1

3

4

5

On the Positive-Negative Partial Set Cover

Problem

Pauli Miettinen

Helsinki Institute for Information Technology, Department of Computer Science,
PO Bozx 68 (Gustaf Hallstromin katu 2b), FI-00014 University of Helsinki,

Finland

Abstract

The Positive-Negative Partial Set Cover problem is introduced and its complexity,
especially the hardness-of-approximation, is studied. The problem generalizes the

Set Cover problem, and it naturally arises in certain data mining applications.
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1 Introduction

The Positive-Negative Partial Set Cover (£PScC) problem is a generalization of
the Red-Blue Set Cover (RBSC) problem [2], which, for one, is a generalization
of the classical Set Cover (sc) problem. The RBSC problem is, however, much
harder than sc admitting the strong inapprozimability property [6]. In this

paper we will prove the strong inapproximability of £pPsSc. The reductions
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used will also lead to an approximation algorithm for £pPSC, and to results

about its parameterized complexity.

1.1 Notation and Problem Definitions

In rRBSC, we are given disjoint sets R and B of red and blue elements, re-
spectively, and a collection S = {Si,...,S,} C 28“B. The goal is to find
a collection C C S that covers all blue elements, i.e., B C UC, while mini-
mizing the number of covered red elements. The cost of a solution C is de-
fined as costypsc(R,C) = |R N (UC)|, where UC is the union over C’s sets
(i.e., UC = Upgee C); a shorthand we use throughout this paper. We will use

costgpsc(C) when R is clear from the context. Finally, let p = |R| and § = | B].

In +Psc, the requirement of covering all blue elements is relaxed; instead, the
goal is to find the best balance between covering the blue elements and not
covering the red ones. In the context of £Psc, the red and blue elements are

called negative and positive elements, respectively.

An instance of £PSC is a triplet (N, P, Q) with |N| = v, |P| = 7, and Q =
{Q1,...,Qn} C 2PYN . A solution of a +Psc instance is a collection D C Q,

and its cost is defined to be

costirsc(N, P,D) = |P\ (UD)|+|Nn (uD)], (1)

namely the number of uncovered positive elements plus the number of covered
negative elements. Again we will omit N and P when they are clear from the

context.
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1.2 Related Work

The RBSC problem was presented by Carr et al. [2] who also gave two hardness-
of-approximation results to it: () unless NP C DTIME(nP°Y'98(™) there exist
no polynomial-time approximation algorithms to approximate RBSC to within
a factor of 20412 for any ¢ > 0, and (i) there are no polynomial-time
approximation algorithms to approximate RBSC to within Qlog! (e 1E DT 5 g0
any constant ¢ < 1/2 unless P = NP. The first result was independently
proved by Elkin and Peleg [4], and the latter result was based upon a result
by Dinur and Safra [3]. The best upper bound for RBSC is due to Peleg [6],

who recently presented a 24y/nlog S-approximation algorithm for it.

To the best of the author’s knowledge, there are no previous hardness results
for the £Psc problem, nor any approximation algorithms for it. The problem
itself appears in some data mining applications (e.g., [1]), but its complexity
and the existence of efficient approximation algorithms for it have not been

studied previously.

2 Results

The main result of this paper relates the upper and lower bounds for the

+PSC’s approximability to the respective bounds for RBSC.

Theorem 1 RBSC is approximable to within a factor of f(p,3,n) if £PSc
is approximable to within a factor of f(p,3/pmax,n), Where pmax is the maz-
imum number of red elements in any set of the RBSC instance. Vice versa,

+PSC is approximable to within a factor of g(v + m,m,m + ) if RBSC can be
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approzimated to within a factor of g(v,m,m).
Theorem 1 and the results from Section 1.2 provide the following corollaries.

Corollary 2 For any € > 0, (i) there exists no polynomial-time approzima-

tion algorithm for £PSC with an approximation factor of Q(21°g1_8m4) unless
NP C DTIME(nP°¥°8(™) " and (ii) there exists no polynomial-time approi-
mation algorithm for £PSC with an approrimation factor of Q(Zl‘)gl_sﬂ) unless

P = NP.

Corollary 3 There exists a polynomial-time approximation algorithm for £PSC

that achieves an approximation factor of 24/(m + m)log .

The first part of Corollary 2 follows from the result by Carr et al. [2], and
Corollary 3 follows from Peleg’s algorithm [6]. The second part of Corollary 2
follows from a result by Dinur and Safra [3] applied to RBSC: there exists
an instance of RBSC where pp.x = O <210g1_<10g10g5)c’ A(log log ﬁ)cl) for some
constant ¢ < 1/2, and unless P = NP there are no polynomial-time approx-
imation algorithms for it with an approximation factor of glog!~(eslos D 5 g

1—(loglogx) ™ ¢

any constant ¢ < 1/2. Thus, if we let g.(z) = 2! ? for all ¢ < 1/2,

then assuming that P # NP, there exists no polynomial-time approximation

algorithm to +PSC achieving an approximation factor of g. ( e (17(Zg o W)C,)) ,

which is Q(2'°¢" ™) for all € > 0.

Theorem 1 is proved in the following two subsections, while Section 2.3 studies
the parameterized complexity of £Psc. Notice that both RBSC and +PScC have
instances that have an optimal solution with zero cost. However, there are
trivial polynomial-time algorithms to identify such instances and to find their

optimal solutions. It is thus to be understood that henceforth all instances are
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such that the cost of their optimal solution is at least 1.

2.1 From RBSC to £PSC

Consider an instance of RBSC, i.e., a triplet (R, B,S). We map this instance to
an instance of +pPsc. Let the negative elements be exactly the red elements,
N = R. For each blue element b;, create py.x = maxges|R N S| positive
elements in P. Create the set collection Q so that all negative elements belong
to the same subsets (); as their corresponding red elements, and all positive

elements corresponding to a blue element b; belong to the same subsets as b;.

Let D be a solution of this instance of £PSc. If D covers all positive elements,
then the same subsets also cover all blue elements in RBSC, and D is a feasible
solution of (R, B,S). Moreover, costips(D) = costypsc(D), i.e., D induces
same costs in both problems. If, on the other hand, there exists a positive
element p not covered by D, then there must be at least pp.x positive elements
not covered by D. Thus we can add any set S with p € S to D without
increasing the cost of the solution, as we cannot cover more than py,,x negative
elements with any S. If C is the (possibly extended) solution to RBSC induced

by D, we see that costipge(D) > costppsc(C).

Finally, it is clear that the optimal solution of a +PSC instance will cover
exactly the negative elements corresponding to the red elements covered by
the optimal solution of RBSC, i.e., the costs of the optimal solutions are equal.

Denoting the optimal solutions to the instances of +PSC and RBSC by D*

cost+psc(D) costrpsc (C)

costan (D) 2 costun (€ and thus if we can

and C*, respectively, we see that

approximate +PSC to within a factor of f(p, 3/pmax,n), then we can approx-
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imate RBSC to within a factor of f(p,3,n). This concludes the proof of the

first part of Theorem 1.

2.2  From £PSC to RBSC

Consider an instance of £psc: (N, P, Q). For each n; € N, let there be a red
element r; € R, and for each p; € P, let there be a blue element b; € B and
a red element r;" € R. For each set Q); € Q, let there be a set ij € S and for

each positive element p; € P, let there be a set S;” € S. Define these sets as

SH={ry | € Q3 U{bx | px € Q;} and

Let C be a solution of the thus created RBSC instance. Create D, a solution of
the £Psc instance, by adding each @); to D if the corresponding set S;r is in

C.

To show that this reduction preserves the approximability, we start by consid-
ering the cost induced by D. First, let n; be a negative element in UD. That is,
there is a set ); so that n; € ); and @); € D. But this means that the corre-
sponding set S;L must be in C, and therefore the red element r, corresponding

to ng is in UC.

Second, let p;, be a positive element that is not in UD, so none of the sets @);
that contain py are in D. This means that none of the sets S}L that contain by,
are in C. But as by must be covered by C, it must be that S, is in C, and so

ri is in UC. Hence costpse(D) < costrpse(C).

Consider then D*, the optimal solution of (NN, P, Q). We show that the cost
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of the optimal solution of the RBSC instance created from the £PSC instance
is at most that of D*. Create C so that S;“ is in C it ); € D*. For all blue

elements b; not yet covered by C, add .S; in C. It is straightforward to see that

costopsc(D*) = costppsc(C) > costrpse(C*). Therefore, C‘;C’Ssti;zzc((cc)) > ;";ﬁf;if(ﬁ)),

so that if we can approximate RBSC to within a factor of g(v, m, m), then we

can approximate +PSC to within a factor of g(v + m, 7, m + 7).

2.8  Parameterized Complexity

We denote the parameterized versions of £PsSC and RBSC by p-+PSC and
p-RBSC. The parameter for both problems is the cost of the solution. The

p-RBSC problem is W[2]-hard due to the results in [2] and [5].

In the reduction from RBSC to £PSC (Section 2.1) the costs of the optimal
solutions are equal, and in the reduction from +PSC to RBSC (Section 2.2) the
cost of the optimal solution to RBSC is at most the cost of the optimal solution
to £Psc. This proves that both reductions are indeed fpt-reductions [5], and

gives rise to the following proposition.

Proposition 4 The p-+PSC problem is equivalent to the p-RBSC problem un-

der the fpt-reductions; especially, the p-+PSC problem is W|2|-hard.

3 Conclusions

This paper studied the £PScC problem, proving both upper and lower bounds
for its approximability. In addition to being important results as such, these

bounds also provide new insights into the hardness of certain data mining
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problems. Bounding the approximability of +pPsc (and RBSC) in terms of v

(and p) remains an open problem.
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