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Introductory example

e Each morning you must predict whether it will rain or not.

e At the end of the day we observe whether rain actually did occur.

e If your prediction was incorrect, you incur one unit of loss.

e Repeat this for T days (say T = 365); try to minimise your total loss.

e You do not know anything about meteorology, but have lots of other sources,
called experts, to help you.

e The experts are given to you, you are not responsible for training them etc.

e You expect to do well if at least some experts are good.



Let there be n experts denoted by &, i =1,...,n (say n = 1000).

e EXperts may or may not have hidden side information.

e Experts may or may not have dependencies between each other.
Example:

E1: Canberra Times weather column
E>: New York Times weather column
E3: Australian Bureau of Meteorology web site

E;. your own backprop net with 10 hidden nodes
Ei+1: your own backprop net with 100 hidden nodes
Eiqo: it rains if you washed your car yesterday

En—3. it rains if it rained yesterday
En—o: it never rains

En—1. it always rains

E,: tOsSs a coin



(Almost) realistic examples

Modifications of the basic online expert prediction algorithm have been successful
on these problems on realistic simulation data.

Problem: Stock portfolio management
Experts: “Invest all your money in stock s”

Problem: Equalisation (in signal processing)
Experts: Copies of LMS with different learning rates

Problem: Disk spin-down on laptop
Experts: “Spin down after s seconds of idle time”

Problem: Disk caching
Experts: RAND, FIFO, LIFO, LRU, MRU, ...



Notation
e y; = 1 if you predict rain for day t, y: = O otherwise
e similarly z;; is prediction of expert & for day ¢
e y: = 1 if there actually was rain on day t, y: = 0 otherwise

e define the discrete or 0-1 loss as

N _J O ify=y
Lo-1(y,9) = { 1 otherwise

e total losses of the Predictor (i.e. you) and expert &; are

T T
Loss(P) = Z Lo—1(yt,yt) and Loss(&) = Z Lo—1(ye, xe4),
t=1 t=1

respectively



Basic setting

The following is repeated at each day t:
1. You see the experts’ predictions z;;, 1 =1,...,n.
2. You make your prediction ;.
3. You see the actual outcome y;.

When you make your prediction for day t, you remember what happened at days
1,...,n— 1. In particular, you know the experts’ past performances.

e Want to achieve small total loss for the predictor assuming at least one
expert has small total loss.

e Start with the simplistic case where one expert has loss zero (but of course
we do not in advance know which).



Algorithm (Weighted Majority for noise-free case)

(We say “noise-free” to denote that at least one expert is perfectly correct for the
whole sequence.)

e Say that expert &; is consistent up to time t if z,;, =y, forr=1,...,t - 1.

e At time t, predict according to the majority of experts consistent up to that
time. (Break ties arbitrarily.)

We are assuming that at least one expert is consistent for the whole sequence so
this is well defined.



Proposition If Loss(&;) = 0 for at least one expert &;, then

Loss(P) < logsn.

Proof

e Every time the predictor makes a mistake, at least half the remaining
consistent experts also made a mistake.

e Hence, every time the predictor incurs a non-zero loss, the number of
consistent experts is at least halved.

e Since initially there are n consistent experts and at the end at least one, this
can happen at most log, n times.

[l

We now move from this example to the more general case.



Basic sequence of the general prediction game

We have a prediction space X and outcome space Y C X. Unless otherwise
specified we consider here the case X = [0,1] and Y ={0,1} (continuous-valued
predictions, discrete outcomes).

Repeat fort=1,...,T:
1. Fori:=1,...,n, expert & makes its prediction z;; € X.
2. The predictor makes its prediction y; € X.
3. An outcome y; € YV is observed.

Can think of this as game where Environment picks z;; and y; and Predictor picks
y+. Predictor would be our learning algorithm. No assumptions about how
Environment works.



Loss function is a function L:Y x X — [0, oo].
For X ={0,1} use 0-1 loss.

For X = [0, 1], possibilities include square loss
L(yag) — (y _ g)Q,
logarithmic loss
_ Y 11—y
L(y,y) =yIn=4+ (1 —-y)In =
] 11—y
(where 0In0 =01In(1/0) =0 and In(1/0) = oo otherwise) and absolute loss

L(y,y) = ly — 4l

With fairly obvious modifications, square and absolute loss can be extended to
other ranges than [0, 1].



What we want: to bound Loss(P) in terms of min; Loss(&;) where

T T
Loss(P) =) L(y %) and Loss(&) =) L(y.%).
t=1 t=1

The basic form of bounds we want is

Loss(P) < (14 0(1)) 1rl1j<n Loss(&;)
where o(1) goes to zero as min; Loss(&;) goes to infinity.

Suppose Loss(&E;) = To; where o; is a “loss rate” for expert &. Then this would
give

Loss(P) .
1m§2_|§nn oi + o(1)

where o(1) goes to zero as T goes to infinity.



What our algorithm(s) will achieve (brief preview)

For square loss, log loss etc. we can guarantee

Loss(P) < 1rp|<n Loss(&;) + clnn.

For absolute loss can guarantee for any 0 < e < 1 (given a priori) that

Loss(P) < (14 ¢) 1r2i<nn Loss(&;) + S Inn.

For discrete predictions can only guarantee

Loss(P) < (24 ¢) 1r£1ii<nn Loss(&;) + g Inn.

Here ¢ > 0 is a constant that depends only on the loss function.

The trade-off parameter ¢ is determined by the learning rate of the algorithm
which (in the basic version of the algorithm) must be fixed in advance.



Plug in Loss(&;) = To;.

For square loss etc. we get

Loss(P In
# < min o; + € n.
T 1<i<n

For absolute loss, by choosing e = /CInn/(min; Loss(&;)) and using o; < 1 we get

Loss(P) , clnn 1
—= < + 2 — .
T =108, + T o (T)

In these cases, the loss rate of predictor converges to that of the best expert.
(The choice of ¢ is an issue though.)

Important: The dependence on n is always only logarithmic.



Weighted Majority Algorithm [Littiestone & warmuth 1989]

Assume y;,x:; € {0,1}; let L = Lo_1. Fix a “learning rate” 0 < 8 < 1.
At time t, each expert & has weight w;; > 0. Initialise w;; =1 for:=1,...,n.

At time t¢:

e Compute
Wt+: Z Wt 5 and Wt_: Z Wi ;-

Z'I:L‘m-=1 'l.:xtﬁi:O

Predict g, = 1 if W;¥ > W, and 4 = 0 otherwise.
e Update weights by setting w41, = Bwe; if 21 F ye and w1 = we; 1T 2, = s

Remark: Defining n =1In(1/8) > 0, we have

t—1
we; — €XP (_77 Z L(y-, xT,@')) .
T=1



Write Wy = W,m + W, =37, w.

Lemma For c=1/In(2/(1 4+ 3)) we have

_ Wita
L(y, < —cln :
(ye, Te) < W,

Proof Clear if L(y:,7:) = 0 since ¢ > 0 and W;;4; < W;.

Consider the case L(y,9:) =1, say y: =1 and 3. = 0. Then W;r < W:/2. We have

Wit1 Wt + pwW,
(1= )Wt + (W + W)
< (1- m% + B,

from which cIn(W;/W;41) > 1 follows. ]



Theorem For any expert & we have

Loss(P) < enLoss(&;) +clnn

2 \* 1
c= (In ) and n=In-—.
5

where

1+5

Proof:. Pick any expert &,. From Claim 1 we have

T
Loss(P) < —cY (INWiy1 —InWy)
t=1
= —C|nWT+1—|—C|nW1
< —C|nwt+1,i+c|nW1

T
cn Z L(yt, x¢3) + clnn.

t=1



Interpretation of the bound (see plot on next slide)

e very low learning rate:

lim cn =2 and lim ¢ = oo
B—1— B—1—
e very high learning rate:
1
lim en =00 and im c=——=1.44
B—0+ B—0+ In2

e tuning (3. if even the best expert is fairly bad, the first term will dominate, so
want low learning rate to minimise its coefficient

e optimal tuning depends on characteristics of data that are typically not
known at the beginning

e there are (fairly complicated) procedures for adjusting 8 during learning so
that "“almost optimal” performance is guaranteed without such knowledge
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The curve of points (x,y) = (¢n,c) for 3 € (0,1). The asymptotes are x = 2 and
y=1/In2.



Lower bound: we cannot substantially improve upon this bound.
For simplicity assume n = 2ft1 for some k. Fix M, and let T =k + 2M.

Fix a predicting algorithm P. Will construct a set of n experts and a sequence of
T outcomes such that

1. the best expert makes at most M mistakes and
2. P makes T mistakes.

Thus there are cases where we have

In
Loss(P) =2M + k > 2 min Loss(&;) + RN
1<i< In 2



Lower bound construction For i = 1,...,2%, define experts & and Ei4or AS
follows:

e Fort=1,...,k, both &; and &4 predict 1 if the binary representation of
(#— 1) has 1 in position ¢.

e Fort=k+1,...,k+2M, &; always predicts 1 and &;;+o always predicts O.

After first k time steps there is exactly one 7 such that neither &; nor &2« has
made any mistakes yet.

During the remaining time steps either & or €42« must be right at least half the
time.

Thus for any sequence of outcomes there is an expert with at most M mistakes.
We simply choose the outcomes to be opposite to whatever P predicts.



Example k=2, n=21=8 M =3, T=k+4+2M = 8.

The experts’ predictions are as follows:

t 1123456738
&1o0jo0j1(1 1111
ELHi1(0}j1 1111 71]1
E&lofj1j1,1;1]1/1]1
41|11 (11|11 1
& |00 00|0]0]0]|O
(10000 0]0]|O
E&10(1]0/0]0|0]0]|O0
E&|1(1]0/0]0|0]0]|O0

Suppose the outcome sequence is
(y1,...,¥y8) = (1,0,1,0,0,0,0,1).

After k = 2 steps & and & have loss O.
After the whole sequence, & has loss 2 < M (and & has loss 4 = 2M — 2).



Weighted Average Algorithm

Assume 0 < z;; <1 and y. € {0,1}. Fix a learning rate n > 0.
At time t, each expert & has weight w;; > 0. Initialise w;; =1 for:=1,...,n.
At time t:

e For = 1, oo, let Vi — wtﬂ-/Wt where W; = Z?:l Wt j- Predict with
n
Yt = V¢ - Ty = th,ﬂ?t,i-
=1

e Update weights by setting
Wit1,i = wii €XP(—NL(yt, Tt1))-

Remark: As with Weighted Majority we have

t—1
Wi = wi,; €XP (—77 > L(yT,a:T,z-)> :
T=1



The weights can have a Bayesian interpretation (although we are not doing
Bayesian analysis here).

Suppose we have a parametric density P(y | ) and a prior on experts P(&;).
Expert (i.e. model) & would generate y; according to the distribution P(- | z¢;).

Define a loss function L(y,z) = —% In P(y | ). Now

P |y1,--yy) o< PQyi, ...,y | &)P(&)

= P&E) ] Py | 2r)
T=1

= P(&)exp (—n Z L(y-, x”)> :
=1

Thus the update of Weighted Average Algorithm (with initial weights
wi,; x P(&;)) becomes Bayes’ rule.

However not all natural loss functions can be represented as log likelihoods.



Analysis of the algorithm goes, at high level, as follows.

1. Find n > 0 and ¢ > 0 such that we can guarantee

_ Wita
L (y, < —cln :
(ye, Te) < W,

2. Sumovert=1,...,T.

Step 2 is easy and independent of the loss function; we essentially already did it in
the analysis of Weighted Majority.

Step 1 is technical and uses properties of the actual loss function. However
general results exist that handle large classes of loss functions. The case c=1/9
is of special interest.

Remark: In Step 2 we do not need the assumption y; = v; - *+. In many cases
Step 1 can actually be performed with better constants using some other
prediction. This leads to Vovk's Aggregating Algorithm.



Theorem Fix n > 0, and let ¢ > 0 be such that

_ Wit1
L(y, < —cln
(yt,7) < W

t

holds for all t. Then for any expert & we have

Loss(P) < enLoss(&;) + clnn.

Proof: Pick any expert &;. We have

T
> Ly, )
t=1

IA

IA

T

—C Z(In Wt_|_1 —1In Wt)
t=1

—cln WT_|_1 —|— cln W1
—clnwiy1; + cln Wy

T
cn Z L(yt, zti) + clnn.

t=1



Denote Ly(x) = L(y,x); in particular L;(z) = 0L(y,z)/0z. We assume that L is
convex and twice differentiable, and that Lg is increasing and L1 decreasing.

Lemma Assume c > ¢, where

_ L, (x)?
¢, = max sup .
ye{0,1} o<z<1 L’y’(x)

Then for all n < 1/c the Weighted Average Algorithm satisfies

R Wit
L(yy, < —cln :
(ye, Te) < 7

t

Remarks

e By the previous remarks, for n = 1/¢;, we thus have

Loss(P) < min Loss(&;) + ¢ Inn.
1<i<n

e If we replace maX,c(o,11 bY SUPg<y<1, the bound holds for 0 <y <1 (and not
just y; € 0,1); the value of ¢, remains the same in most cases.



Examples (The last column gives the optimal constant that can be achieved with
the “real” Aggregating Algorithm; more of this later.)

loss function L(y,x) Cr, cr,
square (y — )2 2 1/2
logarithmic | (1 —y)In((1 —y)/(1 —x)) +yIn(y/x) 1 1
Hellinger | 3 ((vI=y-vi-2)’+(vi-va@)°) | 1 |27/2~0T71
absolute ly — x| (c0) (00)

Remark The constant ¢; can be shown to be optimal, i.e. for any predictor P
there are sequences such that

Loss(P) > min Loss(&E;) 4+ ¢ lnn — o(1).

1<i<n



Proof of Lemma: Without loss of generality take ¢ = 1/n. The claim is

t n
L exp(—L(y:, xt
Ly, v -x) < —cln 2 i—1 Wi €XP(—L(ys, x1.:)/c) — _cln E ve i exXp(—L(yt, xri)/c),
Wi —

or equivalently

exp(—L(yr,vi - @) /c) > > viiexp(—L(yt, x14)/c).
=1

Write this as
FO wvime) > vrif (i)
=1 =1

where f(x) = exp(—L(y,z)/c). The assumption implies that f” is negative so the
claim follows by Jensen’s Inequality.



We have nothing yet for absolute loss L(y,y) = |y — 9|

e Fory€{0,1} and 0 <y <1, can interpret |y — y| as probability of mistake
when prediction y taken as bias in predicting by a coin toss.

e For 0-1 loss (i.e. number of mistakes) can only get

Loss(P) < (24 o(1)) 1rp.i<n Loss(&;).

e For absolute loss we soon show bounds of the type
Loss(P) < (14 0o(1)) min Loss(&;).
1<i<n
e Thus can get the leading coefficient to 1 if we allow randomised predictions.

To get this type of bound we need Vovk's Aggregating Algorithm with its
nontrivial prediction method.



Aggregating Algorithm [Vovk 1989]

Assume 0 < z;; <1 and y: € {0,1}. Fix a learning rate n > 0 and *“fudge factor”
c > 0. Initialise w1;, =1 for¢t=1,...,n.

At time t:
o Define Wy = > 1wy and, for y € {0,1}, Wip1(y) = D1 q wriexp(—nL(y, z¢,)).

e If there is 0 <z <1 such that for both y =0 and y = 1 we have
Wt+1(y)

t
pick y; = z for any such z. Otherwise the algorithm fails.

L(y,Z) S —cln

e Update weights by wi41,; = wi; exp(—nL(y:, x1;))-

This generalises our previous algorithms by allowing more freedom in choice of ;.



As before we have
t—1
We; — Wi, €EXP (—n Z L(yT, :BT,Z')> .
=1

Since Wip1 = Wit1(ye), it now follows by definition that

_ Wita
L(ye, < —cln :
(yt, gt) < W

The problem is choosing (¢,n) so that the algorithm never fails.

If this can be achieved then as before we get

Loss(P) < en 1n<1_i<n Loss(&;) + clnn.

Although the prediction rule looks rather abstract as written it usually
becomes rather simple when ¢ and n are given. Also given n there is a unique
best value for ¢, depending only on which loss function we use.



Example of the prediction rule: square loss.

e First compute

N

Wir1(y) Wi >
A(y) = —cln ——— = — —exp(—n(y — o,
(y) c W cizgl W P(—n(y — x¢)°)

fory=0and y=1.

e Since L(0,7) =42 and L(1,%) = (1 — %)?, we now require 32 < A(0) and
(1 —179:)?% < A(1). which becomes

1-+vVAQ1) <y < VA(0).

e [ hus we can take e.g.

—~

Yt =

> (VA© - va@ +1)

assuming /A(0) + /A(1) > 1. As it turns out this is the case in particular
when n=1/c < 1/2.



Denote Ly(x) = L(y,x); in particular L;(z) = 0L(y,z)/0z. We assume that L is
convex and twice differentiable, and that Lg is increasing and Li decreasing.

Lemma Assume c¢ > c;, Where

o = sup LA = Ly (@) Lo(w)?
o<z<1 Li(x)Li(z) — L (z)L{(x) :

Then the Aggregating Algorithm for any n < 1/c¢ will not fail.

Remarks:

e For examples of ¢; and respective values of the constant ¢; for the Weighted
Average Algorithm see the earlier table.

e We get ¢y < ¢p directly from the fact that (a +b)/(a’ + V) < max{a/d,b/b'}
for positive a,a’,b, V.



Absolute loss Pick any n > 0; write 8 =e™".

e Can show that the algorithm never fails if ¢ > 1/(2In(2/(1 + 3))) so

Ini 1
Loss(P) < —52 min Loss(&;) + ————Inn,
2|nm1§z§n 2'”@

i.e. factor 2 better than Weighed Majority (but this is for a different loss).

e Write o, = Loss(&;)/T. Optimal choice of g guarantees

Loss(P ;N In
Loss(P) < min [ o; 44/ ARSI -
T 1<i<n T 2T In2

but choosing optimal 3 requires knowing min; Loss(&;).

e Bounds of the form Loss(P)/T < min;o; + O(T~1/?) can also be achieved
without additional knowledge by more sophisticated algorithms.



Lower bound for the absolute loss

We show that the square root term is unavoidable. Thus we can only get

Loss(P) , _1/2
5 S minoi + 0T

where again o; is the loss rate for expert &;. This is weaker than for square loss,
log loss etc. which have

Loss(P) _ _1
TV L :
= < 1n§1i|§nn o, +O0(T™ )

The bound is based on a simple probabilistic argument. We show a distribution
for the experts predictions z;; and outcomes y; such that

E[Loss(P)] > E[ min Loss(£)] + Q(VT)
where E denotes expectation with respect to the choice of z;; and y;.

Since this holds on average, it of course also holds in worst case.



The distribution is simply that each y; and xz:; is 1 with probability 1/2 and 0 with
probability 1/2 (and they are all independent).

Clearly E[Loss(P)] = E[Loss(&;)] = T'/2 for any i. More specifically, Loss(&;) is a
binomial random variable with mean T'/2 and variance v/T/2.

Define
Loss(&;) —T/2
Fz’ — .
VT2
Then F; are independent, and for large T' have approximately standard normal
distribution (by central limit theorem). It is known that asymptotically,

E[ min F;] ~ —v2Inn.

1<i<n

Thus
TInn
2

E[ln;ignn Loss(&E)] ~T/2 —

which gives the claim.



Further remarks on the prediction rule
e Weighted average y; = v: - ¢+ will not in general work.
e Special case: for log loss yr = v; - x; is the only thing that works.

e There may not even be any function ¢: [0, 1] — [0, 1] such that 4 = ¢(v¢ - ;)
would work; however for absolute loss such a function ¢ does exist.

e T he following plot shows the range of legal predictions for absolute |0ss in
the special case n = 2, (x1,22) = (1,0).



prediction

L
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v

Upper and lower bounds for prediction § when (x1,22) = (1,0) as function of
v = w1 /(w1 +wz). (Here g = 0.2, i.e. fairly high learning rate.)



Tracking a sequence of experts

Previous methods give good results if a fixed single expert is good over the whole
sequence of predictions.

Suppose the process we are predicting is non-stationary. Then perhaps different
experts are good at different times.

Example Disk caching
e a number of different caching strategies
e some strategies may not be good at all in a given environment
e which one is really the best depends on what activity is going on right now

(There are various other problems in applying prediction algorithms in a caching
setting.)



Formal setting Consider a sequence of T experts U = (U1,...,Ur),
Ue{&|1<i<n} forall T.

e U has k shifts if there are exactly k indicest € {1,...,T7 — 1} such that
Ut # Ut_|_1.

e Expert & is active in U if there is at least one index t € {1,...,T} such that
Ut — 8,

e Let U(k,m) be the set of sequences with k shifts and m active experts, and
Uk) =un _ U(k,m)

m=1

o Define u € [0,1] by u; = z¢; where i is the index such that U; = &;, and let

T
Loss(U) = ZL(yt,ut).
t=1



Assume log loss for now. The basic expert bound
Loss(P) < min Loss(&) + Inn
1<i<n

has a (loose) coding theoretic interpretation:

e Inn is the number of bits (using natural logs for convenience) to encode the
best expert

e Mini<i<, LOSS(E;) is the number of bits to encode the outcomes given the
best expert.

Can we achieve the same here, i.e. have
Loss(P) < min Loss(U) + f(k)
Uecl(k)

where f(k) is the coding length for a sequence U € U(k)? (And similarly for
Uk, m).)

In principle this is possible by considering each U € U4(k) as a new expert and
running Aggregating Algorithm on top of those. However, this would be
computationally prohibitive since we would need |U{(k)| weights.



To encode a sequence U € U(k) we need roughly
o log (") ~ klog(T/k) bits to encode the shift times and

e (kK4 1)logn bits to encode the expert active at each shift.

To encode a sequence U € U(k,m) we need roughly
o log (") ~ klog(T/k) bits to encode the shift times,
e l0g (;’;) ~ mlog(n/m) bits to encode the pool of m active experts and

e (kK+ 1)logm bits to encode one expert from the pool for each shift.



Problem 1: Can we get

Loss(P) < min Loss(U) 4+ O(klog z) + O(klogn)
Ucld(k) k

with an efficient algorithm?

Problem 2: Can we get

Loss(P) < min Loss(U) 4+ O(klog Z) + O(mlog ﬁ) + O(klogm)
Uecl(k,m) k m

with an efficient algorithm?

e Here “efficient” means roughly O(n) time per prediction and update.

e Going from 1 to 2 we replace klogn by klogm + mlogn. This is interesting
when m < n and m <€ k.



The basic Aggregating Algorithm will not work here. The exponential update
eradicates the weights of experts that initially perform poorly, and they never
recover even if they later start performing better.

Thus we need to make sure each expert retains the chance of recovery if its
performance improves.

Simple method: Divide a fixed portion of the total weight uniformly over all the

experts. Thus everyone has a chance to recover. This is enough to solve
Problem 1.

Fancy method(s): Divide a fixed portion of the total weight favouring the
experts that performed well some time in the past. Thus the experts that are
in the “pool” have faster recovery. This solves Problem 2.

We next sketch the simple method, called Fixed Share Algorithm.



Fixed Share Algorithm

Assume 0 <z;; <1 and y: € {0,1}. Fix n and ¢ as in the Aggregating Algorithm.
Fix a share factor 0 <~ < 1.

Prediction as in Aggregating Algorithm, using weights ws;.

Update at time ¢ consist of two steps with an intermediate weight vector wj;:

Loss update step: For:=1,...,n let

Wiy = Wi €XP(—nL(yt, T1,i)).

Share update step: Fori:=1,...,n let

mn
/7/
w1 = (1 —wiyq,;+ - Z Wit
=1

Thus we take a fraction v of the intermediate weight and redistribute it uniformly.
(Notice that >  wit1, =), (A :)



For simplicity we state the result only for log loss and omit the finer issues of
tuning ~.
Theorem For log loss the Fixed Share Algorithm with

n k
n—1T -1

’Y:

satisfies
T -1
+ k.

Loss(P) < min Loss(U)+ (k+ 1)Inn+ klIn
Ucl(k)

Thus the bound is as stipulated in Problem 1.
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