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Overview of Cost Approximation Methods Projected Bellman Equation and TD Methods

Cost Approximation Methods/Single Policy

Bellman Equation for Single Policy in Finite-State MDP:
J =g+ aPJ, a € (0,1]

We approximate J by ér
J ~ or

Columns of ¢ are basis functions
Algorithms:
» Direct approach

» Equation error methods
» TD methods

Alternatives: Q-learning, including for multiple policies; approximate LP
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Overview of Cost Approximation Methods Projected Bellman Equation and TD Methods

Projected Bellman Equation and TD Methods

Bellman Equation:
J=T)=g+aPJ, a € (0,1]
TD(A) with Function Approximation: approximate the solution by solving

projected Bellman equation

or =nTM(or), TV = (11> AT Aeo,1]
k=0
» Weighted Euclidean projection

MNJ =argmin||J — &r|le
rexs

(&1, ... ,&n): invariant distribution of P
» Contraction and error bounds
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Overview of Cost Approximation Methods Projected Bellman Equation and TD Methods

Algorithms: Recursive TD vs. LS

Both recursive TD and LS algorithms solve, in the limit,
or = nTW(0r)
using a single sample trajectory (io, i1, . . .) (or multiple ones)
Recursive TD()\) (Sutton '88):
» Use each sample state only once
M1 = fo 4+ nZe (G + ag(iver)'re — ¢(it) 1)

» Stochastic approximation, small stepsize for averaging out noise
» Analyzed by Tsitsiklis and Van Roy '97, 99, and by others

Methods with Least Squares Forms:
» Reuse the samples at every iteration

» Implicitly approximate NMT ™), restricted on the approximation
subspace, with increasing accuracy
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Overview of Cost Approximation Methods LS Algorithms using Equation/Mapping Approximation

LS Algorithms: Equation/Mapping Approximation
Least Squares Temporal Difference (LSTD)
» Proposed by Bradtke and Barto 96, Boyan '99
» Solve approximate projected Bellman equation

OFyy = N TN (0F 1)

Least Squares Policy Evaluation (LSPE)
» Proposed by Bertsekas and loffe '96 and analyzed by several others
» Approximate projected value iteration

Orp = N TN (0r) = TN (@r) + &

Value lterate Value lterate
F(dry) F(®r)

Projection Projection
I ons I_ons
|
Drigq
Drteq
on @1t Simulation error
0 0
S: Subspace spanned by basis functions S: Subspace spanned by basis functions
Projected Value lteration Least Squares Policy Evaluation (LSPE)
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Overview of Cost Approximation Methods LS Algorithms using Equation/Mapping Approximation

Convergence Analysis of LSPE
Convergence of LSPE with constant stepsize for a € (0, 1]
(Bertsekas, Borkar, and Nedi¢ '04, Yu and Bertsekas '06):
» lteration can be viewed as “deterministic portion + stochastic noise”

®ry =F(dr)+«, whereF =(1— )l +0T®
» The constant stepsize ~ plays a role of “damping” the projected value

iteration MT ™

» If the deterministic portion F is a contraction, then noise diminishes
asymptotically, and LSPE converges

Proposition

Convergence stepsize ranges for LSPE:
(i) discounted case (o < 1): v € (0, %)
(ii) average cost case (a = 1):

A€ (0,1): ~e(0,1]
A =0, P aperiodic: ~ € (0,1], A=0: v€(0,1)
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Overview of Cost Approximation Methods LS Algorithms using Equation/Mapping Approximation

Convergence Analysis of LSPE

Asymptotically Optimal Rate of Convergence (Yu and Bertsekas '06)
shown by a comparison analysis of LSPE/LSTD:

LSPE: <I>rt+1 (1 ’y)d)rt + "yl_ltT (d>rt)
LSTD: <I>rt+1 = ﬂ T (¢rt+1)
Proposition

For all stepsize v in the convergence range of LSPE,

t]|®r — o] < oo, w.p.l.

Implications:
» Empirical phenomenon: r; “tracks” f

» More precisely: r. — iy — 0 at the rate of O(t), faster than r;,f; — r* at
the rate of O(V/1)

» LSTD has the optimal convergence rate comparing to recursive TD
(Konda '02), so LSPE shares this property
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Extension I: LS Q-Learning for Optimal Stopping Problems Background

Stopping Problems — Overview

Extension to Optimal Stopping Problems — Main Idea:

» Apply the same mapping approximation idea to solve the non-linear
projected Bellman equation

Basic Optimal Stopping Problem:

» An irreducible Markov chain with n states and transition matrix P
Action: stop or continue
Cost at state i: c(i) if stop; g(i) if continue
Minimize the expected discounted total cost till stop

» Bellman equations for « € (0,1)
J* = min{c, g + aPJ"}, Q" =g+ aPmin{c, Q*}

Q-factor: Q* (i, a) = optimal cost from state i with first action a
Optimal: stop as soon as the state hits the set

D={i|c(i)<Q ()}
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Extension I: LS Q-Learning for Optimal Stopping Problems Background

Q-Learning with Function Approximation
(Tsitsiklis and Van Roy '99)
Subspace Approximation

Q=0or or, Q(i,r)=¢(i)r
Weighted Euclidean Projection

NnQ = argmin ||Q — &r||¢, (&1, -.,&n) : invariant distribution of P
rexs

Key Fact: DP mapping F is || - ||¢-contraction and so is MF

FQ o g + aP min{c,Q}

Projected Bellman Equation solvable by using TD:
or* = MNF(r*)
Suboptimality: stop as soon as the state hits {i | c(i) < ¢(i)'r*}

2

< (]__a)—lm”nQ* - Qe

S 6 (3u0) - 3°(0)
i=1
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Extension I: LS Q-Learning for Optimal Stopping Problems Least Squares Q-Learning Algorithm

Least Squares Q-Learning
The Algorithm

2

(io, i1, - . .) unstopped state process, v € (0, ;=) constant stepsize

lty1 =T+ ’V(ft+1 — )

where 1,1 is the LS solution:

Py =argmin (¢(ik)/r — 9(ik, ik1) — aomin {c(iks1), ¢(ik+l)/rt})2

reRs o

Proposition

t—oo

Forally € (O ) , limre=r* w.p.l

"1+«
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Extension I: LS Q-Learning for Optimal Stopping Problems Least Squares Q-Learning Algorithm

Computation and Interpretation

The algorithm can be viewed as approximate projected value iteration

t

le = <kzg ¢(ik)¢(ik)/> ; ¢(ik) (g(ik, ik+1) + amin {C(ik+1), ¢(ik+1)ll’t })

Ofryy = MF(dr) = Ty (@t + aPymin{c, d>rt})

Ori = (1 —v)dr + ’Yﬁt',:\t(q)rt)

» Convergence follows from mapping approximation and contraction:
w.p.1, for all t sufficiently large,
MiFis || - ||e-contraction with modulus & € (a, 1)
1-) +~TiF is || - ||e-contraction for € (O, 1%&)

» Computation overhead: require repartitioning past states into
stopping or continuation sets
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Extension I: LS Q-Learning for Optimal Stopping Problems Least Squares Q-Learning Algorithm

Comparison to an LSTD Analogue

LS Q-learning: ®rir = (1—)Pr + 7ﬁt|§t(¢rt) @)
LSTD analogue: DFiyy = MiF(PFisn) 2
Eq. (1) is one single fixed point iteration for solving Eq. (2).

Yet, they have the same convergence rate [two-time scale argument,
similar to the comparison analysis of LSPE/LSTD]:

Proposition

2 .
F I 0, —— t||ere — ¢ p.1.
ora ’Ye( 71+a)7 H It r1H<OO7 w.p
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Extension I: LS Q-Learning for Optimal Stopping Problems Variants with Reduced Computation

Variants

A Variant: repartition each sample state at most m times

t
2
fe1 = arg min Z (¢(ik)/r — (i, ik+1) — amin {c(ik+1), qb(ikﬂ)’nkt })
reRrs |\ "o
Intermediate between TD and mapping approximation:
» m — oo: LS Q-learning algorithm

» m = 1: the fixed point Kalman filter (Choi and Van Roy '06),
equivalent to TD with scaling,

et = it B0 00 )+amine(ie), o) k- o(i0)'n)

Convergence for m > 1 can be shown, using o.d.e. analysis (Borkar '06,
Borkar and Meyn '01), or an alternative “direct” proof.

Extensions to undiscounted optimal stopping problems
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Extension II: Solving Linear Equations Key Ideas

Overview and Key ldeas from ADP

Large Systems of Linear Equations
X =T(x) =b + Ax

Ideas Inspired by ADP:
» Subspace approximation by solving projected equation

x=MNT(x) ie, &r=NT(®dr)="Nb+ MNA(Pr)

» Avoid matrix-vector product by sampling entries of A

» Weighted sampling with an artificial Markov chain can be used to
construct implicitly a projection

Overall Characteristics:
» Need only low-order calculation
» Equation/mapping approximation-based LS algorithms applicable

v

Error bounds analogous to those in ADP, if e.g., INT is a contraction

v

Multistep methods, such as analogues of TD()), are as easy to
implement using simulation as the single step method
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Extension II: Solving Linear Equations Single Step and Multistep Algorithms

Single Step Version
Solve the projected equation x = MT(x), i.e.,

-1 n

rz(Zacb(i)cb(i)’) D_&e() | bi+ D> ays(i)r

=1

Sampling Schemes

» generate row and column-index pairs {(io, Jo), (i1,j1), - - -}
independently such that it ~ &, jt ~ i-th row of P; or

» generate (io, i1, .. .) using a Markov chain P (¢ need not be known)

Desirable Properties of P: a; # 0 = p; # 0, no transient states, fast
mixing, easy to simulate

Equation Approximation Method (LSTD analogue): solve

M1 = <Z ¢>(ik)¢>(ik)/> > (i) (bik + S?kjjk ¢>(J'k)/ft+1)
k=0 k=0

Ik Jk

Projected Jacobi Method (LSPE analogue)
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Extension II: Solving Linear Equations Single Step and Multistep Algorithms

Constructing Markov Chain and Projection

Generalization of DP

If AT or its damped version is a contraction, then
» Error bound analogous to that in DP is available
» Projected Jacobi method is also applicable

Generalization of Discounted/Undiscounted Cases in DP:

Proposition

Assume |A| < P for some irreducible P, and ¢ is such that ¢'P = ¢'.

(i) NT is contraction with respect to some norm if 3, ; |a;| < 1 for some i.
(i) M((L =)l +~T),v € (0,1) is || - |[¢-contraction if (I — MA) is invertible.

» Example of |A] < P: Cx = d, C weakly diagonally dominant, i.e,
> lcil < ei] #0

» Extend to solving non-linear fixed point equations with certain
separable structure and contraction/non-expansive property (such as
in optimal stopping problems)
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Extension II: Solving Linear Equations Single Step and Multistep Algorithms

Multistep Versions

Solve projected multistep versions of the fixed point equation

x =0T'(x), x=nTM(x)

-1 e}
T =Ax+Y A,  TW= (- AT
m=0 k=0
Sampling using a Markov chain gives recursive update formulas
» Intuition: iy’ = (io, i1, . - .,im) With i = i; for any vector v, just as
E{v(in)lio =i} = (P"v)(i),  E{wm(ic)Vv(im)|io =i} = (A"V)(i)
where wi (if") is a properly defined weight

Wi (i) = Qigiy Aiji, iy _1im
m = Gab .
Pigi; Pijip Pir _ 1im

Implementation is as easy as in the single step case, because of the
product structure of wpy,.
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Extension II: Solving Linear Equations Single Step and Multistep Algorithms

Example: Multistep Algorithm Analogous to TD())
Assume (I — A) invertible and o(A) < 1; solve

x =NTW(x), A€ (0,1)

» NT™ is contraction for \ sufficiently close to 1 for all I

» Solution of projected equation approaches Nx* as A — 1; however, \
affects the variance as in DP

Update formulas resulting from using temporal difference expressions:

LSPE: ryi=rn+4B (G +h), LSTD: fiy1 =—C; 'h

Bt = Bi—1 + ¢(it)o(it)’, Ct=Ci1+z (qu(iwl) - ‘b(it))

iti 41
ht :ht71+2tbi” Zi=A B 1|T21 1+ o(it)
it—1it
» DPis a special case with &, /Pii,, = @, « € (0,1]
» Analogue of recursive TD is also applicable
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Extension II: Solving Linear Equations Related Ideas: Basis/Feature Generation

Generating Basis/Feature by Sampling

Consider using basis functions of the form
B™g
» Reminiscent of Krylov subspace methods

» In the context of DP, B™g can be the finte-stage costs of some base
policy

Implementation:

» For the simulation-based algorithms, one unbiased sample of ¢(i) is
sufficient

» So we only need to use an additional sampling procedure,
independent of the one that generates (io, i1, . . ., it, . . .), t0 generate
an unbiased estimate of (B™g)(i)
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Summary

Questions and Discussion

» Non-linear fixed point equations
to what extent the mapping approximation approach can be applied

» Linear equations
in the context of applications, how does the proposed method
compare with commonly used numerical methods

» Approximate dynamic programming
methods of basis selection and exploration
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Summary
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For a detailed presentation and analysis see:

» On convergence (average cost) and rate of convergence of LSPE
H. Yu and D. P. Bertsekas. “Convergence Results for Some Temporal
Difference Methods Based on Least Squares,” LIDS report 2697, MIT, 2006;
revised 2007.

» On optimal stopping problems
H. Yu and D. P. Bertsekas. “A Least Squares Q-Learning Algorithm for Optimal
Stopping Problems,” LIDS report 2731, MIT, 2006; revised 2007. A shorter
version appears in ECC’'07.

» On solving linear equations
D. P. Bertsekas and H. Yu. “Solution of Large Systems of Equations using
Approximate Dynamic Programming Methods,” LIDS report 2754, MIT, 2007.

Available from

» Janey’s web site: http://cs.helsinki.fi/u/hyu/
» Dimitri's web site: http://web.mit.edu/dimitrib/mww/home.html

Yu, Bertsekas (U.H. and M.L.T.) Cost Approximation Methods INFORMS

25/25



	Overview of Cost Approximation Methods
	Projected Bellman Equation and TD Methods
	LS Algorithms using Equation/Mapping Approximation

	Extension I: LS Q-Learning for Optimal Stopping Problems
	Background
	Least Squares Q-Learning Algorithm
	Variants with Reduced Computation

	Extension II: Solving Linear Equations
	Key Ideas
	Single Step and Multistep Algorithms
	Related Ideas: Basis/Feature Generation

	Summary

