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Abstract A biological system that retains its function performance under internal or external
perturbations is robust. If it acquires novel functions (through genetic change) that advance the
surviving and reproduction of the organism it is evolvable. In this seminar report we will show
that robustness and evolvability are not contradictory, thereby mostly referring to Aldana et al.
work. They used random Boolean networks to model gene regulatory networks and examined the
dynamical attractors of the networks, which indicate robustness and evolvability. Their results
show that random Boolean networks close to the critical regime have both, maximum robustness
and maximum evolvability.
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1 Introduction

A biological system is robust, if it retains its function performance under internal or external
perturbations [1]. It is evolvable if it acquires novel functions (through genetic change) that
advance the surviving and reproduction of the organism [2]. It has been argued that a conse-
quence of robustness is reduced evolvability [3]. However, Aldana et al. [4] show that robustness
and evolvability are not contradictory. They used random Boolean networks with homogeneous
random and scale-free topology to model gene regulatory networks. For these the dynamical
attractors are studied, which indicate robustness and evolvability of the networks. The results
show that random Boolean networks close to the critical regime have both, maximum robustness
and maximum evolvability.

Here, we will first introduce random Boolean networks (Section 2), and how gene duplication
and divergence can be modeled in these (Section 3). Trajectories, attractors, and attractor
landscapes are introduced in Section 4. In Section 5 we present visualisation of robustness and
evolvability by attractor landscapes. Experiments and results of Aldana et al. [4] are described
in Section 6. We conclude in Section 7 with some more general notes about the results.

2 Random Boolean Networks

Random Boolean networks are a special case of Boolean networks. Therefore, we will first explain
Boolean networks and how they can be used to model gene regulatory networks. Afterwards we
shortly state the specialty of random Boolean networks.

Boolean networks are simplified models of gene regulatory networks [5]. In Boolean networks
expression levels are neglected, genes are either on (active) or off (not active). Alon [6] calls this
logic approximation, as smoother Hill functions are approximated with step-functions.

By neglecting all parameters required in other models, information is lost, and detailed sim-
ulation might not be possible [7]. However, Boolean networks might still provide valuable infor-
mation. Kauffman [8] states that this simplification (what he calls Boolean idealization) makes
it possible to study enormously complex networks.

A Boolean network is a directed graph G = (V,E) consisting of a node set V and an edge set
E ⊆ V × V [5]. Nodes represent genes1 and have either value 0 (off) or 1 (on). Edges represent
gene regulations. An edge between nodes u, v ∈ V , pointing2 from u to v means that gene u is
regulating the expression of gene v. Each gene is regulated by some genes of the network [8].
To model this, a Boolean function is assigned to each node, which has the node’s regulators as
inputs and specifies the binary output value [5]. For an exemplary Boolean network see Fig. 1.

In Fig. 1 the Boolean function for v1 could be, for example the logical equivalent of v2;
for v2 the negation of v1; and for v3 the OR function of v1 and v2. Let us denote the set
of regulators for gene vn by {vn1 , . . . , vnkn}, where kn ∈ N [4]. Then, we can write vn(t + 1) =
fn(vn1(t), . . . , vnkn (t)), where fn specifies the Boolean function for node n. For the above examples
this would be then v1(t+ 1) = v2(t), v2(t+ 1) = ¬v1(t), and v3(t+ 1) = v1(t)∨ v2(t) (see Tab. 1).

Applying these Boolean functions, then v1(t+1) = 0 if v2(t) = 0 and v1(t+1) = 1 if v2(t) = 1.
In contrast, if v1(t) = 0 then v2(t + 1) = 1 and if v1(t) = 1 then v2(t + 1) = 0. For v3(t + 1)
we have to look at v1(t) and v2(t). As we have to apply the OR function, v3(t + 1) = 0 only if
v1(t) = 0 and v2(t) = 0 and in all the other cases v3(t + 1) = 1. In this way we can fill a table,
which on the one hand consists of all gene states at time t and on the other hand of their states
at time t+ 1 (see Tab. 2).

1In the following, the terms gene and node will be used indistinguishable.
2In terms of graph theory: the edge is adjacent to both, u and v, and the head is on the side of v.

1



v1 v2 v3

Fig. 1: A Boolean network exam-
ple with three genes v1, . . . , v3 and
four edges.

vn fn
v1 v2
v2 ¬v1
v3 v1 ∨ v2

Tab. 1: The genes of the Boolean
network of Fig. 1 are listed with
exemplary Boolean functions.

t t+1
v1 v2 v3 v1 v2 v3
0 0 0 1 0 0
0 0 1 1 0 0
0 1 0 0 0 1

...
...

1 1 1 0 1 1

Tab. 2: States of the genes of
the Boolean network of Fig. 1 at
time t and time t+ 1 applying the
Boolean functions of Tab. 1.

In random Boolean networks the regulators (or the targets) of each gene are chosen randomly,
after the number of regulators kn (targets ln) has been specified. The Boolean functions are
chosen randomly from the set of all 2kn possible Boolean functions [4]. Here, we will choose the
Boolean function such that fn = 1 with probability p, and fn = 0 with probability p − 1. The
parameter p can be interpreted as the probability of gene expression.

3 Gene Duplication and Divergence

Gene duplication and divergence are the only perturbation considered, here. In this section we
will show how gene duplication and divergence can be simulated in a (random) Boolean network.

Gene duplication and divergence are simulated in a Boolean network by randomly choosing
one gene, duplicating it, and mutating the duplicate [4] (see Fig. 2). Mutations are simulated by
rewiring some of its regulators and targets, as well as changing randomly the Boolean functions
for the duplicate and the its targets.

v1 v2 v3 v4 v5 v6 v7 (a)

v1 v2 v3 v4 v5 v6 v7 v8 (b)

v1 v2 v3 v4 v5 v6 v7 v8 (c)

Fig. 2: Gene duplication and divergence in a Boolean network (adapted from [4]). Only regulators and targets of
genes v4 and v8 are shown. (a) Original network with seven genes. (b) Gene v4 is duplicated. The result is gene
v8 with same regulators and targets as v4. (c) Gene v8 is mutated by rewiring some of its regulators and targets.
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v2 v3 f5

0 0 0
0 1 1
1 0 1
1 1 1

(a)

v2 v3 v8 f5

0 0 0 0
0 1 0 1
1 0 0 1
1 1 0 1
0 0 1 0
0 1 1 1
1 0 1 0
1 1 1 0

(b)

Tab. 3: Extension of the Boolean function f5 of gene v5
that got an extra regulator (adapted from [4]). (a) Gene
v5 has two regulators v2 and v3. (b) After gene duplication
and divergence it got v8 as a third regulator. For v8 = 0
f5 has the same values as before. For v8 = 1 the values of
f5 are randomly assigned.

Teichmann and Babu [9] showed that
90% of new gene interaction in E.coli and
S.cerevisiae evolved by duplication of either
their regulators or targets and following diver-
gence. Here, we will assume divergence always
performing directly after duplication. Gu et
al. [10] showed that duplicate genes indeed di-
verge quickly and eventually become divergent
in expression.

In case of the latter, the target genes of
the duplicate have got an extra regulator [4].
Therefor, their Boolean functions have to be
extended. This will be done by copying the
values, if the duplicate is inactive (value 0),
and may get the same or new values, if the
duplicate is active (value 1) (see Tab. 3). In
the following, we will consider only cases, where all possible mutations are carried out. This is
an extreme case, by which the lower bound of robustness will be observed.

4 Trajectories and Attractors

In this section we will show how (random) Boolean networks can be used for exploring the
evolution of a (gene regulatory) network over time. Therefore, we will describe what trajectories,
attractors, basins of attraction and attractor landscape are.

Given a random Boolean network, with regulators and Boolean functions specified, we want
to study how the network is evolving. It is important to notice, once regulators and the Boolean
function are chosen for each node, they will remain fixed [4]. The interest lies in exploring the
temporal evolution of the network. The vector of the node values (or a bit string) is the state (or
dynamical configuration) of the network [4, 5]. Starting with an initial state, the network is run
over various time steps. Here, we consider the simple case, where all network nodes are updated
synchronously [8, 5].

The state space consists of all possible 2|V | network states [11]. See Tab. 5 for all possible
states of the Boolean network in Fig. 3 and their states after one step in time. The visited network
states form a trajectory, that is, the path of the network states through the state space. The
trajectory can be visualized as a state transition graph. For the Boolean network of Fig. 3 the
state transition graph is shown in Fig. 4. There, for example, 0010 → 0001 → 0000 is part of a
trajectory.

v1 v2 v3 v4

Fig. 3: A Boolean network example with four genes
v1, . . . , v4 and six edges.

vn fn
v1 v2
v2 v1
v3 v1 ∧ v2
v4 v2 ∨ v3

Tab. 4: All nodes of the Boolean network of Fig. 4 are
listed with exemplary Boolean functions.

Any trajectory must sooner or later encounter a previously visited state [11]. The trajectory
then entered an trajectory cycle, called attractor, in which it will stay. An attractor cycle may
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t t+1
v1 v2 v3 v4 v1 v2 v3 v4
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 1
0 0 1 1 0 0 0 1
0 1 0 0 1 0 0 1

...
...

1 1 1 1 1 1 1 1

Tab. 5: The left four columns show all possible states of
the Boolean network of Fig. 3. On the right the states
to which they are updated after one time step according
to the Boolean functions in Tab. 4 are shown.

1000 0100 1001

0111

0110

0101
1011

1010
1110

1101

1100

1111
0011

0010
0001 0000

Fig. 4: The attractor landscape of the Boolean network
in Fig. 3 as a state transition graph.

consist of several (like 0100 and 1001 in Fig. 4) or only one node (like 0000 or 1111 in Fig. 4).
In a network there might exist several attractors, but at least one must exist [4]. There has

to be at least one attractor, as there is only a limited number of states and a trajectory always
encounters from one state a next (another or the same) state. Hence, a trajectory sooner or later
encounters a previously visited state, that is, it encountered a trajectory circle, called attractor.

An attractor can be interpreted as a gene expression profile, which the genetic network falls
back into after some time [4]. Assume, for example, an E.coli that swims in a plate. Normally
it will swim straight forward, changing direction approximately every second [12]. If it detects
a nutrient gradient it will swim in the direction of that gradient without changing direction
anymore. However, when there is no spatial gradient, but the nutrient quantity has increased
everywhere with the same amount, the bacterium will (after some time) fall back into changing
direction every second - the bacterium’s attractor.

All states that encounter the same attractor after some time form the attractor’s basin of
attraction [4]. The basis of attraction might only consist of the attractor itself [11]. Thus, all
2|V | possible network states organize into one or several disjoint classes, each consisting of an
attractor and its basin of attraction. The set of disjoint classes is called attractor landscape, and
can be visualized as a state transition graph (see Fig. 4).

Boolean networks have fan-like structures, where several network states have the same suc-
cessor state [4] (see Fig. 4 and 16). Thus, the information of the initial condition is lost over time.
All trajectories that lead to the same attractor can be interpreted as gene expression pathways
that produce, for example, the same cell type or cell fate, which is encoded in the attractor [8, 4].

5 Robustness and Evolvability

Now, we can define robustness of a random Boolean network as conservation of all attractors
under perturbations, and evolvability as the emergence of new attractors under perturbation [4].
Under perturbation, some network states might jump to another subtree in the same basin of
attraction, or it might even jump to another basin [11]. In both cases the attractors remain
unchanged, indicating stability against perturbations. This means, differentiation and gene ex-
pression pathways might have changed, but the phenotypes are still the same [4]. In contrast,
a perturbation might also result in a new attractor, which indicates evolvability [11], and thus
changes in the phenotypes [4].

Looking at the attractors and their basins of attractions four different transformations between
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attractors are possible: identity, expansion, contradiction, and innovation [4]. In Tab. 6 the
attractors before and after duplication and divergence of one gene are shown. The original
network has three attractors A1, A2, and A3, and the network after duplication and divergence
has four attractors B1, B2, B3, and B4. In the case of identity the attractor and its basin of
attraction remained the same after duplication and divergence (A1 = B1), that is, exactly the
same network states lead to one attractor. For comparison of two network states, one before,
the other after gene duplication and divergence, the value of the duplicate gene is ignored. In
case of expansion the basin of attraction enlarged (A2 ⊂ B2), and in case of contraction it was
reduced (A3 ⊃ B3). An innovation is observed, when a new attractor emerged after duplication
and divergence (such as B4).

Original network Network after Transfor- Original network Network after Transfor-
duplication and mation duplication and mation
divergence of divergence of
a gene a gene

Attractor A1: Attractor B1: Identity Attractor A3: Attractor B3: Contraction

00011011011 000110110111 11100010011 111000100110
01100010011 011000100110 11011010010 110110100100
11000101110 110001011101 10011011101
11001101010 110011010100 11011011101 1110110111011

01100101101

Attractor A2: Attractor B2: Expansion Attractor B4: Innovation

10111011101 101110111011 0001001100101
01101101011 011011010110 0000110101111

000001000101 0100110100101
01011010001 010110100011 0100110100000

001100110100

Tab. 6: Attractor landscape before and after gene duplication and divergence (adapted from [4]). The original
network (first column) consist of 11 genes, and three attractors. After divergence and duplication of one gene
(second column) there are four attractors. Network states in the same row are identical, thereby ignoring the
12th value in the second column, which is the value of the duplicated gene. Identity, expansion, contraction, and
innovation of attractors are shown.

Notice, that it is possible that all attractors remain with identity, but still new attractors
might emerge [4]. In terms of biology this means that all phenotypes are preserved, and still new
ones are acquired. In the following it will be demanded that the network after gene duplication
and divergence has the same number of attractors as before. Thus, we restrict the network to
develop new phenotypes while preserving the old ones over time. The restriction is not very
severe as the number of attractors will, on average, grow with the size of genes.

6 Experiments and Results

We will report Aldana et al. [4] experiments and results in this section. Two different network
topologies, homogeneous random and scale-free output topology, will be considered. Ordered,
critical, and chaotic regimes will be studied for small and critical regimes for larger networks. We
will first introduce these concepts, then describe Aldana et al. experiment settings, and finally
report on their results.
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6.1 Topologies

Aldana et al. [4] considered homogeneous random topology because it has been widely used for
studying gene regulatory networks. However, scale-free output topology seem to better reflect
the experimentically observed gene regulatory networks [13, 14] and thus Aldana et al. chose this
as a second topology for their experiments.

In a network with homogeneous random topology each gene has exactly kn = k regulators,
which are randomly chosen. Thus, the regulator probability follows the Kronecker delta function:

preg(k′) = δk′,k =

{
1, if k′ = k

0, if k′ 6= k

The targets are chosen randomly. Thus, the target probability distribution is a Poisson distribu-
tion with an average a = k:

ptar(l) = e−aal/l!

This means, that most of the genes have a = k targets, and the probability of having more (less)
targets is reducing smoothly with decreasing (increasing) a.

In a network with scale-free output topology genes have ln targets, which is a random variable
that follows the power law distribution:

ptar(l) = Cl−γ

Hence, with high probability a gene has few targets and with low probability a gene has many
targets.

The regulators are chosen randomly (similarly to the targets in the homogeneous random
topology). Thus, the number of regulators kn is a random variable that follows the Poisson
distribution with an average a determined by the scale-free exponent γ (and the number of genes
|V | in the network):

preg(k) = e−aak/k!

To show that networks with scale-free output topology do reflect the experimentically observed
gene regulatory networks well Aldana et al. [4] plotted the regulator and target distributions for
the transcriptional regulatory networks of E.coli, B.subtilis and S.cerevisiae (see Fig. 5 and 6) of
previously published data [15, 16, 17]. Aldana et al. then examine which distributions approxi-
mate the observed regulator and target distributions well3.

The regulator distribution of E.coli can be approximated by a Poisson distribution with k =
2.16 (Fig. 5(a)) and its target distribution by a power law distribution with γ ≈ 1.636 (Fig. 6(a)).
For B.subtilis the regulator distribution can be approximated by a Poisson distribution with
k = 1.3 (Fig. 5(b)) and its target distribution by a power law distribution with γ ≈ 1.673
(Fig. 6(b)). For S.cerevisiae the regulator distribution is better approximated by a exponential
distribution e−αl with α = 0.5 (Fig. 5(c)), and its target distribution can be approximated by a
power law distribution with γ ≈ 0.984 (Fig. 6(c)).

As the regulator distributions for the three organisms have short tails (approximated by
Poisson or exponential distributions) and the target distributions have long tails, it is justified to
model gene regulatory networks with the above described scale-free output topology.

3However, it does not seem to me that Aldana et al. did carry out any broad study of different distributions
with different parameters to find the distribution that fits the data best.
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Fig. 5: Regulator distribution for (a) E.coli, (b) B. sub-
tilis, and (c) S.cerevisiae. The solid line corresponds to
the experimental data and the dashed lines to distribu-
tions that approximate the data well, that is, for (a) a
Poisson distribution with k = 2.16, for (b) a Poisson
distribution with k = 1.3, and for (c) a exponential dis-
tribution e−αl with α = 0.5. All graphs are in log-linear
scale. Source: [4].

Fig. 6: Target distribution for (a) E.coli, (b) B.subtilis,
and (c) S.cerevisiae. The solid line corresponds to the
experimental data and the dashed lines to distributions
that approximate the data well, that are, power law
distributions with (a) γ ≈ 1.636, (b) γ ≈ 1.673, and (c)
γ ≈ 0.984. All graphs are in log-log scale. Source: [4].

6.2 Ordered, critical and chaotic regimes

Random Boolean networks with above topologies can be either in a ordered or in a chaotic
regime [4]. The phase transition occurs at S = 2p(1 − p)k. For S < 1 the network is in
the ordered regime, for S > 1 in the chaotic (disordered) regime. The critical regime (phase
transition) occurs at S = 1. In their work Aldana et al. [4] set p = 0.5 and thus the critical
regime occurs at k = 2. Hence, by varying k, the system behavior can be changed from ordered
(k < 2) to chaotic (k > 2).

One characteristic of a chaotic regime is, that small changes in the initial conditions have
big effects on the outcome, that is, the whole system is sensitive to the initial conditions. In a
ordered regime, small changes in the initial conditions die out over time, that is, the systems
converges over time. Rämö et al. [5] research on microarray data indicates that gene regulatory
networks are stable and reside near the critical regime. Aldana et al. [4] shows that in this case
the organism obtains maximum robustness and evolvability simultaneously.

6.3 Experiments

For the experiments Aldana et al. [4] used original networks consisting of 20 (or 200) genes,
duplicating and diverging one gene in each. A network is realized 20, 000 times, and average
statistics are studied.

Notice, that for networks with scale-free topology genes are not statistically equivalent. Most
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of the genes have just few connections. Thus, the duplicate gene will most likely be also poorly
connected. Aldana et al. [4] are not aware of experimental evidence, that highly connected genes
would be duplicated more likely than poorly connected ones in living organisms. Hence, the
gene to be duplicated will be chosen randomly for scale-free networks as well as for homogeneous
random networks.

For |V | = 20 the whole network state space can be explored. For large networks (|V | = 200),
only a subset (ΩS = 106) of the whole network state space (Ω = 2200 ≈ 1060) was explored, due
to limitations in computer memory as well as computing time. Aldana et al. sampled a subset
of the network state space and hoped most (if not all) attractors were still found. Here, we first
report the results for small networks with both topologies, and show afterwards the results for
large networks4.

Aldana et al. [4] restricted the analysis of the large networks to the critical regime (k = 2).
The ordered regime (k < 2) has most likely only one attractor. Thus, the results do not differ
from those for smaller networks. The critical regime (k > 2) again has extremely long transient
times and long attractor length. Hence, it was practically impossible to find their attractors in a
reasonable time.

6.4 Results for homogeneous random networks

The probability that the number of attractors after duplication and divergence is equal or in-
creased is shown in Fig. 7 as a function of k. It is higher for networks in ordered (k < 2) and
critical regime (k = 2) than for networks in chaotic regime (k > 2). The probability is always
larger than 1/2, thus, it is most likely that the network after duplication and divergence has at
least the same number of attractors as before. Note that for the network in an ordered regime
(k < 2) it is more likely that the number of attractors remains the same, and for chaotic regime
(k > 2) it is more likely that the number of attractors increases after gene duplication and
divergence.

Fig. 7: Probability that the number of attractors after du-
plication and divergence is equal or increased (solid line,
n0 ≤ nt) as a function of k. It is split up in the probabil-
ities that the number of attractors is equal (dashed line,
n0 = nt) and increased (dotted-dashed line, n0 ≥ nt).
Source: [4].

In Fig. 8 the percentages q of attractors,
which are conserved after gene duplication
and divergence are shown as probabilities over
20, 000 network realizations. For networks in
ordered (k < 2) and critical regime (k = 2)
the maximum occurs at q = 100%, indicating,
all attractors are conserved with high proba-
bility. For networks in chaotic regime (k > 2)
the peak at q = 100% decreases and is al-
most vanished already for k = 4. Moreover,
the maximum for networks in chaotic regimes
is at q = 0%, which indicates, that attrac-
tors are not conserved at all. Hence, net-
works in ordered and critical regimes are much
more robust that networks in chaotic regimes.
Thereby, networks in ordered regime seems to
be the most robust.

Most likely, when attractors are conserved,
they are identically conserved, and seldom ex-
panded (see Fig. 9). In Fig. 10 the probability of new attractors occurring after gene duplication

4Note, that for the rest of this section I will leave out citations as all results are from Aldana et al. [4].
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and divergence given that all original attractors are conserved is shown. For a network in critical
regime (k = 2) it is maximum, thus, networks at the critical regime have maximum evolvability.

6.5 Results for scale-free networks

In Fig. 11 the percentages q of attractors, which are conserved after gene duplication and di-
vergence are shown as probabilities over 20, 000 network realizations. For networks in ordered
(k < 2) and critical regime (k = 2) the maximum occurs at q = 100%, indicating, all attractors
are conserved with high probability. The values are similar to those shown in Fig. 8 for homoge-
neous random networks. For networks in chaotic regime (k > 2) the peak at q = 100% decreases.
However it is decreasing more slowly than for homogeneous random networks (Fig. 8). Hence, for
chaotic regimes scale-free networks seem to be more robust that homogeneous random networks.

The reason for this may lies in the random selection of genes to be duplicated and the high
heterogeneity in the connectivity of the genes. Duplicated genes with a large number of regulators
and targets do more likely change the dynamical attractors of the network than duplicated genes
with a small number of regulators and targets. See Fig. 12 for the probability that all original
attractors are conserved as a function of l, the number of targets of the duplicate gene. The
probability decreases rapidly and therefore duplicate genes with few targets are more likely to
conserve the attractor landscape. Hence, as we chose the genes to be duplicated randomly, they
will have most likely few regulators and targets, which results again in the high probability of
conserving all attractors.

In Fig. 13 the probability of new attractors occurring after gene duplication and divergence
given that all original attractors are conserved is shown. As for homogeneous random networks,
it is maximum for a network in critical regime (k = 2). Thus, also scale-free networks have
maximum evolvability at the critical regime.

6.6 Results for large networks

For networks with 200 genes only a randomly chosen subset of 106 network states the critical
regime (k = 2) was studied. In Fig. 14 percentages q of attractors, which are conserved after gene
duplication and divergence are shown as probabilities over 106 network states of 20, 000 network
realizations. For both, homogeneous random (Fig. 14 (a)) and scale-free topology (Fig. 14 (b))

Fig. 8: Percentages q of conserved attractors after gene duplication and divergence over 20, 000 network realizations.
Source: [4].

9



Fig. 9: Probabilities of conservations (solid line) de-
composed in identical conservations (dashed line) and
expansions (dotted-dashed line). Source: [4].

Fig. 10: Probability of new attractors occurring after
gene duplication and divergence given that all original
attractors are conserved. Probabilities for k = 1, . . . , 5
are shown. Source: [4].

Fig. 11: Percentages q of conserved attractors after gene duplication and divergence over 20, 000 network real-
izations. Note, that k = 1 for γ = 8.00, k = 2 for γ = 2.16, k = 3 for γ = 1.66, and k = 4 for γ = 1.35.
Source: [4].

the plots are very similar to those with smaller networks (Fig. 8 and 11). As due to the random
selection of network states some attractors might not have been recognized as conserved, even
though, they are conserved. Thus, it seems that all, or almost all, attractors are still found.

As can be seen in Fig. 14 (and in Fig. 8 and 11), with a high probability either all or none
attractors are conserved. It could be presumed that the reason for this is that the original network
has only one attractor, which is either conserved or not. However, this is mostly not the case: see
Fig. 15(a) for the probabilities of having n = 1, . . . , 100 attractors. In Fig. 15(b) the probability
of attractor conservations is shown as a function of the number of attractors in the original
network. The conditional probability p(100|n) of conserving all attractors given that there were
n attractors in the original network is a slowly decaying function. Moreover, the probability
of conserving one attractor p(100|n = 1) ≈ 0.6 is only twice as big as conserving 35 attractors
p(100|n = 1) ≈ 0.3. Therefore, the all-or-none behavior in Fig. 14 can not only be described by
the number of attractors.
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Fig. 12: Probability that all original attractors are con-
served as a function of number of targets l of the dupli-
cate gene, l = 1, . . . , 14. Source: [4].

Fig. 13: Probability of new attractors occurring after
gene duplication and divergence given that all original
attractors are conserved. Probabilities for k = 1, . . . , 5
are shown. Source: [4].

Fig. 14: Percentages q of conserved attractors after
gene duplication and divergence over 106 network states
of 20, 000 network realizations for networks with (a) ho-
mogeneous random topology and (b) scale-free topol-
ogy. Note, that k = 2 for γ = 2.16. Source: [4].

Fig. 15: (a) Probability pa(n) that the original network
has n attractors. (b) Conditional probability p(100|n)
that all attractors are conserved given that there were
n attractors in the original network. For both, (a) and
(b) a scale-free topology, 200 genes, k = 2, and 20, 000
network realizations were used. Source: [4].

6.7 Attractor landscape

In Fig. 16 an exemplary attractor landscape for a network with k = 2 and |V | = 155 are shown.
The network is robust as all three attractors (A1, . . . ,A4) are conserved (now named B1, . . . ,B4)
after duplication and divergence of one gene. At the same time the network is evolvable as a new

5Aldana et al. do not specify what topology was used.
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attractor (B5) emerged.

Fig. 16: Attractor landscapes of an exemplary network with k = 2 and |V | = 15 before (original attractors)
and after (transformed attractors) duplication and divergence of one gene. The original attractors (A1, . . . ,A4)
are conserved (B1, . . . ,B4)and a new attractor (B5) emerged. The network states kept their color after the gene
duplication and divergence, thus, visualizing the “exchange” of network states between the basins of attraction.
Source: [4].

Identical network states (ignoring the value of the 16th gene) have the same color after gene
duplication and mutation. Thus the “exchange” of network states between the basins of attraction
is visualized. It can be observed that each attractor after gene duplication and divergence is
dominated by the same color as before. Though, they also contain network states of different
colors. Even though only one gene is duplicated and mutated, the whole attractor landscape is
reconfigured. In a biological point of view this means that duplication and divergence of a single
gene changes gene expression and differentiation pathways.

7 Conclusion

We have described that simultaneous existence of robustness and evolvability in a gene regulatory
network is not contradictory. We based our seminar report mainly on Aldana et al. [4] work, who
modeled gene regulatory networks with random Boolean networks for 20 and 200 genes, with
two different topologies, and studied the attractor landscapes to analyze the robustness and
evolvability of the networks.

Their result show that networks in the ordered and critical regime are robust against gene
duplication and divergence (Fig. 8, 11, and 14). Networks in the chaotic regime are much less
robust, even though, the change is not so drastic for scale-free networks, as there exist many
low connected genes. As real gene regulatory network are robust, these result indicate that they
operate in the critical or near-critical regime.

Further, the results show that networks in the critical regime exhibit the maximum probability
that new attractors and thus new phenotypes occur (Fig. 10, and 13). These phenotypes might
be beneficial for adaption to new environments or might not, but they anyway serve as the pool
of phenotypes on which natural selection acts.
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Hence, networks in critical regime exhibit robustness and evolvability at the same time,
schematically visualized in Fig. 16. Thus, this seminar report describes how a gene regulatory
network can simultaneously exhibit both, robustness and evolvability, under the process of gene
duplication and divergence.
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