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Abstract. Finding condensed representations for pattern collections has
been an active research topic in data mining recently and several rep-
resentations have been proposed. In this paper we introduce chain par-
titions of partially ordered pattern collections as high-level condensed
representations that can be applied to a wide variety of pattern collec-
tions including most known condensed representations and databases.
We analyze the goodness of the approach, study the computational chal-
lenges and algorithms for finding the optimal chain partitions, and show
empirically that this approach can simplify the pattern collections sig-
nificantly.

1 Introduction

The goal of pattern discovery is to find interesting patterns from data sets [1,2,3].
There exist output-efficient algorithms for finding the interesting patterns from
a wide variety of different pattern classes [4,5,6].

The most prominent examples of interesting patterns are frequent sets and
association rules [7]. For the frequent sets and the association rules a data set
is a finite sequence d = d1 . . . dn of subsets of some finite set R. A set X ⊆ R is
interesting if it is σ-frequent in d, i.e.,

fr(X, d) =
|{i : X ⊆ di, 1 ≤ i ≤ n}|

n
≥ σ ∈ [0, 1].

An association rule X ⇒ Y is interesting if it is both σ-frequent and δ-accurate
in d, i.e., fr(X ∪ Y, d) ≥ σ and

acc(X ⇒ Y, d) =
fr(X ∪ Y, d)

fr(X, d)
≥ δ ∈ [0, 1].

(If fr(X, d) = 0 then acc(X ⇒ Y, d) is not defined.)
Traditionally the interestingness of a pattern has been a local property of

the pattern. For example, the interestingness of an association rule X ⇒ Y
depends on the frequencies of the sets X and X ∪ Y . However, the collection of
the interesting patterns can have also more global interesting structure.

Some of the structural properties of pattern collections have been exploited
in condensed representations of pattern collections, i.e., pattern collections that



are irredundant w.r.t. some inference method. The condensed representations
of pattern collections have been studied extensively and several condensed rep-
resentations have been suggested [4,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22].
They can be used, for example, to compress pattern collections, for efficient
querying, and to gain insight to the pattern collection (and to the data set).

In this paper we propose a new condensed representation of pattern collec-
tions, pattern chains, that depends only on a partial order of patterns and thus
can be applied to condense a wide variety of pattern collections including many
other condensed representations.

The rest of the paper is organized as follows. The new condensed represen-
tation is described in Section 2. Algorithmic issues of the representation are
discussed in Section 3. In Section 4 we show experimentally that the approach
can applied to condense pattern collections in practice. The work is concluded
in Section 5.

2 Exploiting the Structure

A collection of interesting patterns and the whole pattern classes, too, usually
have some structure. For example, the collection of subsets of R can be structured
by the frequency of the subsets in a given data set: every subset of a frequent
set is frequent and every superset of an infrequent set is infrequent.

Pattern collections can have also some data-independent structure. A typ-
ical data-independent structure of a pattern collection is a partial order. The
definitions we use related to partial orders are the following:

– A partial order ≺ for a finite set P is a transitive (p ≺ q ∧ q ≺ r ⇒ p ≺ r)
and irreflexive (p ≺ q ⇒ p 6≺ q) binary relation ≺⊆ P ×P. For example, any
collection of sets is partially ordered by the set inclusion ⊂.

– Elements p and q of a partially ordered set P are called comparable iff p ≺ q,
q ≺ p or p = q.

– A total order < for a finite set P is a partial order such that all pairs of
elements in P are comparable. Frequencies of subsets of R determine a total
order for the subsets.

– An element p ∈ P is maximal (minimal) in P if for no element q ∈ P holds:
p ≺ q (q ≺ p). An example of maximal patterns are maximal frequent sets,
i.e., the frequent sets that have no frequent supersets. There is only one
minimal pattern in the collection of frequent sets, the empty set, because
all the other sets contain the empty set and all subsets of frequent sets are
frequent.

– A subset C (a subset A) of a partially ordered set P is called a chain (an
antichain) iff any two elements in C (no two distinct elements in A) are
comparable.

– A chain partition (an antichain partition) of a partially ordered set P is
partition of the set P to disjoint chains C1, . . . , Cm (antichains A1, . . . ,Am).
A chain partition is minimum iff there is no chain partition of smaller car-
dinality, and minimal iff there are no two chains in the chain partition such
that their union is a chain.



Well-studied examples of partially ordered pattern collections, besides of fre-
quent and maximal patterns, are the collections of closed patterns [8,20,23,24,25,26].
Let ≺ be a partial order for the pattern collection P and let < be a total order
determined by the frequencies fr(p, d) of patterns p ∈ P w.r.t. a data set d. A
pattern p ∈ P is closed iff

p ≺ q, q ∈ P ⇒ fr(p, d) > fr(q, d).

The collection of closed patterns in P is denoted by Cl (P). The closed patterns
exploit the data set d more extensively than, e.g., maximal or frequent patterns:
the maximal patterns depend only on the pattern collection (which, of course,
can depend on the data set) and the frequent patterns depend on the data set
only by the maximal frequent patterns.

Usually each closed pattern p ∈ Cl (P) determines an equivalence class that
contains p and all its subpatterns in P with the frequencies equal to the fre-
quency of p, i.e., all patterns q ∈ P such that q ≺ p and fr(p, d) = fr(q, d).
Unfortunately this does not hold in general since there are pattern collections P
(and data sets d) which contains closed patterns p, q ∈ Cl (P) such that

{r ∈ P : r ≺ p, fr(r, d) = fr(p, d)} = {r ∈ P : r ≺ q, fr(r, d) = fr(q, d)}

but p 6= q. This can be the case, e.g., when the pattern collection consists of
approximate patterns.

Besides of detecting structure in a pattern collection, the found structure can
sometimes be further exploited. For example, frequent sets can be stored into
an itemset tree by defining a total order for R: each frequent set is a path from
root to some node. (Itemset trees are known also by several other names, see
e.g. [7,26,27,28].) The itemset tree can save space and allow efficient frequency
queries. Unfortunately, itemset trees require an explicit order for the elements
of R. The order might be an artificial structure that hides the “true” structure
of the pattern collection.

The idea of exploiting the structure of the pattern collection, and especially
simplifying the partial order structure of the pattern collection, might still be
useful although it is not clear whether e.g. the itemset tree makes partial order
of the set collection more comprehensible or even more obscure from the human
point of view.

To exploit the partial order structure of a pattern collection P, we propose
the minimum chain partition C1, . . . , Cm of the partially ordered set P as a
condensed representation for P. There exists a chain partition for any partially
ordered set P. Thus nothing else have to be assumed about the structure of P in
order to be able to find this kind of condensed representation for P. The chain
partition can be interpreted as a clustering of the pattern collection. Each chain
Ci, 1 ≤ i ≤ m, as a totally ordered set, can have much simpler structure than
the original partially ordered set P. a partition of a partially ordered set P to
minimum number of chains C1, . . . , Cm corresponds to a structural clustering of
P and that consists of the minimum number of clusters C1, . . . , Cm and in each
cluster Ci all patterns p, q ∈ Ci are comparable.



The minimum chain partition might not be unique but the lack of uniqueness
is not necessarily a problem because of the exploratory nature of data mining:
Different partitions emphasize different aspects of the pattern collection. Clearly,
this can be beneficial when trying to understand the essence of the data set.

The maximum number of chains in a chain partition of P is |P| as each
element p in P is itself a chain (and an antichain, too). The minimum number of
chains in a chain partition is at least the cardinality of the largest antichain in P
since no two distinct elements of the largest antichain can be in the same chain as
they are not comparable. This inequality is strict by the Dilworth’s Theorem: a
partially ordered set P can be partitioned into m chains iff the largest antichain
in P is of cardinality m. (For a clear exposition of chains, antichains and partial
orders, see [29].) Moreover, as maximal elements of a partial ordered set form an
antichain, the number of chains needed is always at least the number of maximal
elements in P.

A chain partition can be even more than a structural clustering if the pattern
collection has more structure than a partial order. As an example of further
exploiting the chain structure, let us consider a collection of weighted sets, e.g.,
frequent sets with their frequencies or binary matrix as a set collection with
integer weights for the sets, and let the partial order relation be determined by
the set inclusion. Let the set collection P be

{{1} , {2} , {1, 3} , {2, 4} , {1, 2, 3} , {1, 2, 4}}

and the weights of the sets to be w ({1}) = 4, w ({2}) = 5, w ({1, 3}) = 3,
w ({2, 4}) = 4, w ({1, 2, 3}) = 2 and w ({1, 2, 4}) = 1. Then the pattern collection
can be partitioned into two chains

C1 = {{1} , {1, 3} , {1, 2, 3}}

and
C2 = {{2} , {2, 4} , {1, 2, 4}} .

We can associate to each set its distance from the minimal set in the corre-
sponding chain and then write each chain as one set. If the distance from the
minimal element in the chain is denoted as a subscript of an element then the
whole chains in the above example can be described as follows:

C1 = {10, 23, 32} = 102332

and
C2 = {12, 20, 41} = 122041.

This approach to represent pattern chains can be applied to a wide variety of
different pattern collections such as substrings and graphs. Besides making the
pattern collection more compact and hopefully understandable this approach
can also compress the pattern collection: the total size of the sets of a length k
(k ≤ |R|) chain can be Θ (k|R|+ |w|) in the worst case but the size of a chain
as one pattern is only O (|R| log k + |w|), where |w| is the size of the weight



function. This is the case when the data set is the collection of all suffixes of
R (for any given ordering of elements in R), i.e., the upper triangular binary
matrix of size |R|× |R|. The whole set collection can be described as a one chain
but the set collection still has |R| distinct sets.

3 Algorithmic Issues

A minimum chain partition C1, . . . , Cm of a partially ordered set P can be found
efficiently by finding a maximum matching in the bipartite graph corresponding
to the partial order [30].

A bipartite graph is a triplet G = (Vl, Vr, E), where Vl and Vr are two distinct
sets called vertices, and E is a subset of Vl × Vr called edges. An edge e ∈ E is
adjacent to a vertex v ∈ Vl ∪Vr iff e = (p, q) or e = (q, p) for some q ∈ Vl ∪Vr. A
matching M in G is a set of pairwise disjoint edges. A matching M is maximal
iff there is no edge in E that is disjoint from all edges in M . A matching M
is maximum iff no matching M ′ in G is larger than M , i.e., |M ′| ≤ |M | for all
matchings M ′ in G.

The bipartite graph corresponding to the partial order≺ of P is G = (P,P,≺).
That is, G consists of the partial order ≺ and two copies of the pattern collection
P. Any matching M in G determines a partition of P into chains: the matching
M partites the pattern collection P to directed paths in the partial order ≺ and
each path determines one chain. The number of chains in the matching M is
equal to the number of patterns p in P such that for no q ∈ P holds: (p, q) ∈ M .
Thus a maximum (maximal) matching corresponds to a minimum (minimal)
chain partition.

A maximum matching M in the bipartite graph G = (Vl, Vr, E) can be found
in time O

(√
min {|Vl| , |Vr|} |E|

)
[30,31]. Thus if the partial order ≺ is known

explicitly then the minimum chain partition can be found in time O
(√

|P||≺|
)

which is bounded above by O
(
|P|5/2

)
as there are at most |P|2 pairs in ≺⊆

P × P.
It is possible to partite P also to the minimum number of trees or degree-

constrained subgraphs in polynomial time in |P| by finding the maximum b-
matching in the corresponding bipartite graph. The bipartite b-matching is a
generalization of the bipartite matching such that for each vertex v ∈ Vl∪Vr there
is an upper bound (a lower bound) that determine how many edges adjacent to
v can (must) be chosen to M . In the case of the ordinary matching, the upper
bound is one and the lower bound is zero.

Another way to generalize the maximum matching is to search for such a
maximum matching in a edge-weighted bipartite graph that the sum of the
edge weights is smallest in the collection of all maximum matchings for that
graph. That minimum weight maximum matching corresponds to a minimum
chain partition with the smallest sum of weights for consecutive elements in each
chain.



However, finding a good partition of a pattern collection into chains has the
following two traits:

1. The pattern collections can be enormously large.
2. The partial order might not be known explicitly.

The first problem can be overcome by searching for a maximal matching
instead of a maximum matching. A maximal matching in G = (Vl, Vr, E) can be
found in time O (|E|) by trying to add the edges one by one in arbitrary order
to the matching. It is easy to show that a maximal matching is at least half
of the maximum matching. Unfortunately this does not imply any nontrivial
approximation quality guarantees for the chain partition. To see this, consider
the set {1, 2, . . . , 2n} and let the partial order ≺ be {(i, j) : i < j}. The maximum
matching

{(1, 2) , (3, 4) , . . . , (2n− 1, 2n)}

determines just one chain
C = {1, 2, . . . , 2n}

whereas the worst maximal matching

{(1, 2n) , (2, 2n− 1) , . . . , (n, n + 1)}

determines n chains

C1 = {1, 2n} , C2 = {2, 2n− 1} , . . . , Cn = {n, n + 1} .

Thus in the worst case the solution found by the greedy algorithm is |P| /2
times worse than the optimal solution.

The quality of a maximal matching, i.e., a minimal chain partition can be
improved by finding a total order that conforms to the partial order. If the
partial order is known explicitly then a total order conforming it can always
be found using topological sorting. Sometimes it is easy to compute a total
order even without knowing the partial order explicitly. This is the case, for
example, with the frequent sets: the sets can be sorted w.r.t. the cardinalities of
the sets. This kind of auxiliary information can significantly reduce the size of
the chain partition found using a maximal matching algorithm. The amount of
improvement depends on how well the total order is able to capture the essence of
the partial order. For example, in the case of the set {1, 2, . . . , 2n} matching the
elements greedily in the ascending (or descending) order produces the maximum
matching.

If the partial order is given implicitly then its explicit computation might
itself be the major computational bottleneck of chaining. The time complexity
of the brute force solution, i.e., testing all pairs of patterns in P, is O

(
|P|2

)
.

In the worst case this time bound is asymptotically optimal as the whole set P
can be an antichain: then each pair of patterns in P must be compared to verify
that P is an antichain.



Partial orders have two useful properties that can be exploited when comput-
ing (the explicit representation of) the partial order: transitivity and irreflexivity.
Because of transitivity we know that if p ≺ q and q ≺ r then p ≺ r. Irreflexivity
(together with transitivity) guarantees that the graph G = (P,≺) is acyclic.

The partial order can be obtained as a side product of the minimal chain
partition as follows:

Init. Init the number m of chains to zero.
Growth. For each p ∈ P, add p to some of the existing chains Ci, 1 ≤ i ≤ m, if

possible, or create a new chain Cm+1 for p and increase m by one.
Comparison. For all chains Ci and Cj , compute the partial order of Ci ∪ Cj .

To make the complexity analysis of the above procedure simpler we assume
that any two patterns in the pattern collection can be compared in a constant
time. Then figuring out whether a pattern p can be added to chain Ci, 1 ≤ i ≤ m,
can be computed in time O (|Ci|). The comparison step can be implemented in
several ways. Some of the partial order is revealed already when each pattern
p ∈ P has been tried to add to existing chains. The partial order for the union
Ci ∪ Cj two chains Ci and Cj can be computed from the partial orders of Ci

and Cj in time O (|Ci|+ |Cj |). However, as the brute force solution is worst case
optimal, the efficiency of different comparison heuristics has to be evaluated
experimentally.

4 Experiments

We tested the condensation abilities of the pattern chaining using two data sets:
Internet Usage data consisting of 10104 rows and 10674 attributes and IPUMS
Census data consisting of 88443 rows and 39954 attributes. The data sets were
downloaded from the UCI KDD Repository1.

From the data sets we computed the closed frequent sets, minimal and the
minimum chain partitions of the closed frequent sets, and the maximal frequent
sets, with different minimum frequency thresholds. The closed frequent sets were
sorted by their cardinalities before finding the minimal chain partitions.

Results are shown in Figures 1 and 2. The number of chains is smaller than
the number of closed sets. Thus the idea of finding minimum chain partition
seems to be useful in that sense.

Even more interesting results were obtained when comparing the minimal
and the minimum chain partitions: the greedy heuristic produced almost as
good solutions as the much more computational demanding bipartite matching.
We got similar results with other data sets we experimented. However it is not
clear whether the quality of maximal matchings is specific to frequent sets or if
the results hold for other pattern collections.

It is worth to remember that the fundamental assumption in the frequent
set mining is that not very large sets are frequent since also all the subsets of

1 http://kdd.ics.uci.edu

http://kdd.ics.uci.edu
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Fig. 1. IPUMS Census data
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a frequent set are frequent. This implies that the chains cannot be very long as
the length of the longest chain is equal to the size of the largest frequent set.
This observation makes the results even more satisfactory.

5 Conclusions

In this paper we have introduced the chain partitions of partially ordered pattern
collections as a high-level approach to condense and structure pattern collections,
even already condensed ones, and also a structural clustering of the pattern
collection. We described how the minimum chain partitions can be found and
how the computation of the minimum chain partition and obtaining the explicit
chain partitions can be made more efficient. Also, we showed that the chain
partitions of pattern collections are useful in practice.

However, there are still many important open problems related to pattern
chains:

– What kind of additional constraints for the chain partitions are computa-
tionally tractable and useful, especially in data analysis?

– Are there efficient approximation algorithms (with approximation quality
guarantees) for finding the chain partitions to cope with massive pattern
collections?

– Can the minimum chain partitions make some existing pattern discovery
algorithms run faster?

– What kind of consensus patterns of pattern collections, besides of chain
partitions, are valuable?

– In general, how should the structure of pattern collections be exploited?

Acknowledgments. I wish to thank Matti Kääriäinen, Heikki Mannila and
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sions.
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14. Geerts, F., Goethals, B., Mielikäinen, T.: What you store is what you get (extended
abstract). In: 2nd International Workshop on Knowledge Discovery in Inductive
Databases. (2003)

15. Gouda, K., Zaki, M.J.: Efficiently mining maximal frequent itemsets. In Cercone,
N., Lin, T.Y., Wu, X., eds.: Proceedings of the 2001 IEEE International Conference
on Data Mining. IEEE Computer Society (2001) 163–170

16. Kryszkiewicz, M.: Concise representation of frequent patterns based on disjunction-
free generators. In Cercone, N., Lin, T.Y., Wu, X., eds.: Proceedings of the 2001
IEEE International Conference on Data Mining, IEEE Computer Society (2001)
305–312



17. Mannila, H., Toivonen, H.: Multiple uses of frequent sets and condensed represen-
tations. In Simoudis, E., Han, J., Fayyad, U.M., eds.: Proceedings of the Second
International Conference on Knowledge Discovery and Data Mining (KDD-96),
AAAI Press (1996) 189–194
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