Fk−1 6= {} do
4: Fk := {}
5: for all X, Y ∈ Fk−1, X[i] = Y [i] for 1 ≤ i ≤ k − 2, and X[k − 1] <

Y [k − 1] do
6: I = {X[1], . . . , X[k − 1], Y [k − 1]}
7: if ∀J ⊂ I : J ∈ Fk−1 then
8: I.cover := X.cover ∩ Y.cover
9: if |I.cover | ≥ σ then

10: Fk := Fk ∪ I
11: Increment k by 1

Of course, storing the covers of all items actually means that the com-
plete database is read into main memory. For large databases, this could be
impossible. Therefore, the Partition algorithm uses the following trick. The
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database is partitioned into several disjoint parts and the algorithm gen-
erates for every part all sets that are relatively frequent within that part,
using the algorithm described in the previous paragraph and shown in Al-
gorithm 2.4. The parts of the database are chosen in such a way that each
part fits into main memory on itself.

The algorithm merges all relatively frequent sets of every part together.
This results in a superset of all frequent sets over de complete database,
since an set that is frequent in the complete database must be relatively
frequent in one of the parts. Then, the actual frequencies of all sets are
computed during a second scan through the database. Again, every part is
read into main memory using the vertical database layout and the frequency
of every set is computed by intersecting the covers of all items occurring in
that set. The exact Partition algorithm is given in Algorithm 2.5.

Algorithm 2.5 Partition

Input: r, σ
Output: F(r, σ)
1: Partition r in D1, . . . , Dn

2: // Find all local frequent sets
3: for 1 ≤ p ≤ n do
4: Compute Cp := F(Dp, dσrel · |Dp|e)
5: // Merge all local frequent sets
6: Cglobal :=

⋃

1≤p≤n Cp

7: // Compute actual frequency of all sets
8: for 1 ≤ p ≤ n do
9: Generate cover of each item in Dp

10: for all I ∈ Cglobal do
11: I.frequency := I.frequency + |I[1].cover ∩ · · · ∩ I[|I|].cover |
12: // Extract all global frequent sets
13: F := {I ∈ Cglobal | I.frequency ≥ σ}

The exact computation of the frequencies of all sets can still be opti-
mized, but we refer to the original article for further implementation de-
tails [39].

Although the covers of all items can be stored in main memory, during
the generation of all local frequent sets for every part, it is still possible that
the covers of all local candidate k-sets can not be stored in main memory.
Also, the algorithm is highly dependent on the heterogeneity of the database
and can generate too many local frequent sets, resulting in a significant
decrease in performance. However, if the complete database fits into main
memory and the total of all covers at any iteration also does not exceed
main memory limits, then the database must not be partitioned at all and
outperforms Apriori by several orders of magnitude. Of course, this is mainly
due to the fast intersection based counting mechanism.
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2.5 Depth-First Algorithms

As explained in the previous section, the intersection based counting mech-
anism made possible by using the vertical database layout shows significant
performance improvements. However, this is not always possible since the
total size of all covers at a certain iteration of the local set generation pro-
cedure could exceed main memory limits. Nevertheless, it is possible to
significantly reduce this total size by generating collections of candidate sets
in a depth-first strategy. The first algorithm proposed to generate all fre-
quent sets in a depth-first manner is the Eclat algorithm by Zaki [48, 51].
Later, several other depth-first algorithms have been proposed [1, 2, 25] of
which the FP-growth algorithm by Han et al. [25, 24] is the most well known.
In this section, we explain both the Eclat and FP-growth algorithms.

Given a transaction database r and a minimal frequency threshold σ,
denote the set of all frequent k-sets with the same k − 1-prefix I ⊆ R by
F [I](r, σ). (Note that F [{}](r, σ) = F(r, σ).) Both Eclat and FP-growth
recursively generate for every item i ∈ R the set F [{i}](r, σ).

For the sake of simplicity and presentation, we assume that all items
that occur in the transaction database are frequent. In practice, all frequent
items can be computed during an initial scan over the database, after which
all infrequent items will be ignored.

2.5.1 Eclat

Eclat uses the vertical database layout and uses the intersection based ap-
proach to compute the frequency of an set. The Eclat algorithm is given in
Algorithm 2.6.

Algorithm 2.6 Eclat

Input: r, σ, I ⊆ R
Output: F [I](r, σ)
1: F [I] := {}
2: for all i ∈ R occurring in r do
3: F [I] := F [I] ∪ {I ∪ {i}}
4: // Create ri

5: ri := {}
6: for all j ∈ R occurring in r such that j > i do
7: C := cover({i}) ∩ cover({j})
8: if |C| ≥ σ then
9: ri := ri ∪ {(j, C)}

10: // Depth-first recursion
11: Compute F [I ∪ {i}](ri, σ)
12: F [I] := F [I] ∪ F [I ∪ {i}]
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Note that a candidate set is now represented by each set I∪{i, j} of which
the frequency is computed at line 6 of the algorithm. Since the algorithm
doesn’t fully exploit the monotonicity property, but generates a candidate
set based on only two of its subsets, the number of candidate sets that are
generated is much larger as compared to the breadth-first approaches pre-
sented in the previous section. As a comparison, Eclat essentially generates
candidate sets using only the join step from Apriori, since the sets necessary
for the prune step are not available. Again, we can reorder all items in
the database in frequency ascending order to reduce the number of candi-
date sets that is generated, and hence, reduce the number of intersections
that need to be computed and the total size of the covers of all generated
sets. In fact, such reordering can be performed at every recursion step of
the algorithm between line 10 and line 11 in the algorithm. In comparison
with Apriori, counting the frequencies of all sets is performed much more
efficiently. In comparison with Partition, the total size of all covers that is
kept in main memory is on average much less. Indeed, in the breadth-first
approach, at a certain iteration k, all frequent k-sets are stored in main
memory together with their covers. On the other hand, in the depth-first
approach, at a certain depth d, the covers of at most all k-sets with the same
k − 1-prefix are stored in main memory, with k ≤ d. Because of the item
reordering, this number is kept small.

Recently, Zaki and Gouda [49, 50] proposed a new approach to efficiently
compute the frequency of an set using the vertical database layout. Instead
of storing the cover of a k-set I, the difference between the cover of I and
the cover of the k − 1-prefix of I is stored, denoted by the diffset of I. To
compute the frequency of I, we simply need to subtract the size of the diffset
from the frequency of its k − 1-prefix. Note that this frequency does not
need to be stored within each set but can be maintained as a parameter
within the recursive function calls of the algorithm. The diffset of an set
I ∪{i, j}, given the two diffsets of its subsets I ∪{i} and I ∪{j}, with i < j,
is computed as follows:

diffset(I ∪ {i, j}) := diffset(I ∪ {j}) \ diffset(I ∪ {i}).

This technique has experimentally shown to result in significant performance
improvements of the algorithm, now designated as dEclat [49]. The original
database is still stored in the original vertical database layout. Observe an
arbitrary recursion path of the algorithm starting from the set {i1}, up to
the k-set I = {i1, . . . , ik}. The set {i1} has stored its cover and for each
recursion step that generates a subset of I, we compute its diffset. Obviously,
the total size of all diffsets generated on the recursion path can be at most
|cover({i1})|. On the other hand, if we generate the cover of each generated
set, the total size of all generated covers on that path is at least (k − 1) · σ
and can be at most (k−1)·|cover({i1})|. Of course, not all generated diffsets
or covers are stored during all recursions, but only for the last two of them.
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This observation indicates that the total size of all diffsets that are stored in
main memory at a certain point in the algorithm is less than the total size of
all covers. These predictions were frequencyed by several experiments [49].

Using this depth-first approach, it remains possible to exploit a technique
presented as an optimization of the Apriori algorithm in the previous section.
More specifically, suppose we have generated and counted the frequency of
the frequent set X ∪ {i} and that its frequency is equal to the frequency of
X (hence, its diffset is empty). Then we already know that the frequency
of every superset X ∪ {i} ∪ Y is equal to the frequency of X ∪ Y and hence,
we do not have to generate all such supersets anymore, but only have to
retain the information that every superset of X ∪ {i} is also represented by
a superset of X.

If the database does not fit into main memory, the Partition algorithm
can be used in which the local frequent sets are found using Eclat.

Another optimization proposed by Hipp et al. combines Apriori and
Eclat into a single Hybrid [27]. More specifically, the algorithm starts gen-
erating frequent sets in a breadth-first manner using Apriori, and switches
after a certain iteration to a depth-first strategy using Eclat. The exact
switching point must be given by the user. The main performance im-
provement of this strategy occurs at the generation of all candidate 2-sets
if these are generated online as described in Section 2.4.4. Indeed, when
a lot of items in the database are frequent, Eclat generates every possible
2-set whether or not it occurs in the database. On the other hand, if the
transaction database contains a lot of large transactions of frequent items,
such that Apriori needs to generate all its subsets of size 2, Eclat still out-
performs Apriori. Of course, as long as the number of transactions that still
contain candidate sets is too high to store into main memory, switching to
Eclat might be impossible, while Apriori nicely marches on.

2.5.2 FP-growth

In order to count the frequencies of all generated sets, FP-growth uses a com-
bination of the vertical and horizontal database layout to store the database
in main memory. Instead of storing the cover for every item the database, it
stores the actual transactions from the database in a trie structure and every
item has a linked list going through all transactions that contain that item.
This new data structure is denoted by FP-tree (Frequent-Pattern tree) and
is created as follows [25]. Again, we order the items in the database in fre-
quency ascending order for the same reasons as before. First, create the root
node of the tree, labelled with “null”. For each transaction in the database,
the items are processed in reverse order (hence, frequency descending) and a
branch is created for each transaction. Every node in the FP-tree addition-
ally stores a counter which keeps track of the number of transactions that
share that node. Specifically, when considering the branch to be added for a
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tid X

100 {a, b, c, d, e, f}
200 {a, b, c, d, e}
300 {a, d}
400 {b, d, f}
500 {a, b, c, e, f}

Table 2.1: An example preprocessed transaction database.

transaction, the count of each node along the common prefix is incremented
by 1, and nodes for the items in the transaction following the prefix are cre-
ated and linked accordingly. Additionally, an item header table is built so
that each item points to its occurrences in the tree via a chain of node-links.
Each item in this header table also stores its frequency. The reason to store
transactions in the FP-tree in frequency descending order is that in this way,
it is hoped that the FP-tree representation of the database is kept as small
as possible since the more frequently occurring items are arranged closer to
the root of the FP-tree and thus are more likely to be shared.

Example 2.13. Assume we are given a transaction database and a minimal
frequency threshold of 2. First, the frequencies of all items is computed, all
infrequent items are removed from the database and all transactions are re-
ordered according to the frequency descending order resulting in the example
transaction database in Table 2.1. The FP-tree for this database is shown
in Figure 2.3.

Given such an FP-tree, the frequencies of all frequent items can be found
in the header table. Obviously, the FP-tree is just like the vertical and hori-
zontal database layouts a lossless representation of the complete transaction
database for the generation of frequent sets. Indeed, every linked list start-
ing from an item in the header table actually represents a compressed form
of the cover of that item. On the other hand, every branch starting from
the root node represents a compressed form of a set of transactions.

Apart from this FP-tree, the FP-growth algorithm is very similar to
Eclat, but it uses some additional steps to maintain the FP-tree structure
during the recursion steps, while Eclat only needs to maintain the covers of
all generated sets. More specifically, in order to generate for every i ∈ R
all frequent sets in F [{i}](r, σ), FP-growth creates the so called i-projected
database of r. Essentially, the ri used in Eclat is the vertical database layout
of the i-projected database considered here. The FP-growth algorithm is
given in Algorithm 2.7.

The only difference between Eclat an FP-growth is the way they count
the frequencies of every candidate set and how they represent and maintain
the i-projected database. I.e., only lines 5–10 of the Eclat algorithm are
renewed. First, FP-growth computes all frequent items for ri at lines 6–10,
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Figure 2.3: An example of an FP-tree.

Algorithm 2.7 FP-growth

Input: r, σ, I ⊆ R
Output: F [I](r, σ)
1: F [I] := {}
2: for all i ∈ R occurring in r do
3: F [I] := F [I] ∪ {I ∪ {i}}
4: // Create ri

5: ri := {}
6: H := {}
7: for all j ∈ R occurring in r such that j > i do
8: if frequency(I ∪ {i, j}) ≥ σ then
9: H := H ∪ {j}

10: for all (tid , X) ∈ r with i ∈ X do
11: ri := ri ∪ {(tid, X ∩ H)}
12: // Depth-first recursion
13: Compute F [I ∪ {i}](ri, σ)
14: F [I] := F [I] ∪ F [I ∪ {i}]
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which is of course different in every recursion step. This can be efficiently
done by simply following the linked list starting from the entry of i in the
header table. Then at every node in the FP-tree it follows its path up to
the root node and increments the frequency of each item it passes by its
count. Then, at lines 11–13, the FP-tree for the i-projected database is
built for those transactions in which i occurs, intersected with the set of
all frequent items in r greater than i. These transactions can be efficiently
found by following the node-links starting from the entry of item i in the
header table and following the path from every such node up to the root of
the FP-tree and ignoring all items that are not in H. If this node has count
n, then the transaction is added n times. Of course, this is implemented by
simply incrementing the counters, on the path of this transaction in the new
i-projected FP-tree, by n. However, this technique does require that every
node in the FP-tree also stores a link to its parent. Additionally, we can
also use the technique that generates only those candidate sets that occur
at least once in the database. Indeed, we can dynamically add a counter
initialized to 1 for every item that occurs on each path in the FP-tree that
is traversed.

These steps can be further optimized as follows. Suppose that the FP-
tree consists of a single path. Then, we can stop the recursion and simply
enumerate every combination of the items occurring on that path with the
frequency set to the minimum of the frequencies of the items in that com-
bination. Essentially, this technique is similar to the technique used by all
other algorithms when the frequency of an set is equal to the frequency of
any of its subsets. However, FP-growth is able to detect this one recursion
step ahead of Eclat.

As can be seen, at every recursion step, an item j occurring in ri ac-
tually represents the set I ∪ {i, j}. In other words, for every frequent item
i occurring in r, the algorithm recursively finds all frequent 1-sets in the
i-projected database ri.

Although the authors of the FP-growth algorithm claim that their al-
gorithm [24, 25] does not generate any candidate sets, we have shown that
the algorithm actually generates a lot more candidate sets since it essen-
tially uses the same candidate generation technique as is used in Apriori but
without its prune step.

The only main advantage FP-growth has over Eclat is that each linked
list, starting from an item in the header table representing the cover of that
item, is stored in a compressed form. Unfortunately, to accomplish this
gain, it needs to maintain a complex data structure and perform a lot of
dereferencing, while Eclat only has to perform simple and fast intersections.
Also, the intended gain of this compression might be much less than is hoped
for. In Eclat, the cover of an item can be implemented using an array of
transaction identifiers. On the other hand, in FP-growth, the cover of an
item is compressed using the linked list starting from its node-link in the
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Data set ||r|| |FP-tree| ||r||
|FP-tree|

T40I10D100K 3 912 459 : 15 283K 3 514 917 : 68 650K 89% : 449%
mushroom 174 332 : 680K 16 354 : 319K 9% : 46%
BMS-Webview-1 148 209 : 578K 55 410 : 1 082K 37% : 186%
basket 399 838 : 1 561K 294 311 : 5 748K 73% : 368%

Table 2.2: Memory usage of Eclat versus FP-growth.

header table, but, every node in this linked list needs to store its label, a
counter, a pointer to the next node, a pointer to its branches and a pointer
to its parent. Therefore, the size of an FP-tree should be at most 20% of the
size of all covers in Eclat in order to profit from this compression. Table 2.2
shows for all four used data sets the size of the total length of all arrays
in Eclat (||r||), the total number of nodes in FP-growth (|FP-tree|) and
the corresponding compression rate of the FP-tree. Additionally, for each
entry, we show the size of the data structures in bytes and the corresponding
compression of the FP-tree.

As can be seen, the only data set for which FP-growth becomes an actual
compression of the database is the mushroom data set. For all other data
sets, there is no compression at all, on the contrary, the FP-tree represen-
tation is often much larger than the plain array based representation.

2.6 Experimental Evaluation

We implemented the Apriori implementation using the online candidate 2-
set generation optimization. Additionally, we implemented the Eclat, Hy-
brid and FP-growth algorithms as presented in the previous section. All
these algorithms were implemented in C++ using several of the data struc-
tures provided by the C++ Standard Template Library [43]. All experiments
reported in this thesis were performed on a 400 MHz Sun Ultra Sparc 10
with 512 MB main memory, running Sun Solaris 8.

Figure 2.6 shows the performance of the algorithms on several datasets
for varying minimal frequency thresholds.

The first interesting behavior can be observed in the experiments for the
basket data. Indeed, Eclat performs much worse than all other algorithms.
Nevertheless, this behavior has been predicted since the number of frequent
items in the basket data set is very large and hence, a huge amount of can-
didate 2-sets is generated. The other algorithms all use dynamic candidate
generation of 2-sets resulting in much better performance results. The Hy-
brid algorithm performed best when Apriori was switched to Eclat after the
second iteration, i.e., when all frequent 2-sets were generated.

Another remarkable result is that Apriori performs better than FP-
growth for the basket data set. This result is due to the overhead created by
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Figure 2.4: Frequent set mining performance.
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the maintenance of the FP-tree structure, while updating the frequencies of
all candidate sets contained in each transaction is performed very fast due
to the sparseness of this data set.

For the BMS-Webview-1 data set, the Hybrid algorithm again performed
best when switched after the second iteration. For all minimal frequency
thresholds higher than 40, the differences in performance are negligible and
are mainly due to the initialization and destruction routines of the used data
structures. For very low frequency thresholds, Eclat clearly outperforms all
other algorithms. The reason for the lousy performance of Apriori is because
of some very large transactions for which the subset generation procedure
for counting the frequencies of all candidate sets consumes most of the time.
To frequency this claim we did some additional experiments which indeed
showed that only 34 transactions containing more than 100 frequent items
consumed most of the time of during the frequency counting of all candidate
sets of sized 5 to 10. For example, counting the frequencies of all 7-sets takes
10 seconds of which 9 seconds were used for these 34 transactions.

For the synthetic data set, all experiments showed the normal behavior
as was predicted by the analysis in this survey. However, this time, the
switching point for which the Hybrid algorithm performed best was after
the third iteration.

Also the mushroom data set shows some interesting results. The per-
formance differences of Eclat and FP-growth are negligible and are again
mainly due to the differences in initialization and destruction. Obviously,
because of the small size of the database, both run extremely fast. Apriori
on the other hand runs extremely slow because each transaction contains
exactly 23 items and of which a many have very high frequencies. Here, the
Hybrid algorithm doesn’t perform well at all and only performed well when
Apriori is not used at all. We show the time of Hybrid when the switch is
performed after the second iteration.
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