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Abstract

Discovering patterns from data is an important task in data mining.
There exist techniques to find large collections of many kinds of
patterns from data very efficiently. A collection of patterns can
be regarded as a summary of the data. A major difficulty with
patterns is that pattern collections summarizing the data well are
often very large.

In this dissertation we describe methods for summarizing pattern
collections in order to make them also more understandable. More
specifically, we focus on the following themes:

Quality value simplifications. We study simplifications of pat-
tern collections based on simplifying the quality values of the
patterns. Especially, we study simplification by discretiza-
tion.

Pattern orderings. It is difficult to find a suitable trade-off be-
tween the accuracy of the representation and its size. As a
solution to this problem, we suggest that patterns could be
ordered in such a way that each prefix of the pattern ordering
gives a good summary of the whole collection.

Pattern chains and antichains. Virtually all pattern collections
have natural underlying partial orders. We exploit the partial
orders over pattern collections by clustering the patterns into
chains and antichains.

Change profiles. We describe how patterns can be related to each
other by comparing how their quality values change with re-
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spect to their common neighborhoods, i.e., by comparing their
change profiles.

Inverse pattern discovery. As the patterns are often used to
summarize data, it is natural to ask whether the original data
set can be deduced from the pattern collection. We study the
computational complexity of such problems.

Computing Reviews (1998) Categories and Subject Descriptors:
EA4 Coding and Information Theory: Data Compaction
and Compression
H.2.8 Database Applications: Data Mining

1.2 Artificial Intelligence
124 Knowledge Representation Formalisms and
Methods

General Terms: Algorithms, Theory, Experimentation

Additional Key Words and Phrases: Pattern Discovery,
Condensed Representations of Pattern Collections,
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CHAPTER 1

Introduction

“But what kind of authentic and valuable informa-
tion do you require?” asked Klapaucius.

“All kinds, as long as it’s true”, replied the pirate.
“You never can tell what facts may come in handy. I al-
ready have a few hundred wells and cellars full of them,
but there’s room for twice again as much. So out with
it; tell me everything you know, and I'll jot it down.
But make it snappy!”

Stanislaw Lem: The Cyberiad (1974)

Mankind has achieved an impressive ability to store data [Rie03].
The capacity of digital data storage has doubled every nine months
for at least a decade [FUQ2]. Furthermore, our skills and interest
to collect data are also remarkable [LV03].

Our ability to process the collected data is not so impressive.
In fact, there is a real danger that we construct write-only data
stores that cannot be exploited using current technologies [EU02].
Besides constructing data tombs that contain snapshots of our world
for the tomb raiders of the forthcoming generations, this is not very
useful. It can be said that we are in a data rich but information
poor situation [HKO1].

In addition to the immense amount of data being collected, the
data is becoming increasingly complex and diverse [Fay01], [SPF02|:
companies collect data about their customers to maximize their
expected profit [KRS02], scientists gather large repositories of ob-
servations to better understand nature [HAK™02] and governments
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2 1 Introduction

of many countries are collecting vast amounts of data to ensure the
homeland security which has been recognized to be a very impor-
tant issue due to the globalization of conflicts and terrorism [Yen04].
When several different data repositories are combined, the data con-
cerning even only a single person can be tremendously large and
complex.

Due to the weakness of the current techniques to exploit large
data repositories and the complexity of the data being collected, a
new discipline known as data mining is emerging in the intersec-
tion of artificial intelligence, databases and statistics. The current
working definition of this new field is the following [HMSO01]:

Data mining is the analysis of (often large) observa-
tional data sets to find unsuspected relationships and
to summarize the data in novel ways that are both un-
derstandable and useful to the data owner.

On one hand this definition is acceptable for a large variety of
data mining scholars. On the other hand its interpretation depends
on several imprecise concepts: The meanings of the words 'unsus-
pected’, 'understandable’ and 'useful’ depend on the context. Also
the words ’relationships’ and ’summarize’ have vast number of dif-
ferent interpretations. This indeterminacy in general seems to be
inherent to data mining since the actual goal is in practice deter-
mined by the task at hand.

Albeit the inherent vagueness of the definition, the field of data
mining can be elucidated by arranging the techniques to groups of
similar approaches. The techniques can be divided roughly to two
parts, namely to global and local methods.

Global methods concern constructing and manipulating global
models that describe the entire data. Global models comprise most
of the classical statistical methods. For example, the Gaussian
distribution function is a particularly well-known global model for
real-valued data. The focus in the data mining research of global
methods has been on developing and scaling up global modeling
techniques to very large data sets.

Local methods focus on discovering patterns from data. Patterns
are parsimonious summaries of subsets of data [FU02]. The rule
“People who buy diapers tend to buy beer” is a classical example
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of such pattern. In contrast to global modeling approach, pattern
discovery as a discipline in its own right is relatively new [Han02).
(The term ’discovery’ has recently been criticized in the context of
data mining to be misleading since data mining is based on scien-
tific principles and it can be argued that science does not discover
facts by induction but rather invents theories that are then checked
against experience [PB02]. The term is used, however, in this dis-
sertation because of its established use in data mining literature.)

The global and local methods can be summarized in the following
way. The global modeling approach views data mining as the task of
approzimating the joint probability distribution whereas the pattern
discovery can be summarized in the slogan: data mining is the
technology of fast counting [Man02].

The distinction to global models and local patterns is not strict.
Although a Gaussian distribution is usually considered as a global
model, it can be also a pattern: each Gaussian distribution in a
mixture of Gaussians is assumed to describe only a part of the
data.

This work focuses on pattern discovery. There exist effective
techniques to discover many kinds of patterns [GZ03, MT97]. Due
to that fact the question of how the discovered patterns could ac-
tually be exploited is becoming increasingly important. Often the
answer to that question is tightly coupled with the particular ap-
plication. Many problems, obstacles and characteristics, however,
are shared with different applications.

A very important application of patterns is to summarize given
data as a collection of patterns, possibly augmented with some aux-
iliary information such as the quality values of the patterns. Un-
fortunately, often the size of the pattern collection that faithfully
represents the aspects of the data considered to be relevant is very
large. Thus, in addition to data tombs, there is a risk of construct-
ing also pattern tombs.

1.1 The Contributions and the Organization

The main purpose of this dissertation is to study how to summarize
pattern collections by exploiting the structure of the collections and
the quality values of the patterns. The rest of the dissertation is
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organized as follows.

Chapter [2| provides an introduction to pattern discovery that is
sufficient to follow the rest of the dissertation. It contains a
systematic derivation of a general framework for pattern dis-
covery, a brief overview of the current state of pattern discov-
ery and descriptions of the most important (condensed) repre-
sentations of pattern collections. Furthermore, some technical
challenges of pattern exploitation are briefly discussed.

Chapter [3| concerns simplifying pattern collections by simplify-
ing the quality values of the patterns. The only assumption
needed about the pattern collection is that there is a quality
value associated to each pattern.

We illustrate the idea of constraining the quality values of the
patterns by discretizing the frequencies of frequent itemsets.
We examine the effect of discretizing frequencies to the accu-
racies of association rules and propose algorithms for comput-
ing optimal discretizations with respect to several loss func-
tions. We show empirically that discretizations with quite
small errors can reduce the representation of the pattern col-
lection considerably.

Chapter [4] focuses on trade-offs between the size of the pattern
collection and its accuracy to describe the data. The chapter
suggests to order the patterns by their abilities to describe the
whole pattern collection with respect to a given loss function
and an estimation method. The obtained ordering is a refining
description of the pattern collection and it requires only a loss
function and an estimation method.

We show that for several pairs of loss functions and estimation
methods, the most informative k-subcollection of the patterns
can be approximated within a constant factor by the k-prefix
of the pattern ordering for all values of k simultaneously.
We illustrate the pattern orderings by refining approxima-
tions closed itemsets and tilings of transaction databases. We
evaluate the condensation abilities of the pattern orderings
empirically by computing refining approximations of closed
frequent itemsets. The results show that already short pre-
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fixes of the orderings of the frequent itemsets are sufficient to
provide reasonably accurate approximations.

Chapter 5| is motivated by the fact that a pattern collection has
usually some structure apart from the quality values of the
patterns. Virtually all pattern collections have non-trivial
partial orders over the patterns. In this chapter we suggest
the use of minimum chain and antichain partitions of partially
ordered pattern collections to figure out the essence of a given
pattern collection.

For an arbitrary pattern collection, its chain and antichain
partitions provide clusterings of the collection. The bene-
fit from the chain partition can be even greater: for many
known pattern collections, each chain in the partition can be
described as a single pattern. The chain partitions give a
partially negative answer to the question whether a random
sample of the data is essentially the best one can hope. We
evaluate empirically the ability of pattern chains to condense
pattern collections in the case of closed frequent itemset col-
lections.

Chapter [6] introduces a novel approach to relate patterns in a pat-
tern collection to each other: patterns are considered similar
if their change profiles are similar, i.e., if their quality values
change similarly with respect to their common neighbors in a
given neighborhood relation. This can be seen as an attempt
to bridge the gap between local and global descriptions of the
data.

A natural way of using similarities is the clustering of pat-
terns. Unfortunately, clustering based on change profiles turns
out to be computationally very difficult. Because of that,
we discuss advantages and disadvantages of different heuris-
tic approaches to cluster patterns using change profiles. Fur-
thermore, we demonstrate that change profiles can determine
meaningful (hierarchical) clusterings. In addition to examin-
ing the suitability of change profiles for comparing patterns,
we propose two algorithms for estimating the quality values
of the patterns from their approximate change profiles. To
see how the approximate change profiles affect the estimation
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of the quality values of the patterns, the stability of the fre-
quency estimates of the frequent itemsets is empirically eval-
uated with respect to different kinds of noise.

Chapter [7] studies the problems of inverse pattern discovery, i.e.,
finding data that could have generated the patterns. In par-
ticular, the main task considered in the chapter is to decide
whether there exists a database that has the correct frequen-
cies for a given itemset collection. This question is relevant
in, e.g., privacy-preserving data mining, in quality evaluation
of pattern collections, and in inductive databases. We show
that many variants of the problem are NP-hard but some
non-trivial special cases have polynomial-time algorithms.

Chapter 8| concludes this dissertation.



CHAPTER 2

Pattern Discovery

This chapter provides an introduction to pattern discovery, one of
the two main sub-disciplines of data mining, and its central con-
cepts that are used through and through this dissertation. A gen-
eral framework is derived for pattern discovery, the most important
condensed representations of pattern collections are introduced and
the purpose of patterns in shortly discussed.

2.1 The Pattern Discovery Problem

The goal in pattern discovery is to find interesting patterns from
given data [Han02, [Man02]. The task can be defined more formally
as follows:

Problem 2.1 (pattern discovery). Given a class P of patterns
and an interestingness predicate ¢ : P — {0,1} for the pattern
class, find the collection

Py,={pcP:qlp) =1}

of interesting patterns. Its complement Pz = P \ P, is called the
collection of uninteresting patterns in P with respect to gq.

The pattern discovery problem as defined above consists of only
two parts: the collection P of possibly interesting patterns and the
interestingness predicate gq.

The pattern collection P constitutes a priori assumptions of
which patterns could be of interest. The collection P is usually
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not represented explicitly since its cardinality can be very large,
sometimes even infinite. For example, the collection of patterns
could consist of all regular expressions over a given alphabet 3.
(For an introduction to regular expressions, see e.g. [HMUO1].) This
collection is infinite even for the unary alphabet.

The absence of data from the definition might be a bit confus-
ing at first. It is omitted on purpose: Often the interestingness
predicate depends on data and the data is usually given as a pa-
rameter for the predicate. This is not true in every case, however,
since the interestingness (or, alternatively, the quality) of a pattern
can be determined by an expert who has specialized to some par-
ticular data set and the interestingness predicate might be useless
for any other data set regardless of its form. For example, a com-
pany offering industrial espionage that is specialized to investigate
power plants can be rather poor detecting interesting patterns from
gardening data.

Defining a reasonable interestingness predicate is usually a highly
non-trivial task: the interestingness predicate should capture most
truly interesting patterns and only few uninteresting ones.

Due to these difficulties, a relaxation of an interestingness pred-
icate, an wnterestingness measure

¢:P—10,1]

expressing the quantitative value ¢(p) of the interestingness (or the
quality) for each pattern p € P is used instead of an interestingness
predicate. In this dissertation the value ¢(p) of p € P is called the
quality value of p with respect to the interestingness measure ¢, or
in short: the quality of p. Many kinds of interestingness measures
have been studied in the literature, see e.g. [TKS02].

Example 2.1 (an interestingness measure). Let the data set
consist of names of recently born children and their ages (that
are assumed to be strictly positive), i.e., let D be a set of pairs
(name, age) € ¥* x Ry.

An interestingness measure ¢ for the pattern class Pregexp con-
sisting of all regular expressions could be defined as follows. Let D,
be the group of children whose names satisfy the regular expression
D € Pregexp- The quality of a pattern p € Pregexp is the smallest age
of any child in D divided by the average ages the children whose
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names belong to the regular language p, i.e.,
min {age : (name, age) € D}

Z(name,age>€D|p age) / ’{age : <nam€7 ag€> = D‘P}’

MRDF=(

O

There are many reasons why interestingness measures are fa-
vored over interestingness predicates. An important reason is that it
is often easier to suggest some degrees of interestingness for the pat-
terns in the given collection than to partition the patterns into the
groups of strictly interesting and uninteresting ones. In fact, using
an interestingness measure, instead of an interestingness predicate,
partially postpones the difficulty of fixing a suitable interestingness
predicate, since an interestingness measure implicitly determines an
infinite number of interestingness predicates:

ﬂMZ{l 1 ow) 2o

0 otherwise.

In addition to these practical reasons, there are also some more
foundational arguments that support the use of interestingness mea-
sures instead of predicates. Namely, it can be argued that the actual
goal in pattern discovery is not merely to find a collection of inter-
esting patterns but to rank the patterns with respect to their quality
values [MieO4a]. Also, due to the exploratory nature of data min-
ing, it might not be wise to completely discard the patterns that
seem to be uninteresting, since you never can tell what patterns
may come in handy. Instead, it could be more useful just to list the
pattern in decreasing order with respect to their quality values.

Also the interestingness predicates can be defended against the
interestingness measures. The interestingness predicates determine
collections of patterns whereas the interestingness measures deter-
mine rankings (or gradings). On one hand, the interestingness pred-
icates can be manipulated and combined by boolean connectives.
Furthermore, the manipulations have direct correspondents in the
pattern collections. Combining rankings corresponding to interest-
ingness measures, on the other hand, is not so straightforward.

Thus, the interestingness predicates and the interestingness mea-
sures have both strong and weak points. Due to this, the majority
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of pattern discovery research has been focused on the combination
of interestingness measures and predicates: they consider discover-
ing collections of interesting patterns augmented by their quality
values.

2.2 Frequent Itemsets and Association Rules

The most prominent example of pattern discovery is discovering
(or mining) frequent itemsets from transaction databases [AIS93,
Man02].

Definition 2.1 (items and itemsets). A set of possible items is
denoted by Z. An itemset X is a subset of Z. For brevity, an itemset
X consisting items Aj, As, ... ,A|X| can be written A;A5 .. .A|X‘
instead of {Al,AQ, e ,A‘X|}.

Definition 2.2 (transactions and transaction databases). A
transaction t is a pair (i, X) where i is a transaction identifier (tid)
and X is an itemset. The number of items in the itemset X of a
transaction ¢ = (i, X) is denoted by |t|.

A transaction database D is a set of transactions. Each trans-
action in D has a unique transaction identifier. The number of
transactions in the transaction database D is denoted by |D| and
the set of transaction identifiers in D by tid(D) = {i : (i, X) € D}.
In the context of this dissertation it is assumed, without loss of
generality, that tid(D) = {1,...,|D|}.

The set of occurrences of an itemset X in D is the set

oce(X,D) ={i: (i,X) € D}

of transaction identifiers of the transactions (i, X) € D. The num-
ber of occurrences of X in D is denoted by count(X, D) = |occ(X, D).

Another important aspect for frequent itemsets is the definition
of what it means that an itemset is frequent with respect to a
transaction database.

Definition 2.3 (covers, supports and frequencies). A trans-
action ¢t = (i,Y) in a transaction database D is said to cover or
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support an itemset X if X C Y. The cover of an itemset X in D is
the set
cover(X,D)={i: (;,Y)e D, X CY}

of transaction identifiers of the transactions in D that cover X. The
support of X in D is denoted by supp(X, D) and it is equal to the
cardinality of the cover of X in D, i.e.,

supp(X, D) = |cover(X,D)|.

The frequency of X in D is its support divided by the number of
transactions in D, i.e.,

supp(X, D)

fr(X,D) = D]

The database D can be omitted from the parameters of these
functions when D is not known or needed. If there are several
itemset collections Fi,...,F,, with different covers, supports or
frequencies, we denote the cover, the support and the frequency of
an itemset X in the collection F; (1 < i < m) by cover(X,F;),
supp(X,F;) and fr(X,F;), respectively.

Based on these definitions, the frequent itemset mining problem
can be formulated as follows:

Problem 2.2 (frequent itemset mining [AIS93]). Given a
transaction database D and a minimum frequency threshold o €
(0,1], find all o-frequent itemsets in D, i.e., all itemsets such that
fr(X,D) > o. The collection of o-frequent itemsets is denoted by
F(o,D).

Example 2.2 (frequent itemsets). Let the transaction data-
base D consist of transactions (1, ABC), (2, AB), (3, ABCD) and
(4, BC'). Then the frequencies of itemsets in D are as shown in
Table For example, the collection F(2/4,D) of 2/4-frequent
itemsets in D is {0, A, B,C, AB, AC, BC, ABC'}.

O

Probably the most well-known example of frequent itemset min-
ing tasks is the market basket analysis. In that case the items are
products available for sale. Each transaction consists of a trans-
action identifier and a subset of the products that typically corre-
sponds to items bought in a single purchase, i.e., the transactions
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Table 2.1: Itemsets and their frequencies in D.

| X [fX,D)]
0 1
A 3/4
B 1
C 3/4
AB 3/4
AC 2/4
BC 3/4
ABC 2/4
ABCD 1/4

are market baskets. (Alternatively each transaction can correspond
to all items bought by a single customer, possibly as several shop-
ping events.) Thus, frequent itemsets are the sets of products that
people tend to buy together as a single purchase event.

The frequent itemsets are useful also in text mining. An impor-
tant representation of text documents is the so-called bag-of-words
model where a document is represented as a set of stemmed words
occurring in the document. Thus, items correspond to the stemmed
words and each document is a transaction. The frequent itemsets
are the sets of stemmed words that occur frequently together in the
documents of the document collection.

Web mining is yet another application of frequent itemsets. There
each item could be, for example, a link pointing at (from) a certain
web page and each transaction could the correspond to the links
pointing from (at) a web page. Then the frequent itemsets cor-
respond to groups of web pages that are referred concurrently by
(that refer concurrently) the same web pages.

2.2.1 Real Transaction Databases

The purpose of data mining is to analyze data. Without data there
is not much data mining. Also the methods described in this dis-
sertation are demonstrated using real data and the patterns discov-
ered from the data. More specifically, in this dissertation, we use
the (frequent) itemsets mined from three transaction databases as
running examples of pattern collections (of interesting patterns).
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The two main reasons for this are that many data analysis tasks
can be modeled as frequent itemset mining and frequent itemset
mining has been studied very actively for more than a decade.

We use a course completion database of the computer science
students at the University of Helsinki to illustrate the methods
described in this dissertation. Each transaction in that database
corresponds to a student and items in a transaction correspond to
the courses the student has passed. As data cleaning, we removed
from the database the transactions corresponding to students with-
out any passed courses in computer science. The cleaned database
consists of 2405 transactions corresponding to students and 5021
different items corresponding to courses.

The number of students that have passed certain number of
courses and the the number of students passed each course are
shown in Figure 2.1 The courses that at least a 0.20-fraction of
the student in the course completion database have passed (i.e.,
the 34 most popular courses) are shown as Table The 0.20-
frequent itemsets in the course completion database are illustrated

by Example

Example 2.3 (0.20-frequent itemsets in the course comple-
tion database). Let us denote by F (o, D)[i] the o-frequent item-
sets in D with cardinality . Then the cardinality distributions of
the 0.20-frequent itemsets in the course completion database and
the most frequent itemsets of each cardinality in that collection are
as shown in Table

O

The condensation approaches described in Chapters[3}{6]are quan-
titatively evaluated using two data sets from UCI KDD Reposi-
tory (http://kdd.ics.uci.edu/)): Internet Usage data consisting
of 10104 transactions and 10674 items, and IPUMS Census data
consisting of 88443 transactions and 39954 items.

The transaction database Internet Usage is an example of dense
transaction databases and the transaction database IPUMS Census
is a sparse one: in the Internet Usage database only few o-frequent
itemsets are contained exactly in the same transactions whereas in
the IPUMS Census databases many o-frequent itemsets are con-
tained in exactly the same transactions. (This holds for many dif-
ferent values of o). This means also that most of the frequent
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Figure 2.1: The number of transactions of different cardinalities
(top) and the item counts in the course completion database (bot-
tom).
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Table 2.2: The courses in the course completion database that at
least a 0.20-fraction of the students in the database has passed. The
columns are the rank of the course with respect to the support, the
number of students that have passed the course, the official course
code and the name of the course, respectively.

’ rank ‘ count ‘ code | name

2076 | 50001 | Orientation Studies

1587 | 99270 | Reading Comprehension in English
1498 | 58160 | Programming Project

1210 | 58123 | Computer Organization

1081 | 58128 | Introduction to UNIX

1071 | 58125 | Information Systems

1069 | 58131 | Data Structures

1060 | 58161 | Data Structures Project

931 99280 | English Oral Test

920 58127 | Programming in C

856 | 58122 | Programming (Pascal)

803 99291 | Oral and Written Skills in the Second Of-
ficial Language, Swedish

12 763 58162 | Information Systems Project

13 760 58132 | Concurrent Systems

14 755 58110 | Scientific Writing

15 748 58038 | Database Systems I

16 744 57031 | Approbatur in Mathematics I

17 733 | 581259 | Software Engineering

18 709 57019 | Discrete Mathematics 1

19 697 | 581330 | Models for Programming and Computing
20 695 50028 | Maturity Test in Finnish

21 677 | 581327 | Introduction to Application Design
22 655 | 581326 | Programming in Java

23 651 | 581328 | Introduction to Databases

24 650 | 581325 | Introduction to Programming

25 649 | 581256 | Teacher Tutoring

26 628 57013 | Linear Algebra I

27 586 | 57274 | Logic I

28 585 | 580212 | Introduction to Computing

29 568 | 581324 | Introduction to the Use of Computers
30 567 58069 | Data Communications

31 564 | 581260 | Software Engineering Project

32 520 57032 | Approbatur in Mathematics 11

33 519 | 581329 | Database Application Project

CE 0o ok wn = O




16 2 Pattern Discovery

Table 2.3: The number of the 0.20-frequent itemsets of each cardi-
nality in the course completion database, the most frequent itemsets

of each cardinality and their supports.
’ ) ‘ | F (e, D)[i]| ‘ the largest X € F(o,D)]i ‘ supp(X, D) ‘

0 1 0 2405
1 34 {0} 2076
2 188 {0,1} 1345
3 474 {2,3,5} 960
4 717 {0,2,3,5) 849
5 626 {0,2,3,4,5} 631
6 299 {0,2,3,5,7,12} 588
7 72 {2,3,5,7,12,13,15} 547
8 8 {0,2,3,5,7,12,13,15} 512

itemsets in Internet Usage are closed whereas most of the frequent
itemsets in IPUMS Census are not. (See Definition for more
details on itemsets being closed.)

2.2.2 Computing Frequent Itemsets

The frequent itemset mining problem has been studied extensively
for more than a decade and several efficient search strategies have
been developed, see e.g. [AIS93, IAMS™96, [GZ03, HPYMO04, [Zak00].
Most of the techniques follow the generate-and-test approach: the
collection of frequent itemsets is initialized to consist of the empty
itemset with support equal to the number of transactions in the
database. (This is due to the fact that the empty itemset is con-
tained in each transaction which means also that its frequency is
one.) Then the collections of itemsets that might be frequent are
generated and tested repeatedly until it is decided that there are
no more itemsets that are not tested but could still be frequent.
The most important property of frequent itemsets for search space
pruning and candidate generation is the anti-monotonicity of the
supports with respect to the set inclusion relation.

Observation 2.1. If X C Y, then supp(X,D) > supp(Y,D).
Thus, all subitemsets of frequent itemsets are frequent and all su-
peritemsets of infrequent itemsets are infrequent.
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This observation is largely responsible for the computational
feasibility of the famous frequent itemset mining algorithm APRI-
ORI |[AMS™96] in practice. It or some of its variant is extensively
used in virtually all frequent itemset mining methods.

2.2.3 Association Rules

The itemsets that are frequent in the database are itself summaries
of the database but they can be considered also as side-products of
finding association rules.

Definition 2.4 (Association rules). Let D be a transaction da-
tabase. An association rule is an implication of form X = Y such
that X, Y C Z. The itemset X is called the body (or the antecedent)
of the rule and the itemset Y is known as the head (or the conse-
quent) of the rule.

The accuracy of the association rule X = Y is denoted by

fr(X UY,D)
X=YD)=——-=
rel = VP = Ty
its support supp(X = Y,D) is equal to supp(X UY,D) and the
frequency of the association rule X = Y is

supp(X = Y, D)
D|

fr(X =Y,D) =

An association rule is called simple if the head is a singleton.

To avoid generating redundant association rules, it is usually as-
sumed that the body X and the head Y of the rule X = Y are dis-
joint. Instead of all association rules, typically only the o-frequent
association rules, i.e., the association rules with frequency at least
o are computed. The intuition behind this restriction is that the
support of the association rule immediately tells how many transac-
tions in the database the association rule concerns. Another reason
for concentrating only to o-frequent association rules is that they
can be computed from the o-frequent itemsets by a straightforward
algorithm (Algorithm [2.1)) [AIS93].
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Algorithm 2.1 Association rule mining.

Input: A collection F (o, D) of o-frequent itemsets in a transaction
database D.
Output: The collection R of association rules over the collection
F(o,D).
1: function ASSOCIATION-RULES(F (o, D))
2 R—0
3 for all Y € F(o,D) do
4: for all X C Y do
5: R—RU{X=Y\X}
6 end for
7 end for
8 return R
9: end function

2.3 From Frequent ltemsets to Interesting
Patterns

The definition of frequent itemsets readily generalizes to arbitrary
pattern collections P and databases D such that the frequency of
a pattern p € P in the database D can be determined. Also asso-
ciation rules can be defined for a pattern collection P if there is a
suitable partial order < over the collection.

Definition 2.5 (partial order). A partial order < is a transitive,
antisymmetric and reflexive binary relation, i.e., a relation <C P x
P such that p < p'Ap' 2p" = p2p", ppANp Jp=p=yp
and p < p for all p,p/,p"” € P. (Note that p < p’ is equivalent to
(p,p’) €=.) We use the shorthand p < p’ when p < p' but p’ £ p.

Elements p,p’ € P are called comparable with respect to the
partial order < if and only if p < p’ or p’ < p. If the elements are
not comparable, then they are incomparable. A partial order is a
total order in P if and only if all p,p’ € P are comparable.

Association rules can be defined over the pattern collection P
and the partial order < over P if p < p/ implies fr(p, D) > fr(p’, D)
for all p,p’ € P. For example, itemsets are a special case of this:
one such partial order =< over the collection of all itemsets X C T
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is naturally defined by the set inclusion relation
X<Y <—= XCY

holding for all X, Y C Z. Then, by the definition of the frequency
of itemsets (Definition [2.3), X C Y implies fr(X,D) > fr(Y, D) for
all X, Y C 7.

Definition 2.6 (frequent patterns and their association rules).
Let P be a pattern collection, D a database, o a positive value in
the interval [0, 1], and for each pattern p € P, let fr(p, D) denote the
frequency of p in D. The collection F (o, D) of o-frequent patterns
consists of the patterns p € P such that fr(p, D) > o.

Let < be a partial order over the pattern collection P and let p <
p’ imply fr(p,D) > fr(p’,D) for all p,p’ € P. Then an association
rule is a rule p = p’ where p,p’ € P and p < p’. The accuracy of
an association rule p = p’ is

fr(p', D)
fr(p, D)’

The association rules can be generalized also for incomparable
patterns p,p’ € P by defining

acc(p = p', D) =

acc(p = p', D) = m

where p” is such a pattern in P that p,p’ < p” and fr(p”, D) >
fr(p”, D) for all p”" € P with such that p,p’ < p"”.

Example 2.4 (frequent substrings and association rules).
Let s be a string over an alphabet ¥ and let the frequency of a
string p = p1...pp| € X* in s be the number of its occurrences in
s divided by the length of s, i.e.,

B HZ p = si+1...si+|p‘}|
) = T

Furthermore, let the partial order < over the strings in ¥X* be the
substring relation, i.e.,

s Xt <= Hie{O,...,’t’—’8’}28=ti+1...ti+|8|
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for all s,t € X*. As p < p/ then implies fr(p,s) > fr(p/,s), the
association rules can be defined for substrings.

The frequencies of all strings in s can be computed in time O(|s|)
by constructing a suffix tree or a suffix array of s. (For details on
linear-time suffix tree and array constructions, see e.g. [FCFMO0O0,

GK97, [KS03].) O

The previously outlined search strategies to find o-frequent item-
sets and association rules have been adapted to many kinds of pat-
terns such as sequences [WHO04| [Zak01], episodes [CGO3bl I(GAS03],
MTV97], trees [XYLDO03| [Zak02], graphs [ITWMO03, KK01, WWS™02,
YHO02|] and queries [DT01, [GVdB02], MS03].

The interestingness predicate obtained by a minimum frequency
threshold determines a downward closed pattern collection for many
kinds of patterns.

Definition 2.7 (downward closed pattern collections). A
pattern collection P is downward closed with respect to a partial
order < and an interestingness predicate ¢ if and only if p € P,
implies that p’ € P, for all p’ < p.

Many of the pattern discovery techniques are adaptations of the
general levelwise search strategy for downward closed collections
of interesting patterns [MT97]. The search procedure repeatedly
evaluates all patterns whose all subpatterns are recognized to be
interesting. The procedure is described by Algorithm (which is
an adaptation from [MT97]).

Algorithm can be modified in such a way that the require-
ment of having downward closed pattern collection can be relaxed.
Specifically, it is sufficient to require that the collection of poten-
tially interesting patterns that has to be evaluated in the levelwise
search is downward closed in the sense that there is a way to ne-
glect other patterns in the collection. (For an example, see subsec-

tion [2.4.2])

2.4 Condensed Representations of Pattern
Collections

A major difficulty in pattern discovery is that the pattern collec-
tions tend to be too large to understand. Fortunately, the pattern
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Algorithm 2.2 The levelwise algorithm for discovering interesting

patterns.

Input: A pattern collection P, a partial order < over P and an
interestingness predicate ¢ : P — {0, 1} such that p < p’ implies
q(p) = q(p') for all p,p’ € P.

Output: The collection P, of interesting patterns in P.

1: function LEVELWISE(P, <, q)

2: Py —10 > No pattern is known to be interesting.
3: P —P > All patterns are potentially interesting.
4: repeat > Find the minimal still potentially interesting

patterns and check whether they are interesting.

5: K—{peP :pePyp<p=pecPy
6: Py —PyU{peK:q(p)=1}

7 73/<—77/\]C

8: until £ =0

9: return P,

10: end function

collections contain often redundant information and many patterns
can be inferred from the other patterns. That is, the pattern collec-
tion can be described by its subcollection of irredundant patterns.
The irredundancy of a pattern does not always depend only on the
pattern collection and the interestingness predicate but also on the
other irredundant patterns and the method for inferring all patterns
in the collection from the interesting ones.

In pattern discovery literature such collections of irredundant
patterns are known as condensed (or concise) representations of
pattern collections |[CGO03al], although the condensed representa-
tions in the context of data mining were introduced in a slightly
more general sense as small representations of data that are accu-
rate enough with respect to a given class of queries [MT96].

2.4.1 Maximal and Minimal Patterns

Sometimes it is sufficient, for representing the pattern collection, to
store only the mazimal patterns in the collection [GKM™03].

Definition 2.8 (maximal patterns). A pattern p € P is maximal
in the collection P with respect to the partial order < if and only
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if p A p' for all p’ € P. The collection of maximal patterns in P is
denoted by Maz(P, =<).

It can be shown that the maximal interesting patterns in the
collection determine the whole collection of interesting patterns if
the interesting patterns form a downward closed pattern collection.

Proposition 2.1. The collection Maz(Py, =) of the maximal inter-
esting patterns determines the collection Py of interesting patterns
if and only if Py is downward closed.

Proof. If the collection P, is downward closed, then by the defini-
tion of maximality, for each pattern p € P, there is the maximal
pattern in p’ € P, such that p < p’. Furthermore, for each maximal
pattern p’ € P, it holds p < p’ = p € P, if P, is downward closed.

If the collection P, is not downward closed, then there is a non-
maximal pattern p such that p ¢ P, but p < p’ for some p’ € P,.
The maximal patterns in P, are not sufficient to point out that
pattern. ]

The maximal patterns in the collection of o-frequent itemsets,
i.e., the maximal o-frequent itemsets in D, are denoted by FM(a, D).
Representing a downward closed collection of patterns by the max-
imal patterns in the collection can reduce the space consumption
drastically. For example, the number |FM (o, D)| of maximal fre-
quent itemsets can be exponentially smaller than the number | F (o, D)|
of all frequent itemsets.

Example 2.5 (the number of o-frequent itemsets versus the
number of maximal o-frequent itemsets). Let us consider a
transaction database D consisting only of one tuple (1,Z). For this
database and all possible minimum frequency thresholds o € [0, 1]
we have: |FM(o,D)| =1 and |F(o, D)| = 2. O

Example 2.6 (maximal 0.20-frequent itemsets in the course
completion database). Let us denote the collection of the maxi-
mal o-frequent itemsets in D with cardinality i by FM(o,D)li].
Then the cardinality distributions of the maximal 0.20-frequent
itemsets in the course completion database (see Subsection
and the most frequent itemsets of each cardinality are as shown in
Table 2.4
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Table 2.4: The number of the maximal 0.20-frequent itemsets of
each cardinality in the course completion database, the most fre-

quent itemsets of each cardinality and their supports.
’ ‘ |FM(o, D)[i]| ‘ the largest X € FM(o,D)]i] ‘ supp(X, D) ‘

~.

0 0 - -

1 1 {33} 519
2 21 {2,26} 547
3 41 {0,2,19} 529
4 58 {0,2,7,17} 553
5 38 {2,3,5,9,10} 511
6 66 {0,1,2,3,4,5} 550
7 20 {0,2,3,5,7,14,20} 508
8 8 {0,2,3,5,7,12,13,15} 512

O

Due to the potential reduction in the number of itemsets needed
to find, several search strategies for finding only the maximal fre-
quent itemsets have been developed [BCGO01, BGKMO02, BJ98,IGZ01,
GZ03, GKM™03, [SU03].

It is not clear, however, whether the maximal interesting pat-
terns are the most concise subcollection of patterns to represent
the interesting patterns. The collection could be represented also
by the minimal uninteresting patterns.

Definition 2.9 (minimal patterns). A pattern p € P is minimal
in the collection P with respect to the partial order < if and only
if p’ A p for all p’ € P. The collection of minimal patterns in P is
denoted by Min(P,=).

As in the case of the maximal interesting patterns, it is easy
to see that the minimal uninteresting patterns uniquely determine
the collection of the interesting patterns if the pattern collection is
downward closed.

The collection of minimal o-infrequent itemsets in D is denoted
by ZM(o,D). It is much more difficult to relate the number of
minimal uninteresting patterns to the number of interesting pat-
terns, even when the collection of interesting patterns is downward
closed. In fact, for a downward collection P, of interesting patterns
patterns the number | Min(Pg, <)| of uninteresting patterns cannot
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be bounded very well in general from above nor from below by the
number |P,| of interesting patterns and the number |Maz(P,, =)|
of maximal interesting patterns.

Bounding the number of the minimal infrequent itemsets by the
number of frequent itemsets is also slightly more complex than
bounding the number of maximal frequent itemsets.

Example 2.7 (the number of o-frequent itemsets versus
the number of minimal o-infrequent itemsets). The number
|ZM (0, D)| of minimal infrequent itemsets can be |Z| times larger
than the number of |F (o, D)| frequent itemsets.

Namely, let the transaction database consists of transaction (1, ().
Then F(o,D) = {0} but ZM(o,D) = {{A} : A€ Z}. This is also
the worst case since each frequent itemset X € F(o,D) can have
at most |Z| superitemsets in ZM (o, D).

If the collection ZM (o, D) is empty, then |F (o, D)| > ¢|ZM(c, D)|
for all values ¢ € R. Otherwise, let the transaction database D con-
sist of one transaction with itemset Z \ {A} for each A € 7 and
let ¢ = 1/|D|. Then |ZM(o,D)| is exponentially smaller than
|F(o,D)|. O

It is known that the number |FM(o, D)| of maximal itemset can
be bounded from above by (|Z| — o |D| + 1) |ZM (o, D)| it ZM (o, D)
is not empty [BGKMO02]. Furthermore, it is clear that [ZM (o, D)| <
|Z| | FM(o,D)| for all minimum frequency thresholds o € [0, 1].

The collection ZM (o, D) can be obtained from FM(o,D) by
generating all minimal hypergraph transversals in the hypergraph

{Z\X : X € FM(0,D)},

i.e., in the hypergraph consisting of the complements of the maximal
o-frequent itemsets in D [MT97].

The slack in the bounds between the number of the maximal
frequent and the number of the minimal infrequent itemsets implies
that it cannot be decided in advance without seeing the data which
of the representations — FM(c,D) or ZM(o,D) — is better. In
practice, the smaller of the collections FM(c,D) and ZM (o, D)
can be chosen. Each maximal frequent and each minimal infrequent
itemset determines its subitemsets to be frequent and superitemsets
to be infrequent. Sometimes one can obtain a representation for
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F(o,D) that is smaller than FM (o, D) or ZM(o, D) by choosing
some itemsets from FM (o, D) and some from ZM (o, D) in such
a way that the chosen itemsets determine the collection F(o, D)
uniquely [Mie04¢].

Sometimes it is not sufficient to represent only the collection
of interesting patterns but also the quality values for the patterns
are needed as well. For example, the accuracy of an association
rule X = Y depends on the frequencies of the frequent itemsets
X and X UY. One solution is to determine the pattern collection
as described above and describe the quality values in the collec-
tion of interesting patterns separately. The quality values can be
represented, e.g., by a simplified database [Mie03c] or by a ran-
dom sample of transactions from the database [Mie0O4c]. In these
approaches, however, the condensed representation is not a sub-
collection of the patterns anymore. Thus, a different approach is
required if the condensed representation of the pattern collection is
required to consist of patterns.

2.4.2 Closed and Free Patterns

For the rest of the chapter we shall focus on interestingness mea-
sures ¢ such that p < p’ implies ¢(p) > ¢(p') for all p,p’ € P, i.e.,
to anti-monotone interestingness measures. Then maximal inter-
esting patterns and their quality values determine lower bounds for
all other interesting patterns as well. The highest lower bound ob-
tainable for the quality value of a pattern p from the quality values
of the maximal patterns is

max {¢(p') : p < p' € Maz(Py, <)} .

The patterns p with the quality value matching with the max-
imum quality value of the maximal interesting patterns that are
superpatterns of p can be removed from the collection of poten-
tially irredundant patterns if the maximal interesting patterns are
decided to be irredundant. An exact representation for the col-
lection of interesting patterns can be obtained by repeating these
operations. The collection of the irredundant patterns obtained by
the previous procedure is called the collection of closed interesting
patterns [Z098].
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Definition 2.10 (closed patterns). A pattern p € P is closed
in the collection P with respect to the partial order < and the
interestingness measure ¢ if and only if p < p’ implies ¢(p) > ¢(p')
for all p’ € P. The collection of closed patterns in P is denoted by
CI(P,=,¢). For brevity, < and ¢ can be omitted when they are
clear from the context.

The collection of closed o-frequent itemsets in D is denoted by
FC(o,D). One procedure for detecting the closed patterns (for a
given pattern collection P, a partial order < and an interestingness
measure ¢) is described as Algorithm .

Algorithm 2.3 Detection of closed patterns

Input: A collection P of patterns, a partial order < over P and an
interestingness measure ¢.

Output: The collection CI(P, <, ¢) of patterns in P that are closed
with respect to ¢.

1: function CLOSED-PATTERNS(P, <, ¢)

2: K—P

3: while K # 0 do

4: K' +— Maz(K, <)

5: Cl(P,=,¢) — CI(P,=,¢) UK’

6: K—K\K

T: K—{peK:p ek p=<p=dp)>o@)}
8: end while

9: return CI(P, <, )
10: end function

Example 2.8 (closed frequent itemsets). Let the transaction
database D be the same as in Example ie.,

D ={(1,ABC),(2,AB),(3,ABCD),(4,BC)}.
Then
FC(2/4,D) ={B,AB,BC,ABC} = F(2/4,D)\ {0, A,C, AC} .
O

Example 2.9 (closed 0.20-frequent itemsets in the course
completion database). Let us denote the collection of the closed
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o-frequent itemsets in D with cardinality ¢ by FC(o, D)[i]. Then
the cardinality distributions of the closed 0.20-frequent itemsets
in the course completion database (see Subsection and the
most frequent closed itemsets of each cardinality are as shown in

Table

Table 2.5: The number of the closed 0.20-frequent itemsets of each
cardinality in the course completion database, the most frequent

closed itemsets of each cardinality and their supports.
’ i ‘ |FC(o,D)[i]| ‘ the largest X € FC(o, D)l[i] ‘ supp(X, D) ‘

0 1 0 2405
1 34 {0} 2076
2 186 {0,1} 1345
3 454 {2,3,5} 960
4 638 {0,2,3,5} 849
5 519 {0,2,3,4,5} 681
6 238 {0,2,3,5,7,12} 588
7 58 {2,3,5,7,12,13,15} 547
8 8 {0,2,3,5,7,12,13,15} 512

O

It is a natural question whether the closed interesting patterns
could be discovered immediately without generating all interesting
patterns. For many kinds of frequent closed patterns this question
has been answered positively; there exist methods for mining di-
rectly, e.g., closed frequent itemsets [PBTL99, PCT*03, WHP03,
ZHO02|, closed frequent sequences [WHO04, YHAO3], and closed fre-
quent graphs [YHO3] from data. Recently it has been shown that
frequent closed itemsets can be found in time polynomial in the size
of the output [UAUA04].

The number |CI(P,)| of closed interesting patterns is at most
the number |P,| of all interesting patterns and at least the number
|Maz(P,)| of maximal interesting patterns, since P, O CI(Py) 2
Maz(Py). Tighter bounds for the number of closed interesting pat-
terns depend on the properties of the pattern collection P.

Example 2.10 (the number of o-frequent itemsets versus
the number of closed o-frequent itemsets). Similarly to the
maximal frequent itemsets, the number of closed frequent itemsets
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in the transaction database D = {(1,Z)} is exponentially smaller
than the number of all frequent itemsets for all minimum frequency
thresholds o € (0, 1]. O

However, the number of closed frequent sets can be exponentially
larger than the number of maximal itemsets.

Example 2.11 (the number of maximal o-frequent item-
sets versus the number of closed o-frequent itemsets). Let
D consist of one transaction for each subset of size |Z| — 1 of 7
and [o/(1 — o)] |Z| transactions consisting of the itemset Z. Then
FM(o,D) ={T} but FC(o,D) = {X C T} =2~ O

Example 2.12 (comparing all, closed and maximal o-fre-
quent itemsets in the course completion database). Let us
consider the course completion database (see Subsection [2.2.1)). In
that transaction database, the number of all, closed and maximal
o-frequent itemsets for several different minimum frequency thresh-

olds o are as shown in Table

Table 2.6: The number of all, closed and maximal o-frequent item-
sets in the course completion database for several different minimum
frequency thresholds o.

’ o H all closed maximal
0.50 7 7 3
0.40 18 18 10
0.30 103 103 28
0.25 363 360 80
0.20 2419 2136 253
0.15 19585 12399 857
0.10 208047 82752 4456
0.05 5214764 918604 43386
0.04 12785998 1700946 80266
0.03 38415247 3544444 172170
0.02 || 167578070 | 8486933 414730
0.01 || 1715382996 | 23850242 | 1157338

The number of maximal o-frequent itemsets is quite low com-
pared even to the number of closed o-frequent itemsets. The num-
ber of closed o-frequent itemsets is also often considerably smaller
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than the number of all o-frequent itemsets, especially for low values
of 0. ([l

A desirable property of closed frequent itemsets is that they can
be defined by closures of the itemsets. A closure of an itemset X
in a transaction database D is the intersection of the transactions
in D containing X, i.e.,

X, D)= () Y
(i,YYeD,YDX

Clearly, there is unique closure ¢/(X, D) in the transaction data-
base D for each itemset X. It can be shown that each closed itemset
is its own closure [GW99, KryO01, PBTL99]. Thus, the collection of
closed o-frequent itemsets can be expressed alternatively as

FC(0,D) ={X CT:cl(X,D) =X, fr(X,D) >0c}.

In fact, this is often used as a definition of a closed itemset.
In this dissertation, however, the closed patterns are not defined
using closures; the reason is that it is not clear in the case of other
pattern collections than frequent itemsets whether the closure can
be defined in a natural way and when it is unique.

The levelwise algorithm (Algorithm can be adapted to mine
also closed itemsets: Let FZ(o, D) denote the collection of all o-
frequent items in D and let FC; be the collection of the closed
frequent itemsets at level k. The level for closed itemsets is the
length of the shortest path from the itemset to the closure of the
empty itemset in the partial order defined by the set inclusion re-
lation. Thus, the zeroth level consists of the closure of the empty
itemset. The collection of potentially frequent closed itemsets at
level k (k > 1) consists of closures of X U {A} for each frequent
closed itemset X in level k£ — 1 and each frequent item A ¢ X. The
adaptation of Algorithm for frequent closed itemset mining is
described as Algorithm

The collection of closed interesting patterns can be seen a re-
finement of the collection of maximal interesting patterns: a closed
interesting pattern p is a maximal interesting pattern for the mini-
mum quality value thresholds in the interval

(max {¢(p") : p < '}, 0(p)] -
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Algorithm 2.4 The levelwise algorithm for discovering frequent

closed itemsets in a transaction database.
Input: A transaction database D and a minimum frequency

threshold o € (0, 1].

Output: The collection FC(o, D) of o-frequent closed itemsets in
D.
function CLOSURES(c, D)

I —UxepX
FI —{Aecl:fr(A,D)>o}

1:

2

3

4: i 0

5: FC; — {Cl(@,'D)}
6 FC(o,D) — FCy

7 repeat

8 1—1+1

9: K—{cd(XU{A},D): X € FC;_1, A€ FT\ X}
10: FC;—{XeK:fr(X,D)>c}\FC(o,D)

11: FC(o,D) «— FC(o,D) U FC;

12: until £ =0

13: return FC(o, D)

14: end function

A natural relaxation of the closed interesting patterns is to store
maximal interesting patterns for several minimum quality value
thresholds. For example, the collections

FM(o,D),FM(c+¢,D),...., FM(c+ ([(1—0)/e] —1)¢,D)

of the maximal frequent itemsets are sufficient for estimating the
frequency of any o-frequent itemset in D by the maximum absolute
error at most €. Furthermore, the frequencies of the maximal fre-
quent itemsets are not needed: it is sufficient to know in which of
the collections FM (o, D), FM(o + €,D),... the maximal pattern
belongs to and what is the minimum frequency threshold for that
collection. Then the frequency of an itemset X can be estimated
to be the maximum of the minimum frequency thresholds of the
maximal itemset collections that contain an itemset containing the
itemset X.

Algorithm can be modified to solve this task of approximat-
ing the collection of o-frequent closed itemsets. To approximate
especially the collections of the frequent itemsets, many maximal
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frequent itemset mining techniques can be adapted for mining the
maximal frequent itemset collections for several minimum frequency
thresholds, see e.g. [PDZH02].

An alternative notion of approximating closed frequent itemsets
is proposed in [BB0Q]. The approach readily generalizes to any col-
lection of interesting patterns with an anti-monotone interesting-
ness measure: a pattern is considered to be e-closed if the absolute
difference between its quality value and the largest quality value of
its superpatterns is more than e.

Finally, an approach based on simplifying interestingness values
to approximate closed interesting patterns is described in Chapter 3]
of this dissertation and another approximation based on pattern
ordering with respect to the informativeness of the prefixes of the
ordering is proposed in Chapter

Instead of defining irredundant patterns to be those that have
strictly higher quality values than any of their superpatterns, the
irredundant patterns could be defined to be those that have strictly
lower quality values than any of their subpatterns. The latter pat-
terns are called free patterns [BBRO3], generators [PBTL99] or key
patterns [BTPT00].

Definition 2.11 (free patterns). A pattern p € P is free in the
collection P with respect to the partial order < and the interest-
ingness measure ¢ if and only if p’ < p implies ¢(p) < @(p’) for all
p’ € P. The collection of free patterns in P is denoted by Gen(P).

The collection of free o-frequent itemsets in D is denoted by
FG(o,D). Unfortunately, the free interesting patterns Gen(P,) are
not always a sufficient representation for all interesting patterns
but also minimal free uninteresting patterns, i.e., the patterns in
the collection Min(Gen(Pg)) are needed.

Example 2.13 (free frequent itemsets). Let the transaction
database D be the same as in Example Le.,

D ={(1,ABC),(2,AB), (3, ABCD) ,(4,BC)}.
Then

FG(1/4,D) = {0, A,C, AC} = F(1/4,D)\ {B, AB, BC, ABC}
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This is not, however, sufficient to determine the collection of
1/4-frequent itemsets in D since there is no information about B
nor D. The item B is frequent but not free, whereas the item D is
free but not frequent. O

As in the case of closed interesting patterns, the number of free
interesting patterns is at most the number of all interesting pat-
terns. The number of free interesting itemsets can be smaller than
even the number of maximal interesting or minimal uninteresting
patterns.

In the case of frequent itemsets, the number of free frequent
itemsets is always at least as large as the number of closed frequent
itemsets since each free itemset has a only one closure but several
free itemsets can share the same one. Although the free frequent
itemsets seem to have many disadvantages, they have one major
advantage compared to closed frequent itemsets: collections of free
frequent itemsets are downward closed [BBRO3|. Thus, closed fre-
quent itemsets can be discovered from free frequent itemsets by
computing the closures for all free frequent itemsets. Notice that if
free frequent itemsets are used only to compute the closed frequent
itemsets, the minimal free infrequent itemsets are not needed for
the representation since for each closed frequent itemset X there is
at least one free frequent itemset Y such that X = cl(Y, D).

Similarly to closed frequent itemsets, also mining the approx-
imate free itemset collections based on a few different notions of
approximation has been studied [BBRO3|, PDZH02].

2.4.3 Non-Derivable ltemsets

Taking the maximum or the minimum of the quality values of
the super- or subpatterns are rather simple methods of inferring
the unknown quality values but not much more complex inference
techniques are useful with arbitrary anti-monotone interestingness
measures. (Note that this is the case even with arbitrary frequent
pattern collections since the only requirement for frequency is the
anti-monotonicity.) For some pattern collections with suitable in-
terestingness measures it is possible to find more concise represen-
tations.

For example, several more sophisticated condensed representa-
tions have been developed for frequent itemsets [BRO1, [CG03al
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Kry01]. This line of work can be seen to be culminated on non-
derivable itemsets [CG02]. The idea of non-derivable itemsets is to
deduce lower and upper bounds for the frequency of the itemset
from the frequencies of its subitemsets.

Definition 2.12 (non-derivable itemsets). Let fr and fr denote
mappings that give upper and lower bounds for the frequen?y of any
itemset over Z. An itemset X C 7 is non-derivable with respect to
the transaction database D (and functions fr and fr) if and only if
the lower bound fr(X, D) is strictly smaller than the upper bound
fr(X,D). The collection of non-derivable itemsets is denoted by

N(D).

One bound for the frequencies can be computed using inclusion-
exclusion [CG02]. (An alternative to inclusion-exclusion would be
to use (integer) linear programming [BSH02, [Cal04a]. However, if
the bounds for the frequencies are computed from the frequencies of
all subitemsets, then inclusion-exclusion leads to the best possible
solution [Cal04b].) From the inequality

> nPVipr(z,d) >0
YCZCX
holding for all X and Y, it is possible to derive upper and lower
bounds for the frequency of the itemsets X in D [CG03al:

fr(X,D) = minq Y (-DFVHA(Z,D): X\ Y] s odd
yex YCZCX

fr(X,D) = maxq > (-DFVHf(Z,D): | X\ Y] s even
yex YCZCX

The collection of non-derivable itemsets is downward closed. The
largest non-derivable itemset is at most of size |log, |D|] [CGO2|.
To represent frequent itemsets it is sufficient to store the frequent
non-derivable itemsets and the minimal infrequent non-derivable
itemsets with upper bounds to the frequency at least the minimum
frequency threshold.

Example 2.14 (non-derivable itemsets). Let the transaction
database D be the same as in Example Le.,

D = {(1,ABC), (2, AB), (3, ABCD), (4, BC)} .
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Then V(D) = {0, A, B,C, AC}. O

The approach of non-derivable itemsets is essentially different
from the other condensed representations described, as no addi-
tional assumptions are made about the itemsets with unknown
frequencies: their frequencies can be determined uniquely using,
e.g., inclusion-exclusion. In contrast, using closed and free item-
sets, each unknown frequency is assumed to be determined exactly
as the maximum frequency of its superitemsets and the minimum
frequency of its subitemsets, respectively.

The problem of finding non-derivable representations for essen-
tially other pattern classes than itemsets is a very important and
still largely open problem.

2.5 Exploiting Patterns

The real goal in pattern discovery is rarely just to obtain the pat-
terns themselves but to use the discovered patterns.

One indisputable use of patterns is to disclose interesting aspects
of the data. The suitability of different ways to represent pattern
collections for the disclosure depends crucially on the actual appli-
cation and the goals of data mining in the task at hand. However,
at least the number of patterns and their complexity affect the un-
derstandability of the collection.

In practice, the number of patterns in the representation is strongly
affected by the application and the database. For example, when
represented explicitly, the itemset collection consisting only of the
itemset 7 is probably easier to understand than the collection 27 of
all subsets of Z. The explicit representation, however, is not always
to most suitable.

Example 2.15 (represeting a collection implicitly). Some-
times the database D can be expected to be so dense that all
frequent itemsets are also closed, i.e., F(o,D) = FC(o,D) under
normal circumstances (with respect to the assumptions). If only
the closed frequent itemsets are being represented, then it is most
convenient to describe the collection by its maximal itemsets and
those non-maximal itemsets that are not closed. Thus, it would
be very surprising if the database D happens to be such that the
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only closed itemset would be Z, and recognizing exactly that fact
from the representation of the collection, i.e., the collection 27 \{Z},
would be quite arduous. O

Also the complexity of the representation can have a significant
influence to the understandability. For example, the smallest Tur-
ing machine generating the pattern collection is probably quite an
unintuitive representation. (The length of the encoding of such a
Turing machine is called the Kolmogorov complexity or algorithmic
information of the pattern collection [Cal02, LV97].) Similar situa-
tions occur also with the condensed representations. For example,
although the number of non-derivable itemsets is usually less than
the number of free frequent itemsets, the collection of the free fre-
quent itemsets might still be more understandable since for most
of us choosing the minimum value is more natural operation than
computing all possible inclusion-exclusion truncations.

Data mining is an exploratory process to exploit the data. The
data or the patterns derived from the data might not be under-
standable as whole and the right questions to be asked about the
data are not always known in advance. Thus, it would be useful
to be able to answer (approximately) to several queries to pat-
terns and data. (A database capable to support data mining by
means of that kind of queries is often called an inductive data-
base [Bou04, DRO3), IM96, Man97].) Three most important aspects
of approximate query answering are the following:

Representation size. The size of the summary structure needed
for answering the queries is very important. In addition to
the actual space required for the storage, the size can affect
also the efficiency of query answering: it is much more ex-
pensive to retrieve patterns from, e.g., tertiary memory than
doing small computations based on patterns in main memory.
For example, if all o-frequent itemsets and their frequencies
fit into main memory, then the frequency queries can be an-
swered very efficiently for o-frequent itemsets compared to
computing the frequency by scanning through the complete
transaction database that might reside on an external server
with heavy load. There are many ways how pattern collec-
tions can be stored concisely. For example, representing the
pattern collection and their quality values by listing just the
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quality values leads to quite concise representations [Mie05b)].

The efficiency of query answering. It is not always known in

advance what should be asked about the data. Also, the pat-
tern collections can be too large to digest completely in one
go. Thus, different viewpoints to data and patterns might
be helpful. The efficient query answering can be provided by
efficient index structures. For example, although the num-
ber of closed frequent itemsets is often considerably smaller
than the number of all frequent itemsets, retrieving the fre-
quency of a given frequent itemset can be more difficult. If
all frequent itemsets are stored, then answering the frequency
query fr(X,D) can be implemented as a membership query:
the frequencies of the frequent itemsets can be stored in a trie
and thus the frequency of a frequent itemset X can be found
in time linear in | X|. Answering the same query when storing
only the closed frequent itemsets in a trie is much more dif-
ficult: in the worst case the whole trie has to be transversed.
This problem can be relieved by inserting some additional
links to the trie. The trie representations can be generalized
to deterministic automata representations [Mie05a].

The accuracy of the answers. Sometimes approximate answers

to queries are sufficient if they can be provided substantially
faster than the exact answers. Furthermore, it might be too
expensive to store all data (or patterns) and thus exact an-
swers might be impossible [BBDT02]. A simple approach to
answer quite accurately to many queries is to store a random
sample of the data. For example, storing a random subset D’
of a transactions in the transaction database D gives good ap-
proximations to frequency queries [Toi96), [MieO4c|. Another
alternative is to store some subset of itemsets and estimate
the unknown frequencies from them [KS02, MT96l, [PMS03].
A natural fusion of these two approaches is use both pat-
terns and data to represent the structure facilitating the pos-
sible queries [GGMO03]. When the query answers are inaccu-
rate, it is often valuable to obtain some bounds to the errors.
The frequencies of the frequent itemsets, for example, can be
bounded below and above by, e.g., linear programming and
(truncated) inclusion-exclusion [BSH02, [CG02].



CHAPTER 3

Frequency-Based Views to
Pattern Collections

It is a highly non-trivial task to define an (anti-monotone) inter-
estingness measure ¢ such that there is a minimum quality value
threshold o capturing almost all truly interesting and only few un-
interesting patterns in the collection. One way to augment the in-
terestingness measure is to define additional constraints for the pat-
terns. The use of constraints is a very important research topic in
pattern discovery but the research has been concentrated mostly on
structural constraints on patterns and pattern collections [BG