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Abstract. The within-species genetic variation due to recombinations
leads to a mosaic-like structure of DNA. This structure can be modeled,
e.g. by parsing sample sequences of current DNA with respect to a small
number of founders. The founders represent the ancestral sequence ma-
terial from which the sample was created in a sequence of recombination
steps. This scenario has recently been successfully applied on developing
probabilistic Hidden Markov Methods for haplotyping genotypic data.
In this paper we introduce a combinatorial method for haplotyping that
is based on a similar parsing idea. We formulate a polynomial-time pars-
ing algorithm that finds minimum cross-over parse in a simplified ‘flat’
parsing model that ignores the historical hierarchy of recombinations.
The problem of constructing optimal founders that would give mini-
mum possible parse for given genotypic sequences is shown NP-hard.
A heuristic locally-optimal algorithm is given for founder construction.
Combined with flat parsing this already gives quite good haplotyping
results. Improved haplotyping is obtained by using a hierarchical pars-
ing that properly models the natural recombination process. For finding
short hierarchical parses a greedy polynomial-time algorithm is given.
Empirical haplotyping results on HapMap data are reported.

1 Introduction

Recombination is a major factor causing genetic variation between individuals of
a population by combining mutations. In this paper we generalize and improve
the combinatorial founder model [19] of recombinations. This model assumes
that the current population is evolved from a small number of ‘founder’ individ-
uals, thus the current sequences are recombinations of these founder sequences.
If visualized by giving each founder sequence a different color, the founders de-
fine a coloring of the current sequences, thus uncovering a mosaic-like structure.
Figure 1 shows an example mosaic obtained by parsing 20 sequences (‘Recom-
binants’) with respect to four founder sequences. The term mosaic is also used
in this sense in [13, 20]. A key-question with the founder model is how to find
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good founders. A natural parsimonicity criterion was used in [19]: find ancestral
sequences that explain the given data with fewest recombinations. This model
is also studied in [22].

Our contribution is three-fold. First we generalize the model from haplotypes
to genotypes, and give a parsing algorithm that parses given genotype sequences
into fragments that are taken from the haplotypic founders. This immediately
suggests a phasing for the genotypes as the parse is composed of two haplotype
sequences, i.e. we have a haplotyping algorithm.1 This type of parsing is flat in
the sense that it ignores the historical order of recombinations. Then we provide
some computational complexity results on finding a founder set for which the flat
parse has smallest possible number of recombinations: Finding founders that are
optimal in this sense is NP-hard in general but polynomial-time if the number
of founders is restricted to two. As finding optimal founders is hard, we develop
a locally-optimal method for finding a good founder set.

Finally we improve the parsing model to include the hierarchical structure of
recombinations. This leads to a novel parsing problem of finding a shortest hier-
archical parse with respect to given founders. We propose a greedy polynomial-
time parsing algorithm. The paper is concluded by reporting some haplotyping
experiments on the HapMap data. It turns out that already the flat parsing
with respect to the locally optimal set of founders gives reasonably good hap-
lotyping results as compared to the state-of-the-art probabilistic methods. The
performance improves if the hierarchical parsing is applied.

Our hierarchical parsing can be seen as a method for constructing a variant of
the so–called ancestral recombination graph (ARG) that connects the founders
to the given genotypes. An ARG is the most accurate model of the genealogy of
sequences [3]. It is a directed graph, whose nodes correspond to sequences, single
edges correspond to mutations, and edges connecting nodes a and b to a single
node stand for a recombination between a and b. All sequences in the ARG model
evolve from a single root sequence. A natural parsimonious problem is to find
an ARG with minimum number of recombinations assuming each allele mutates
only once. The problem is known to be NP-hard in the case of a known root
sequence [21]. Current state-of-the-art methods can produce ARGs for about 20
SNPs and 40 haploid sequences [12].

2 Genotypes, Haplotypes, and Recombination

A Single Nucleotide Polymorphism (SNP) is a single base-pair position in ge-
nomic DNA where different nucleotides, called alleles, occur in some population.
In most SNPs only two alleles out of A, C, G and T are present. Most of the ge-
netic variance between individuals is due to SNPs. Thus, when studying genetic
diseases or factors, one often studies variations in certain SNPs.

In humans and other diploid organisms, most cells contain two almost identi-
cal copies of each chromosome, one inherited from the organism’s mother and the

1 Essentially the same observation was independently made in [9].



Fig. 1. Screenshot from HaploVisual program that implements the parsing algorithms
of [19]. The program is available on www.cs.helsinki.fi/u/prastas/haplovisual/ .

other from the father. These copies are called haplotypes. Thus, each individual
has two haplotypes: maternal and paternal.

Current practical laboratory methods determine for each SNP of an individ-
ual only the alleles, but no information on which copy they are from. In this
context, these sequences without copy information are called genotypes. Thus,
a genotype is a sequence that gives at each SNP the alleles of the two haplo-
types. For example, consider the case that alleles at three SNPs are A-A, C-T
and A-T. The possible haplotypes are therefore ACA and ATT, or ATA and
ACT. If the alleles at an SNP are different we call this site heterozygous (the
second and the third SNP in the example), and otherwise homozygous (the first
SNP). If a genotype has k heterozygous sites then there are 2k−1 possible pairs
of haplotypes for that genotype. Without assumptions about the haplotypes or
about the population, all of these possibilities are equally likely.

For measuring haplotyping performance we use a commonly used metric
called the switch distance [11]. We use the unnormalized version of this distance,
i.e. the number of switches. It equals the number of phase changes in the inferred
haplotypes, that are needed to get the correct haplotypes. For example, assume
that the correct haplotypes are AAAAA and TTTTT. Then a phasing solution
ATTTT, TAAAA would score one switch, and a solution ATATA, TATAT four
switches.

Figure 2 shows how recombination in a meiosis combines maternal and pater-
nal sequences. Child’s haplotype inherited from one parent contains fragments



from both haplotypes of that parent. An underlying assumption in this paper is
that recombinations happen in an equal crossing over fashion, i.e. in such way
that sequence fragments retain their locations in the resulting sequence [19].
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Fig. 2. On the left hand side there are the haplotypes of the parents and on the right
hand side are the outcomes for the child’s haplotypes from the two recombinations
illustrated in the middle.

3 Combinatorial Mosaic Model

In this section the founder models presented in [19, 17, 8, 6] are generalized for
genotypes and point mutations.

We assume that our sequences of interest are from a finite alphabet Σ, for
example Σ = {A, C, G, T} for DNA or Σ = {0, 1} for SNP haplotypes. If our
sequences are from n markers, then a sequence can be described as a string of
length n from alphabet Σ ∪ {−}, where symbol − is used to indicate missing
values.

We want to analyze a set D of current sequences with respect to some small
set of founder sequences F . The sequences in D and F are haplotypes over the
same n markers. We denote |D| = m and |F | = K. The differences between
D and F are due to point mutations and recombinations. Recombination is
modeled as a process, that builds a new haploid sequence by combining a prefix
of one sequence with a suffix of another one [8]. Mutation is simply an event
that changes one symbol of a certain sequence.

A haplotype h ∈ D has a simple parse (with no mutations) of cost k with
respect to founder sequences F , if we can write h as concatenation fi0 ·fi1 · · · fik

of nonempty substrings fij
, where each fij

occurs in some f ∈ F at the same
position as it is used in the parse. Let c be a parameter that gives a relative
weight for mutations as compared to recombinations. Then a haplotype h has a
parse of cost k+k′c with respect to F , if there is a simple parse of cost k of some
h′ and the Hamming distance between h and h′, d(h, h′), is k′. We say that a
parse is optimal, if it has the lowest possible cost.

The score that we want to minimize is the sum of optimal parse costs for the
sequences in D. This score can be computed for each sequence independently,
and it depends on the number of recombination and mutation events. Each
recombination adds amount of 1 to the score and each point mutation adds



amount of c > 0. By setting a high value for c, the parse is forced to use
mutations only rarely, and by setting c to a small positive value, the parse is
forced to use recombinations rarely.

Let F = (F1, . . . , FK) ⊂ Σn, |F | = K, be a fixed founder set where each
Fa = Fa1 . . . Fan. Then we can compute the minimum cost of a parse of a
haplotype h = h1 . . . hn with respect to F by dynamic programming using the
following formulas:

{

S(0, a) = 0

S(i, a) = pc(hi, Fai) + mina′

(

S(i − 1, a′) + Ia′ 6=a

)

(1)

for a = 1, . . . , K, and i = 1, . . . , n. Here IA is the indicator function of predicate
A, and pc(S, S′) is the cost of mutating symbol S to symbol S′, i.e.,

pc(S, S′) =

{

0 , if S = S′ or S = −
c , otherwise.

The minimum score, scorec
F (h), is mina S(n, a). The corresponding parse can

be found using standard trace-back after each S(i, a) has been computed. Direct
evaluation of formula (1) would take space O(nK) and time O(nK2). A more
efficient evaluation is possible, however, as follows. By writing the minimization

in the latter equation S(i, a) = pc(hi, Fai) + mina′

(

S(i − 1, a′) + Ia′ 6=a

)

as

min
(

S(i−1, a), 1+mina′ S(i−1, a′)
)

, we can see that by maintaining the value

mina′ S(i − 1, a′) during the computation one can reduce the running time to
O(nK). Moreover, the space requirement can be reduced trivially to O(K), if
we do not need the corresponding parse. However, space O(K) and time O(nK)
is also enough to get the parse. This achieved by using a divide and conquer
algorithm similar to the Hirshberg’s algorithm [5].

Theorem 1. The optimal parse and parsing score of a haplotype with respect to

a given founder set F can be found in time O(n|F |) and in space O(|F |).

The score of a set of m haplotypes H is defined as a sum of individual scores
h ∈ H , i.e. scorec

F (H) =
∑

h∈H scorec
F (h). The running time to compute the

score for a set H of m haplotypes is O(mn|F |).

Let us next consider unphased sequences, i.e. our dataset D consists of geno-
types instead of haplotypes. We show that with some modifications to (1) we
can parse genotype sequences as well. A similar algorithm appears in [9] while
our formulation is from [14].

For reasons of clarity, we assume that our alphabet Σ is {0, 1}. All results
apply for general alphabet too, but the notation would get too complicated.
A genotype g is a string in alphabet {0, 1, 2,−}, where 0 and 1 denote the two
homozygote alleles and value 2 denotes heterozygous alleles. Two haplotypes h =
h1 . . . hn ∈ {0, 1}n and h′ = h′

1 . . . h′
n ∈ {0, 1}n are compatible with a genotype



g = g1 . . . gn ∈ {0, 1, 2,−}n, denoted g = γ(h, h′), if either (gi = hi = h′
i) or

(gi = 2 and hi 6= h′
i) or (gi = −) for each i, 1 ≤ i ≤ n.

Given a founder set F and a genotype g, we define the score of g, scorec
F (g),

as minh,h′:γ(h,h′)=g

(

scorec
F (h) + scorec

F (h′)
)

. Score of a set of genotypes G is

defined, as with haplotypes, as
∑

g∈G scorec
F (g). Score of g can be computed

efficiently using dynamic programming as follows:

{

S(0, a, b) = 0

S(i, a, b) = pc(gi, Fai, Fbi) + mina′,b′

(

S(i − 1, a′, b′) + Ia′ 6=a + Ib′ 6=b

)

(2)

for a, b = 1, . . . , K, and i = 1, . . . , n. Here pc(T, S, S′) is the cost of mutating
genotype T to γ(S, S′), i.e.

pc(T, S, S′) =







0 , if T = γ(S, S′) or T = −
2c , if T 6= γ(S, S”) and T 6= γ(S”, S′) for all S” ∈ Σ
c , otherwise.

Minimum score, scorec
F (g), is mina,b S(n, a, b) and the parse can be uncovered

by trace–back.
Direct evaluation of (2) would take O(nK4) time. Using similar trick as

earlier we can write the minimization as min(C00, C01, C10, C11), where C00 =
S(i − 1, a, b), C01 = 1 + mina′ S(i − 1, a′, b), C10 = 1 + minb′ S(i − 1, a, b′) and
C11 = 2+mina′,b′ S(i−1, a′, b′). Now we can maintain values mina′ S(i−1, a′, b)
and minb′ S(i−1, a, b′) by using two arrays (actually one is enough) of size O(K)
(indexes a and b). These arrays can be computed in time O(K2) for column i−1.
Further on, we need to keep track of a single value mina′,b′ S(i − 1, a′, b′). By
computing S(i, a, b) in this way we get time complexity of O(nK2). The space
complexity can be reduced to O(K2) similarly as in the case of haplotypes, to
O(K).

The parse of a genotype also fixes its haplotypes, i.e. we can use this parse
to infer haplotypes based on a founder set F .

Theorem 2. The optimal parse and parsing score of a genotype with respect to a

given founder set F can be found in time O(n|F |2) and space O(|F |2). The parse

suggests a phasing of the genotype by giving two haplotypes that are compatible

with the genotype.

4 Hardness of Finding Founders

In this section we consider the complexity of the problem of finding a set F
of K founder sequences that minimizes scorec

F (D). The decision version of the
problem can be proven to be NP-complete.

Problem 1. Given haplotype or genotype data D, parameters K, c and T , is
there a set F of K founder sequences such that the score of data D, scorec

F (D),
is at most T ?



Theorem 3. Problem 1 is NP-complete when the data consists of haplotypes,

i.e., D ⊂ {0, 1,−}n.

Proof. Problem is in NP, because if we are given a founder set F we can check
if it gives score ≤ T using the polynomial algorithm derived from (1).

Problem is NP-hard because we can reduce the graph coloring problem to
it. The graph coloring problem asks one to color the vertices of a graph with K
colors such that there are no edges between vertices with the same color. The
problem is NP-hard even for K = 3 [2]. Let G = (V, E) be a graph with n = |V |
vertices. Let H = {h1, .., hn} be the corresponding set of haplotypes represented
as an n × n matrix (Hij) where Hij = hij . Graph G is coded into H by setting

Hij =







1 , if i = j
0 , if (i, j) ∈ E
− , otherwise.

In this coding, the vertex i of the graph G corresponds to the haplotype hi.
Now there is a graph coloring of G with K colors if and only if there is

founder set of size K giving for H total parsing score 0.
“if”: Let a founder set F give score 0, |F | = K. Then we can construct a

parse where each h ∈ H is parsed using exactly one f ∈ F . Now let Vf ⊂ V be
the set of all vertices i corresponding haplotypes hi ∈ H that are parsed using
f . Since each hi has 1 at position i and no other haplotype have one at that
position, all haplotypes corresponding to vertices Vf \ {i} must have symbol −
at position i ∈ Vf . Thus, there cannot be any edges between i ∈ Vf and Vf and
therefore we have a coloring of G with K colors by coloring each Vf using the
same, unique color.

“only if”: Assume that G has a valid K coloring. Let us define Vj as the
vertices that have been colored using the color j. Now we can construct a founder
set F as a set of haplotypes fj with ones at positions Vj and zeros otherwise.
Because vertices Vj can be colored using same colors there cannot be any edges
between them. So the corresponding haplotypes will have only values 1 and −
at positions i ∈ Vj and therefore we can parse all haplotypes H with score 0. In
such a parse, haplotype hi ∈ Vj could be parsed using founder fj. 2

Theorem 4. Problem 1 is NP-complete when the data consists of genotypes,

i.e., D ⊂ {0, 1, 2}n.

Proof. The problem of finding founder set with score 0 for genotype data (with-
out missing values) is the Pure Parsimony problem from [4]. In pure parsimony
problem one asks whether there is a set of haplotypes F , such that |F | ≤ K and
F generates input genotypes D. This problem is NP-complete [10]. We note that
for maximum parsimony to have a solution, parameter K must be greater than
√

2|G| [10]. 2

Theorem 5. The optimization version of Problem 1 cannot be approximated in

polynomial time within any factor, unless NP=P.



Proof. Had we a polynomial time approximation algorithm with some fixed ap-
proximation factor α, we could solve Problem 1 in the case of T = 0, D ⊂ {0, 1, 2}
(genotypes) and D ⊂ {0, 1,−}n (haplotypes). But by Theorems 3 and 4, these
problems are NP-hard. 2

Theorem 6. Problem 1 is NP-complete when data D ⊂ {0, 1} consists of hap-

lotypes and c = 1
n|D| .

Proof. When c is 1
n|D| Problem 1 becomes a clustering problem. The problem can

be stated: is there a set of K binary vectors F , such that
∑

h∈D minf∈F d(f, h) ≤
T where d(f, h) is the Hamming distance of f and h. This problem is the com-
plementary (Hamming distance instead of Hamming overlap) problem of the
Hypercube segmentation problem, which is NP-complete even for K = 2 [7].
Thus, Problem 1 is also NP-complete. 2

5 Heuristic Algorithm for Founder Construction

The simplest algorithm to find the optimal set of founders is to enumerate all
founder sets F of a given size K, compute scorec

F (D) for each of them, and
choose the best solution. Time complexity of this algorithm is proportional to
(

|Σ|n

K

)

. This algorithm is not very practical, but could be improved by clever
enumeration of the sets F (Branch-and-Bound).

In some cases finding founder sets for haplotypes is easy. If we set parameter
c to ∞, we try to find parses with minimum number of recombinations. Then, if
K = 2 there is a polynomial O(mn) time algorithm for finding optimal founder
set [19], without missing values in the haplotypes. It is based on the fact that we
can consider only haplotype columns on which both alleles are present and each
such column infers the correct partition into two classes. The optimal founder
set can be obtained in this case as follows:

Without loss of generality we can remove all columns that contain only sin-
gle value. We process the haplotypes from left to right and consider adjacent
columns. The alleles of the first founder column can be set arbitrarily to 0 and
1. Now let us assume that the founders have been fixed for column i and we
proceed to the column i + 1. We count how many times substrings 00, 01, 10
and 11 occur at position i in the haplotypes. We pick either 01 and 10 or 00
and 11, depending which combination is more common. The founder column
i + 1 is determined from the picked substrings; founders are set in a unique way
such that the picked substrings occur at founder position i. Proceeding this way
until column n we get a solution for K = 2 whose optimality is easily shown
as between any successive columns this procedure uses a minimum number of
recombinations on two founders.

Since the more common of substrings of 01 and 10 or 00 and 11 occurs at least
in 1

2m haplotypes, we can have at most as many recombinations. Thus,an optimal
solution can have at most 1

2m(n−1) recombinations (this is a tight bound). Note
that the above method finds optimal founder set of size 2 for genotypes as well



[22], as we can compute maximum number of occurrences of 00, 01, 10 and 11
in the case of genotype input. The possible substrings in genotypes are 00, 01,
10 and 11 as in haplotypes and 20, 21, 02, 12 and 22. In the latter substrings
first four correspond uniquely to two of 00, 01, 10 and 11. Substring 22 can be
resolved as 00 and 11 or 01 and 10. From these two possibilities we can choose
the one minimizing the number of recombinations. However, this does not work
when sequences contain missing values.

The algorithm just described works from left to right by assigning founder
columns in a greedy fashion. Next we generalize this idea for arbitrary number
of K founders.

The algorithm is the following. From left to right we construct the columns
of F in a greedy manner. For column i we enumerate all |Σ|K possibilities and
choose the one that minimizes the parsing score of the prefixes of the sequences
in D up to column i. After the first pass we make repeated left–to–right passes
until we have found a local optimum. In each pass the content of column i is
reselected from the |Σ|K possibilities such that it minimizes the parsing score
of the entire data D when F is kept fixed for all columns other than i. A sin-
gle pass of this algorithm can be implemented in time O(mnK|Σ|K) (in time
O(mnK2|Σ|K)) for dataset of m haplotypes (genotypes) of length n. Algorithm
finds the optimum when K = 2, c = ∞, and sequences have no missing values.
Similar algorithm was used in [15].

6 Hierarchical Parsing

The parsing scheme of Section 3 applies recombinations independently on each
sequence to be parsed. There is no attempt to utilize the same recombination
several times. The hierarchical parsing scheme aims at finding recombinations
that are common to several sequences in the data. The structure of the hier-
archical parsing is simple: we start from some given founder set and add to it
recombinants of the founders (including the recombinants added in earlier steps)
such that the resulting process finally generates data D.

This process forms a tree like history for the sequences D. Again, finding a
shortest possible hierarchical parse is of interest but it seems very difficult. We
note that if we start from a single sequence (|F | = 1) and add mutations and
recombinations in this fashion, we would construct an ARG.

Instead of exact algorithm, we use following greedy heuristic algorithm: We
try in all, at most (n − 1)|F |(|F | − 1) ways to add new founder f that is re-
combinant of founders F , and add to the founder set the one that minimizes
scorec

F∪{f}(D). By assigning the parameter c properly we would model errors
or mutations in the sequences. If c is set to a low value we should stop the
greedy algorithm when there are no recombinations. We take as the initial set
of founders the ones that minimize scorec

F (D).
Algorithm is the following: Find out founder set F0 minimizing scorec

F0
(D).

Set Fi+1 = Fi ∪ {f}, where f is the recombinant of f1 ∈ Fi and f2 ∈ Fi that
minimizes scorec

Fi+1
(D). Repeat until scorec

Fi+1
(D) = 0.



As each greedy step decreases score by at least one, the total number of
greedy steps cannot exceed scorec

F0
(D). On the other hand, there must be a

haplotype with at least scorec
F0

(D)/m recombinations, where m is the number
of haplotypes (2|D| in case of genotypes). Thus we must take at least as many
greedy steps. By taking starting founders F0 as the ones minimizing scorec

F0
(D),

we minimize both the upper and lower bound on the number of greedy steps.
Trivial implementation of this greedy step would take time O(mn2|Fi|

3) in
case of haplotypes and O(mn2|Fi|

4) in case of genotypes. Our implementation
takes time O(mn|Fi|

2) for haplotypes and O(mn|Fi|
3) for genotypes. In practice,

this algorithm becomes quite slow, as |Fi| increases by one in every step.

7 Experimental Results

We used 220 datasets obtained from the HapMap data [18]. We selected data
from two groups, abbreviated YRI (Yoruba) and CEU (Utah). For both these
groups unphased genotypes are available for 30 trios, resulting in the total of
120 known haplotypes. From each of the 22 chromosomes we chose 5 fragments
covering 100 consecutive SNPs starting from SNPs 1001, 2001, . . ., 5001. We
haplotyped 60 genotypes taken from the trios. We used c = 1000.

We compared our phasing results against fastPHASE [16] with standard set-
tings (fastPHASE). Unlike our method, fastPHASE builds its final solution by
combining several haplotype predictions. Therefore we also generated with fast-
PHASE a single-run solution based on 10 founders (clusters). We call this solu-
tion fastPHASE-10. With HIT [15] we generated a solution using 10 founders. We
started the hierarchical algorithm with K = 3, 7, 10 initial founders, constructed
by the algorithm of Section 5, and applied the greedy hierarchical parsing algo-
rithm of Section 6 until the flat parsing score of the data decreased by one. So
we can stop here as the recombinants added from now on would participate in
only one parse and there is no hierarchy. Our Java implementation took a couple
of minutes to run on a single HapMap dataset on a standard desktop PC.

Table 1 gives the number of switches averaged over CEU and YRI datasets.
“Flat” is the parsing algorithm (2), and “Hierarchical” is the greedy hierarchical
algorithm. The hierarchical method gives comparable results to fastPHASE-10,
but fastPHASE and HIT are somewhat better. Figure 3 shows how the number of
switches develops after every hierarchical step. The figure also shows the switch
distances achieved by fastPHASE, fastPHASE-10, and HIT.

Our implementation selects between equally good alternatives (columns of
initial founders and added recombinants of the greedy parsing step) with equal
probabilities. Sometimes the actual choices had a significant effect on the result.

Flat(K=3/7/10) Hierarchical(K=3/7/10) fastPHASE-10 fastPHASE HIT

CEU 225/138/136 119/110/113 136 85 89
YRI 406/248/230 203/181/178 207 134 143

Table 1. Average values of switch distances for different algorithms and datasets.
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Fig. 3. Four upper panels illustrate on four typical datasets the bahaviour of the
switch distance after each greedy hierarchical step that adds a new recombinant to
the founders. We used K = 3, 7, 10 initial founders (magenta, blue and black regular
lines). The straight red dotted line shows fastPHASE’s, straight dash dotted green line
fastPHASE-10’s, and straight dashed black line HIT’s performance. The two lower di-
agrams visualize the correlation between the flat parsing score and the switch distance
during the greedy hierarchical steps.
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