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Abstract. The maximum intersection problem for a matroid and a gree-
doid, given by polynomial-time oracles, is shown N P-hard by expressing
the satisfiability of boolean formulas in 3-conjunctive normal form as
such an intersection. Also the corresponding approximation problem is
shown N P-hard for certain approximation performance bounds. This
is in contrast with the maximum matroid-matroid intersection which is
solvable in polynomial time by an old result of Edmonds.

1 Introduction

A set system (S, F) where S is a finite set (the domain of the system) and F is
a collection of subsets of S is a matroid if

(M1) 0 € F;

(M2) If Y C X € FthenY € F;

(M3) If XY € F and |X| > |Y| then there is an x € X \ Y such that
Yu{z}eF.

A greedoid is a set system (.5, F') that satisfies (M1) and (M3).

In applications a matroid or a greedoid is given by an oracle, i.e., by a deter-
ministic algorithm that answers the question whether X belongs to F for any
XCS.

Many combinatorial problems can be formulated using matroids or greedoids
(see e.g. [5,6]). The seminal example is the maximum matching problem in bipar-
tite graphs. Each instance of the problem can be represented as the intersection
of two matroids. The maximum matching corresponds to the largest set in the
intersection.

To be able to consider in the matroid-greedoid framework general combi-
natorial problems which have infinitely many instances we introduce families of
matroids and greedoids that have uniform polynomial-time representation. More
formally, let F = {(Sh, Fr)nen} be a possibly infinite set of matroids or gree-
doids. Then F is said to be given by a wniform polynomial-time oracle if there
is an algorithm O, that when given h and some X C S;, answers whether or not
X € Fy,. The algorithm O runs in polynomial time in |S|.
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Let F = {(Sh, Fr)nern} and G = {(Sh, Gr)nen} be two such families given
by uniform polynomial-time oracles. Note that the index set H is the same for
both and for given h, both have the same domain S},.

The maximum intersection problem for F and G is to find, given an index
h € H, aset X € F;, NG}, such that | X| is maximum.

Edmonds [3] gave the first polynomial-time solution for the intersection prob-
lem in the case that both F and G are families of matroids. In this paper we
consider the obvious next step, namely the intersection of families of matroids
and greedoids.

In Section 2 we show, by reduction from the 3SAT, that the maximum in-
tersection problem for a matroid family and a greedoid family, given by uniform
polynomial-time oracles, is N P-hard. In Section 3 we modify the above con-
struction to show that the maximum matroid-greedoid intersection is not ap-
proximable within a factor |Sy|!~¢ for any fixed € > 0 and its weighted version,
the maximum weight matroid-greedoid intersection, is not approximable within
215n1* for any fixed k > 0, unless P = NP.

2 N P-hardness

Recall that the N P-complete problem 3-satisfiability (3SAT) is, given a boolean
formula h in 3-conjunctive normal form (3CNF), to decide whether or not there
is a truth assignment Z for the variables of h such that h(Z) = true.

We construct the instance (S, Fy), (Sh, Gp) of matroid-greedoid intersection
that corresponds to h as follows. Let h contain n different boolean variables. Then
Sy, contains symbols ¢y, f1,...,tn, fn. The symbols ¢, f1,...,t,, frn will be used
to encode truth assignments: ¢; encodes that the ith variable is true and f; that
it is false.

The subset collection Fj, consists of all subsets of S}, that contain at most
one of symbols t;, f; for i = 1,... n. It is immediate, that (Sy, F},) satisfies the
matroid properties (M1), (M2) and (M3).

The subset collection G}, consists of two groups. The first group A consists
of all subsets X of S, such that |X| < n and X N{¢t,, f} = 0. The second group
B consists of the sets that represent a truth assignment that satisfies h. Such a
set is of size n and contains one element from each t;, f;.

To verify that (Sp,Gp) is a greedoid, first note that (M1) is obviously true.
To verify (M3), let X,Y € G}, such that | X| > |Y].

1. If | X| < n then X and Y must belong to group A. Hence for any element
xz € X\Y,set Y U{x} belongs to group A and hence to Gj,.

2. If | X|=nand |[X\Y]|=1then YU(X\Y) = X, ie., property (M3) holds.

3. In the remaining case |X| =n and | X \ Y| > 1. As X \ Y contains at least
two elements and no set of G, contains both t¢,, and f,,, at least one element
z € X \'Y must be different from ¢, f,. Then Y U {x} belongs to group A.

The matroid-greedoid intersection Fj, NG}, contains a set X such that | X| =n
if and only if the group B in the definition of G} is non-empty, that is, if and



only if h is satisfiable. As such a set X is also the largest in Fy N G}, we have
shown:

Lemma 1. Boolean formula h is satisfiable if and only if the mazimum element
in F, NGy, for matroid (Sy, Fp) and greedoid (Sy, Gy) is of size n where n is the
number of variables of h.

The above construction yields a matroid family F = {(Sh, F)nescnr} and
a greedoid family G = {(S},, Gp)nrescnr - Both have a uniform polynomial-time
oracle for checking membership in Fj, and Gj: The only nontrivial task of the
oracle is to verify when a truth assignment satisfies a given formula A, but this
is doable in polynomial time in |h| using well-known techniques. As |h| = O(n?)
for a 3CNF formula h and |Sp| = 2n, the running time of the oracle is in fact
polynomial in |S}y|, as required.

It follows from Lemma 1 that our construction is a polynomial-time reduction
of 3SAT to the maximum matroid-greedoid intersection problem. Therefore we
have the following.

Theorem 1. The maximum intersection problem for a matroid family and a
greedoid family that are given by uniform polynomial-time oracles is N P-hard.

Also the maximum weight matroid-greedoid intersection is N P-hard since
maximum matroid-greedoid intersection is its special case. In this problem one
should find, given integer weights w(x) for x € Sy, a set X € F, N Gy, such that
> zex w(z) is maximum.

3 Inapproximability

As the maximum matroid-greedoid intersection problem is a maximization prob-
lem whose exact solution turned out to be N P-hard, it is of interest to see
whether or not an approximation algorithm with a performance guarantee is
possible. An approximation algorithm would find an element in the intersection
of the matroid and the greedoid which is not necessarily the largest one.

Following the standard approach (see e.g. [1,2]), we say that maximization
problem is polynomial-time approzimable within r where r is a function from N
to N if there is a polynomial-time algorithm that finds for each instance x of the
problem a feasible solution with value ¢(z) such that

CMax (l’)
c(x)

where cpq.(2z) is the largest possible value (the optimal value) of a feasible
solution of x. The performance ratio of such an approximation algorithm is
bounded by the performance guarantee 7.

<r(lz))

Theorem 2. The maximum intersection problem for a matroid family and a
greedoid family with domains {Sy, : h € H}, given by uniform polynomial-time
oracles, is not polynomial-time approzimable within |Sy|'=¢ for any fived € > 0,
unless P = NP.



Proof. Assume that for some € > 0, the maximum matroid-greedoid intersection
is polynomial-time approximable within |S,|!~¢. We show that then we can solve
3SAT in polynomial time.

As in the proof of Lemma 1, let h again be a boolean formula with n variables
in 3-conjunctive normal form. Now set Sj contains in addition to the truth as-
signment symbols t1, f1,...,t,, frn also some indicator elements p;, 1 <14 < I(e).
Here the number of indicators, I(¢), depends on ¢ as will be shown below. The
indicators are needed for padding the elements of the matroid and the greedoid
such that the maximum intersection becomes for a satisfiable h sufficiently larger
than for a non-satisfiable h.

We again construct a matroid (S, Fy) and (Sp, Gp) as follows.

The subset collection F}, contains all subsets of S}, that do not contain both
t; and f; for any 1 < i < n. It is again clear, that (S, F},) satisfies properties
(M1) and (M2). As regards (M3), let X,Y € F}, such that | X| > |Y|. If there
is some indicator = in X \ 'Y, then Y U {z} € F},. Otherwise X must contain
more truth assignment symbols that Y. Then there must be index 7 such that
either t; or f;, call it =, belongs to X but neither of ¢; and f; belongs to Y. Then
Y U{x} € Fp,. Thus (Sh, Fy) is a matroid.

The subset collection G, consists of three groups. Group A and B are exactly
same as in the construction of Lemma 1. Hence the sets in groups A and B do
not contain any indicator elements. Group C consists of the sets of size n in
groups A and B, padded with indicators in all possible ways. That is, if X € A
or X € Bsuch that | X| =n and @ is a non-empty subset of {p1,...,pr(}, then
X U @ belongs to group C.

To verify that (S, G},) is a greedoid, property (M1) clearly holds. To verify
(M3), let X,Y € Gy, |X| > |Y| and consider the following cases.

1. If Y] < n then there is a truth assignment symbol x € X \ 'Y such that
Y U {z} belongs to group A or to group B as shown in the proof of Lemma
1.

2. If |Y| > n then there is there is an indicator z € X \ 'Y and thus Y U {z}
belongs to group C.

By our construction, the boolean formula A is satisfiable if and only if the
largest element in Fj, N Gy, is of size |Sy| —n = I(e) + n. Otherwise the size of
the largest element is at most n — 1.

Let now () = (2n)"/¢ — 2n. Thus |S)| = (2n)"°. To test the satisfiability of
h we use the approximation algorithm to find a approximately largest element
of Fj, NGy,. Let ¢ be the size of this element. If h is not satisfiable then certainly
¢ < n. On the other hand, if h is satisfiable, then the largest element of Fy, NGy,
is of size |Sp| — n. Therefore
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where the second inequality follows from that |Sy| > 2n. Hence ¢ > n if h is
satisfiable and ¢ < n if it is not. We have a polynomial-time satisfiability test
because I(e) is a polynomial in n and hence in |h| when € is fixed, and therefore
the matroid family {(Sh, Fr)nesonr} and the greedoid family {(Sh, Gr)rescnr }
can be represented by uniform oracles whose run times are polynomial in | S},
hence in |h|. O

Theorem 3. The mazximum weight intersection problem for a matroid family
and a greedoid family with domains {Sy, : h € H}, given by uniform polynomial-
time oracles, is not polynomial-time approximable within 2lSnl* for any fixed
k>0, unless P= NP.

Proof. The construction is similar to the proof of Theorem 2.

Domain S}, consists of the truth assignment symbols and only one indicator
element. The indicator has weight n2!Se® — 5 while all the truth assignment
symbols have weight equal to 1. Then the formula & is satisfiable if and only
if the heaviest element in Fj N G} has weight n2l51" . Otherwise the heaviest
element weights less than n.

Let ¢ be the weight obtained by an approximation algorithm that is assumed
to approximate the optimal solution within 218x1* If h is not satisfiable then
¢ < n. Otherwise

n2!Snl”

C

< 9lSnl*

which means that ¢ > n.

We again have a polynomial-time satisfiability test because |Sp| = 2n + 1
and therefore the weights have polynomial-size (binary) representations in |h|
and hence the weighted set Sj, can be constructed in polynomial time in |h|.
Moreover, the uniform oracles for the families of (S, F}) and (Sp, Gr) can be
made to run in polynomial time in |h| as before. O
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