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• Behavior of independence tests with respect to amount of data

• Examples of learning in Tetrad

• Learning linear non-Gaussian causal models

• Examples of learning non-Gaussian networks
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Behavior of independence tests 
with respect to amount of data

• Goal is to correctly classify independence (I) vs dependence (D)

• Four possible situations:  I!I, D!D, I!D, and D!I (symbol on 
left of arrow denotes true value, symbol on right of arrow the 
result of our test)

• The significance level (e.g.     = 5%), which we specify, equals (by 
definition) the probability that a true independence will be 
misclassified as dependent (‘false positive’)

• It also indirectly contributes to the value of    , the probability 
that a true dependence is classified as independent (‘false 
negative’). The smaller we choose      the larger we will get

• The relationship between     and     can be plotted in a ROC 
(receiver operating characteristic) curve
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see:   http://en.wikipedia.org/wiki/Receiver_operating_characteristic
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• If we keep the same ‘false positive’ rate     then as the amount of 
data grows we still get (by definition) the same number of false 
positives, but the probability     of ‘false negatives’ decreases 
towards zero

• Therefore, if we want to converge towards ‘no classification 
errors’ when the amount of data grows we should decrease     
appropriately so that both      and     converge towards zero
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• Freely available software by CMU group:
http://www.phil.cmu.edu/projects/tetrad_download/

• Live test of this software at the lecture...

- discrete and continuous-gaussian

- amount of data required

- effect of p-value (significance level in independence tests)

- effect of hidden variables
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Examples of model learning in 
Tetrad IV
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[ screenshot of Tetrad IV ]

original DAGlearned pattern
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Learning linear non-Gaussian
causal models
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• Set of variables

• Observed variables 

• DAG over 

• Mutually independent ‘error’ or 
‘disturbance’ variables     , distributions

• Deterministic functional relationships 
(autonomous mechanisms) 

• Key point:  interventions correspond to 
replacing single mechanisms, i.e. only 
local effects (e.g. setting               
removes      but changes nothing else in 
the model)

Functional causal model

V

V

E

fi

p(ei)

v := fv(ev)

x := fx(v, ex)

y := fy(w, x, ey)

z := fz(y, ez)

w := w0
fw
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Linear causal models (SEM)

• Remember that in a linear causal model all mechanisms 
(functions) are linear.  That is, we have

• Now, in a linear non-gaussian causal model additionally the error 
variables      have non-normal distributions

• We can never directly observe the 

• Some of the      can be latent (hidden) variables

ei

ei

xi

xi :=
∑

j ∈ pa(i)

bijxj + ei
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Example

x4 := e4

x2 := 0.2x4 + e2

x1 := x4 + e1

x3 := −2x2 − 5x1 + e3

Here,      is a hidden variable, and we only 
observe 

x4
{x1, x2, x3}

data: (i.i.d. sample vectors)

x1
x2
x3

e1e2

e3 x3

0.2 1

-5-2

x4

x2

e4

x1
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Note:  non-Gaussian!
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Estimation based on conditional 
independencies

• So far in the course we have only considered learning methods 
purely based on conditional independencies

• Such methods lead to the problem of d-separation-equivalence

• When disturbances are Gaussian then there is nothing more we 
can do.  When disturbances are non-Gaussian one can still (of 
course) use these methods but the results are then limited to d-
separation-equivalence.

• Example:  Three independence-equivalent models...

A

A

B

B

C

C AB C
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p(ei)

x y

x y

x y

gaussian non-gaussian
p(ei)

x

y

13

Estimation based on non-Gaussianity
Illustration of information

provided by non-normality:
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Estimation using ICA:
no hidden variables case

• Assume that there are no hidden variables.  We have...

where the      are non-gaussian and independent, by the 
assumptions of the model.  Hence we have a classic case of 
Independent Component Analysis (ICA) with a square invertible 
mixing matrix     .  We can estimate the mixing matrix from the 
data!

(Shimizu et al, UAI 2005; Shimizu et al, JMLR 2006)

x := Bx + e ⇒ x = (I−B)−1e = Ae

ei

A
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Independent Component Analysis, ICA

• Roots:  Blind source separation

Cocktail-party demo:

Independent Component Analysis:

Algorithms and Applications

Aapo Hyvärinen and Erkki Oja

Neural Networks Research Centre

Helsinki University of Technology

P.O. Box 5400, FIN-02015 HUT, Finland

Neural Networks, 13(4-5):411-430, 2000

Abstract

A fundamental problem in neural network research, as well as in many other disciplines, is finding a suitable

representation of multivariate data, i.e. random vectors. For reasons of computational and conceptual simplicity,

the representation is often sought as a linear transformation of the original data. In other words, each component

of the representation is a linear combination of the original variables. Well-known linear transformation methods

include principal component analysis, factor analysis, and projection pursuit. Independent component analysis

(ICA) is a recently developed method in which the goal is to find a linear representation of nongaussian data so

that the components are statistically independent, or as independent as possible. Such a representation seems to

capture the essential structure of the data in many applications, including feature extraction and signal separation.

In this paper, we present the basic theory and applications of ICA, and our recent work on the subject.

Keywords: Independent component analysis, projection pursuit, blind signal separation, source separation, factor

analysis, representation

1 Motivation

Imagine that you are in a room where two people are speaking simultaneously. You have two microphones, which

you hold in different locations. The microphones give you two recorded time signals, which we could denote by

x1(t) and x2(t), with x1 and x2 the amplitudes, and t the time index. Each of these recorded signals is a weighted
sum of the speech signals emitted by the two speakers, which we denote by s1(t) and s2(t). We could express this
as a linear equation:

x1(t) = a11s1+a12s2 (1)

x2(t) = a21s1+a22s2 (2)

where a11,a12,a21, and a22 are some parameters that depend on the distances of the microphones from the speakers.
It would be very useful if you could now estimate the two original speech signals s1(t) and s2(t), using only the
recorded signals x1(t) and x2(t). This is called the cocktail-party problem. For the time being, we omit any time
delays or other extra factors from our simplified mixing model.

As an illustration, consider the waveforms in Fig. 1 and Fig. 2. These are, of course, not realistic speech signals,

but suffice for this illustration. The original speech signals could look something like those in Fig. 1 and the mixed

signals could look like those in Fig. 2. The problem is to recover the data in Fig. 1 using only the data in Fig. 2.

Actually, if we knew the parameters ai j, we could solve the linear equation in (1) by classical methods. The

point is, however, that if you don’t know the ai j, the problem is considerably more difficult.

One approach to solving this problem would be to use some information on the statistical properties of the

signals si(t) to estimate the aii. Actually, and perhaps surprisingly, it turns out that it is enough to assume that s1(t)
and s2(t), at each time instant t, are statistically independent. This is not an unrealistic assumption in many cases,
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Figure 1: The original signals.
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Figure 2: The observed mixtures of the source signals in Fig. 1.
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• The mixing process can be written in the form

• Can we, based on the observed data     , estimate the mixing 
matrix     and the original sources    ?

Answer:  Yes!  (if the signals are independent, non-Gaussian, and 
the mixing matrix is invertible)

The answer is obtained by looking for a matrix      such that the 
rows of                are as independent as possible (Comon, 1994; 
Jutten and Hérault, 1991; Hyvärinen et al, 2001)

But... permutation and scaling indeterminancy (see later)

A
X

S

X = AS

Ŝ = WX
W
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• Basic idea:  Searching for non-gaussian projections!
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Illustration

Two components with uniform distributions:

Original components, observed mixtures, PCA, ICA

PCA does not find original coordinates, ICA does!
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Illustration of changes in nongaussianity

!4 !3 !2 !1 0 1 2 3 4
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Histogram and scatterplot, original uniform distributions
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Histogram and scatterplot, mixtures given by PCA
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The scaling and permutation indeterminancy in ICA:

• Multiplying a row of     with the factor    and dividing the 
corresponding column of     by the same factor    does not 
change the observed data at all.  So, it is impossible to uniquely 
recover the scale of the independent components.  Usually they 
are assumed unit variance

• Permuting the rows of      and correspondingly permuting the 
columns of      also does not change the data at all.  So it is 
impossible to recover the order of the independent components.  
We will obtain some random permutation of the original order

The permutation problem has to be solved when learning linear 
models (we must pair up the variables and their disturbances!)

X = AS

S k
A k

S
A
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• Note:  in ICA, the columns of      have no defined order,  and the 
rows are in the same order as the data.  But if the model holds it 
can be permuted to lower-triangular form!
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A
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0
1 1 1

a
0

b c d
xk(i)

ek(i)

xk(i)
ek(i)

i    J xk(i)
erandperm(i)

i    J
erandperm(i)

xii    J
Figure 2: (a) Basic structure of the full ICA matrix Ã for a canonical model. (In this example,
there are 3 hidden and 6 observed variables.) The top rows correspond to the hidden variables.
Note that the assumption of a canonical model implies that this part of the matrix consists of an
identity submatrix and zeros. The bottom rows correspond to the observed variables. Here, the
shaded area represents values which, depending on the network, may be zero or non-zero. The
white area represents entries which are zero by the DAG-assumption. (b) Since, by definition, we
do not observe the latent variables, the information that we have is limited to the bottom part of
the matrix shown in (a). (c) Due to the permutation indeterminancy in ICA, the observed basis
matrix has its columns in random order. (d) Since we do not (up front) know a causal order for
the observed variables, the observed mixing matrix A has the rows in the order of data input, not
in a causal order.

internal order) followed by all observed variables
(in a causal order), and look at the structure of
the full matrix Ã shown in Figure 2a. Although
we only observe part of the full matrix, with
randomly permuted columns and with arbitrar-
ily permuted rows as in Figure 2d, the crucial
point is that the observed ICA basis matrix A
contains all of the information contained in the
full matrix Ã in the sense that all the free pa-
rameters in Ã are also contained in A. Thus
there is hope that the causal model could be re-
constructed from the observed basis matrix A.

At this point, we note that we of course do
not directly observe A but must infer it from the
sample vectors. Eriksson and Koivunen (2004)
have recently shown that the overcomplete ICA
model is identifiable given enough data, and
several algorithms are available for this task,
see e.g. (Moulines et al., 1997; Attias, 1999;
Hyvärinen et al., 2001). Thus, the remainder
of this subsection considers the inference of the
causal model were the exact ICA mixing ma-
trix A known. The next subsection deals with
the practical aspect of dealing with inevitable
estimation errors.

As in the standard square ICA case, iden-
tification in the overcomplete case is only up

to permutation and scaling of the columns of
A. The scaling indeterminancy is not serious;
it simply amounts to a problem of not being
able to attribute the magnitude of the influence
of a disturbance variable ei to its variance, the
strength of its connection to its corresponding
variable xi, and in the case of hidden variables
the average strength of the connections from
that hidden variable to the observed variables.
This is of no consequence since we are anyway
never able to directly monitor the hidden vari-
ables nor the disturbance variables, making the
scaling simply a matter of definition.

In contrast, the permutation indeterminancy
is a serious problem, and in general leads to
non-uniqueness in inferring the model: We can-
not know which columns of A correspond to the
hidden variables. Note, however, that this is the
only information missing, as illustrated in Fig-
ure 2. Thus, an upper bound for the number
of observationally equivalent canonical models
is the number of classifications into observed vs
hidden. This is simply (No + Nh)!/(No!Nh!),
where No and Nh denote the numbers of ob-
served and hidden variables. For each classifi-
cation we need to check whether this leads to a
valid latent-variable LiNGAM model:

zero or non-zero
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• If ICA yielded exact estimates then finding the appropriate 
permutations (ordering of rows and columns of the mixing 
matrix) would be trivial

• Since the estimates are just estimates, we do not know which 
elements should be zero and which non-zero, hence we need to 
optimize some measure of triangularity over the permutations

• For large numbers of variables, brute-force impossible. However, 
we can find fast methods which work quite well

Possible, in principle and in practice, to estimate the complete 
linear causal model, including all parameters!
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Full Matlab package available:
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Figure 2: Scatterplots of the estimated bij versus the original (generating) values. The different plots correspond
to different numbers of variables and different numbers of data vectors. Although for small data sizes the
estimation often fails, when there is sufficient data the estimation works essentially flawlessly, as evidenced by
the grouping of the points along the diagonal.

each plot combines the data for a number of differ-
ent network sparseness levels and non-linearities. Al-
though for very small data sizes the estimation often
fails, when the data size grows the estimation works
practically flawlessly, as evidenced by the grouping of
the datapoints onto the main diagonal.

In summary, the experiments verify the correctness of
the method, and demonstrate that reliable estimation
is possible even with fairly limited amounts of data.

8 CONCLUSIONS AND
FUTURE WORK

Developing methods for causal inference from non-
experimental data is a fundamental problem with a
very large number of potential applications. Although
one can never fully prove the validity of a causal model
from observational data alone, such methods are nev-
ertheless crucial in cases where it is impossible or very
costly to perform experiments.

Previous methods developed for linear causal models
(Bollen 1989; Spirtes et al. 2000; Pearl 2000) have

been based on an explicit or implicit assumption of
gaussianity, and have hence been based solely on the
covariance structure of the data. Because of this, ad-
ditional information (such as the time-order of the
variables) is usually required to obtain a full causal
model of the variables. Without such information, al-
gorithms based on the gaussianity assumption cannot
in most cases distinguish between multiple equally pos-
sible causal models.

In this paper, we have shown that an assumption of
non-gaussianity of the disturbance variables, together
with the assumption of linearity and causal sufficiency,
allows the causal model to be completely identified.
Furthermore, we have provided a practical algorithm
which estimates the causal structure under these as-
sumptions.

Future work will focus on implementational issues in
problems involving tens of variables or more. It re-
mains an open question what algorithms are best
suited for optimizing our objective functions, which
measure the goodness of the permutations, in such
cases. Further, the practical value of the LiNGAM
analysis needs to be determined by applying it to real-
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Fig. 2. Left: example original network. Right: estimated network. Graphs plotted us-
ing the latest version of the LiNGAM package which connects seamlessly to the free
Graphviz software, a sophisticated tool for plotting graphs.

scatterplot of the entries in the estimated matrix B against the correspond-
ing generating coefficients.

Since the number of different possible parameter configurations is limitless,
we feel that the reader is best convinced by personally running the simulations
using various settings. This can be easily done by anyone by downloading our
software and running it using Matlab or the freely available Octave software.
Nevertheless, we here show some representative results.

Figure 1 gives combined scatterplots of the elements of B versus the gen-
erating coefficients. The different plots correspond to different dimensionalities
(numbers of variables) and different data sizes (numbers of data vectors), where
each plot combines the data for a number of different network sparseness lev-
els and non-linearities. Although for very small data sizes the estimation often
fails, when the data size grows the estimation works practically flawlessly, as
evidenced by the grouping of the datapoints onto the main diagonal.

In summary, the experiments verify that the new algorithms are able to
find the appropriate permutations even in high dimensions, and demonstrate
that reliable estimation is possible even when the number of variables is large.
Comparing with the experiments in [3] we note that for larger dimensions we
clearly need more data, but the amounts of data required are still reasonable.

5 Conclusions

Developing methods for causal inference from non-experimental data (data which
does not come from controlled, randomized experiments) is a fundamental prob-
lem with a very large number of potential applications. Although one can never
fully prove the validity of a causal model from observational data alone, such
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scatterplot of the entries in the estimated matrix B against the correspond-
ing generating coefficients.

Since the number of different possible parameter configurations is limitless,
we feel that the reader is best convinced by personally running the simulations
using various settings. This can be easily done by anyone by downloading our
software and running it using Matlab or the freely available Octave software.
Nevertheless, we here show some representative results.

Figure 1 gives combined scatterplots of the elements of B versus the gen-
erating coefficients. The different plots correspond to different dimensionalities
(numbers of variables) and different data sizes (numbers of data vectors), where
each plot combines the data for a number of different network sparseness lev-
els and non-linearities. Although for very small data sizes the estimation often
fails, when the data size grows the estimation works practically flawlessly, as
evidenced by the grouping of the datapoints onto the main diagonal.

In summary, the experiments verify that the new algorithms are able to
find the appropriate permutations even in high dimensions, and demonstrate
that reliable estimation is possible even when the number of variables is large.
Comparing with the experiments in [3] we note that for larger dimensions we
clearly need more data, but the amounts of data required are still reasonable.

5 Conclusions

Developing methods for causal inference from non-experimental data (data which
does not come from controlled, randomized experiments) is a fundamental prob-
lem with a very large number of potential applications. Although one can never
fully prove the validity of a causal model from observational data alone, such
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estimated
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http://www.cs.helsinki.fi/group/neuroinf/lingam/
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Hidden variables ! overcomplete 
ICA basis!

• ‘One or more rows are missing’ in the data matrix...

• We have a case of overcomplete ICA:  ‘more sources than 
sensors’. The mixing matrix     has more columns than rows

• Overcomplete ICA is identifiable (Eriksson & Koivunen, 2004) but 
in practice much more difficult than ‘regular’ ICA

data: (i.i.d. sample vectors)

x1
x2
x3
x4

A

mixing matrix    :A
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Experimentsa b
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Figure 4: (a) A randomly generated latent vari-
able LiNGAM model used to generate data. (b)
The model estimated from the data. Note that
we cannot determine the sign of the influence
of the hidden variable since its distribution was
symmetric. All other parameters are correctly
identified, including the absence of connections
between x1 and x2, and x2 and x3.

a large LiNGAM model where each latent vari-
able directly influences only a small number of
observed variables, the data follows an inde-
pendent subspace (ISA) model (Hyvärinen and
Hoyer, 2000). In such a model, the data distri-
bution can be represented as a combination of
low-dimensional independent subspaces. When
the data follows the ISA model, the individual
subspaces might still be found using efficient
ICA algorithms (Hyvärinen et al., 2001), and al-
gorithms for overcomplete ICA would only need
to be run inside each subspace.

7 Conclusions

We have recently shown how to estimate linear
causal models when the distributions involved
are non-gaussian and no confounding hidden
variables exist (Shimizu et al., 2005; Hoyer et
al., 2006). In this contribution, we have de-
scribed the effects of confounding latent vari-
ables, and shown how to estimate the set of
models consistent with the observed data. Sim-
ulations, for which full Matlab code is available,
confirm the viability of the approach. Further
work is needed to develop the software into a
practical, easy-to-use data-analysis tool.
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• Linear causal models (SEMs) are in widespread use

• Estimation methods based on conditional independencies are 
restricted to what is possible for Gaussian distributed data

• But: if the data is non-Gaussian, then full identification is achieved 
if no unobserved confounders exist

• When there are hidden variables...

- The model is idenfiable up to a finite set of observationally 
equivalent models

- Practical implementation much more difficult than for the no-
hidden-variables case.  However, initial results show that the 
method is feasible
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Summary of linear, non-Gaussian 
causal discovery
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• Shimizu et al (2005): 
“Discovery of non-gaussian linear causal models using ICA”
http://www.cs.helsinki.fi/u/phoyer/papers/pdf/uai2005cameraready.pdf

• Tetrad IV:
http://www.phil.cmu.edu/projects/tetrad_download/

• Brief description and demo of ICA:
http://www.cis.hut.fi/projects/ica/icademo/
http://www.cis.hut.fi/projects/ica/cocktail/cocktail_en.cgi

• LiNGAM homepage:
http://www.cs.helsinki.fi/group/neuroinf/lingam/
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Required reading:

Links:


