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Basic setting

We want to make predictions about some sequence yi,...,yr Of outcomes
(binary classes, real values, actions, ...)
To help us, we have experts &£1,...,&EN.
Examples:
e Fixed parametric model P(Y'|0) and N different parameter settings 61, ...,0x.

Expert &; believes that y; follows distribution P(Y'|6;).
e N different learning algoriths. Expert &; is using algorithm number z.

e Single learning algorithm with “tuning parameter” n. Expert &; is using
n = n;, for some finite range of values ni,...,nn.

e N stocks in the market. Expert &; says we should always put our money
in stock number %.

Questions:
e How to combine the advice into a "good” overall prediction?

e What is “good” ?



We try to (learn to) combine expert predictions:
e consider each expert as black box that produces predictions
e ignore experts' internal working, and also their input

e We do not consider settings where we know the inputs of the experts and
could use that ‘“side information” to favour different experts for different
inputs.

Need to be careful defining performance criteria:

e Sometimes no combination will predict well:
— all experts are bad or
— problem is inherently noisy.

e If all experts are good, almost any combination will predict well.

e Interesting case: many experts, one (or few) much better than others;
find the good ones



Notation

N € N: number of experts
i,7€{1l,...,N}: indices for experts

T € N: time horizon (“number of data points")
t, 7€ {1,...,T}: indices for time steps

X range of expert predictions

Y: range of outcomes

Here we usually take X =Y. Typical examples:

binary prediction X =Y = {0,1},; regression X =Y = [a,b] C R for some
a,b € R.

Y+ € Y. outcome at time ¢

x; € X: prediction of expert ¢ about outcome y;
x; € XV: vector of expert predictions at time ¢
y: € X: our combined prediction about y;

L:Y x X — [0,00): loss function
Typical examples: L(y,y) = (y — 4)? (for regression);
L(y,y) =0 if y=19 and L(y,y) = 1 otherwise (for classification)



On-line prediction

Consider a protocol where the Learner ( = our algorithm) tries to combine
expert advice. Learner’s input is provided by the Environment.

The following is repeated fort=1,...,T"
1. Environment chooses and reveals the experts’ predictions x; € XV.
2. Environment chooses, but does not reveal, the outcome y;, € Y.
3. Learner chooses and reveals its prediction y; € X.
4. Environment reveals the outcome y: € Y.

Learner’'s prediction y; may depend on x, and y, for = <t, and on x.

Environment can choose arbitrary x; and y; (but they can't depend on g, for
T>1).

After T timesteps, we calculate total loss for Learner and each expert:

T
Loss(Learner) = Y L(y:, )
t=1
T
Loss(&) = ZL(ytaxt,i) fori=1,...,N.
t=1



The regret of the learner is the excess loss over the best single expert:

Loss(Learner) — lrp_i<nN Loss(&;).
_Z_

Typical results we can obtain are of the form

Loss(Learner) — min Loss(&;) < clog N or
1<i<N

Loss(Learner) — 1r<n_i<nN Loss(&;) < by/TlogN + clog N

where b and ¢ are (small) constants that depend only on the loss function.
This means that the regret per timestep converges to zero:

1 log N
— (Loss(Learner) — min Loss(&-)) =0 ( 0 ) or
T 1<i<N T

1 log N
— (Loss(Learner) — min Loss(&)) =0 ( o9 ) :
T 1<i<N T

Important: Bounds hold for all choices of Environment; no statistical as-
sumptions involved!



Aggregating algorithm [Vvovk, 1989; Littlestone & Warmuth, 1989]

This algorithm for the Learner maintains a weight for each expert. The
weight of expert & at timestep t is denoted by wy ;.

The aggregating algorithm as Learner works as follows:
e Initially w1; =1 for:=1,..., N.

e At time t, choose a random index i € {1,..., N } so that the probability
of choosing 7 is proportional to w;;. Make prediction y; = x:;.

e After y; is observed, update weights according to

Wit1,; = Wi XP (—nL(yt, T14))
where parameter n > 0 is the learning rate.

Thus
t—1
—Inwy; =n Z L(Yyr,zri)
T=1

which can give a probabilistic interpretation to the weights.



Assuming bounded loss function and suitable n, the aggregating algorithm
achieves

E [Loss(Learner)] — lrp_i<nN Loss(&;) < by/TlogN + clog N

where the expectation is over random choices of the algorithm.
e Bounds that hold with high probability can also be obtained.

e For regression we can get

Loss(Learner) — min Loss(&;) < clog N
1<i<N

with a deterministic algorithm that predicts

N
t — E AR
N ’




Follow the perturbed leader [Hannan 1957]

An alternative algorithm: At time ¢,

1. Draw N independent random variables Z,; e R, : = 1,...,N, from some
distribution P.

2. Predict y; = z;, where ¢ minimises

t—1

Zt,i + Z L(y7'7 SUT,Z')°

=1

The basic “follow the leader” would be to choose 7 that minimises

t—1
Z L(y-, CBT,Z');
T=1

here we add a random perturbation Z;; to avoid bad worst-case behaviour.

With suitable P, regret bounds are similar to the Aggregating Algorithm
(details omitted).



From prediction to reinforcement learning

In principle, expert & could be a “policy”, and each z;; an “action”. Then
—L(yt, x¢;) is the “payoff” for that action. Problems:

1. If actions affect the state of the system, changing policies at every step
does not make sense.

2. If we choose action z;;, we don't see the payoffs for the other actions.

3. In particular, if we always choose actions that “look good’, we may miss
finding new, even better ones (exploration-exploitation dilemma).

For problem 1 there are currently only very rudimentary solutions [Peter Auer
and others, ca. 2005]. We present some ideas for 2 and 3 (also due to Auer
et al.) in context of the multiarmed bandit problem.
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Multiarmed bandit problem

We have a set {1,..., N} of actions. Choosing action i at time t would give
loss L(t,17).

Consider the protocol where at time ¢
1. Environment chooses, but does not reveal, L(t,7) fori=1,...
2. Learner chooses action a; € {1,...,N }.

3. Environment reveals L(t,a:).

As in prediction, Learner tries to minimise regret

T T
L — min L ).
D Llta) = min 3 L0

However, now L(t,7) is known only if i = ay.
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Aggregating algorithm for bandits
[Auer, Cesa-Bianchi, Freund & Schapire 2002]

Like in prediction, maintain weights w; ;.
e Initially wi; =1 for:=1,...,N.

e At time ¢, pick action a; € {1,..., N} so that probability of choosing
ar =1 IS

Wt q
~ +

,y
Zg:l wt,j N

o After L(t,a:) is observed, update

Wi41,i — Wiy exD(_nE(t7 7’)) for ¢ = 17 ce N7
where

= N L(t, i)/pt,i If 7= at
L(t,i) = { 0 otherwise.

Key property: L(t,4) is an unbiased estimate of L(t,1).
Parameter v controls eploration-exploitation tradeoff.
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Confidence bounds for bandits [Auer 2002]

We sketch the idea of confidence bound algorithms in a simple setting where
for each 7 there is a fixed but unknown distribution P; such that L;; ~ F; for

all t.

Learner maintains for each i a lower bound g; such that E[L;;] > ¢; holds with
high probability. We want ¢; to be as close to E[L;;] as possible.

Learner chooses a; = ¢ where ¢+ minimises g;.

Thus action 7 is likely to be chosen, if
e we are confident that ¢ is good or

e Wwe are very uncertain whether 7 is good or poor. This balances exploration
and exploitation.
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