UML2015
Solutions and other comments
to some exercises from sets 1, 2 and 3

Set 1 Exercise 2:
The given task was simple, but also notice that induction implies the formula

9 (awsw - vzm) = 20 sw. vz
+ A(t)dg—f) Y () 2()
ot (1)
+AWDB() - %it)Z(t)
+ A(t)B(t) - - - Y(t)%ff)

(this symbolizes an arbitrary number of matrices, not the precise amount letters
in our alphabet...) Simply write the product as

AW (B Y (1)2(0)) )

and assume the result known for a smaller amount of matrices.
Also notice that the same idea will work when computing a partial derivative

%. For example, suppose we want to compute %(i) for some f. Fix matrix A

and indices i, j, denote A(0) = A, and then define A(t) for all ¢ with formula
E(t)i’j' = Ai’j' (ilaj/> 7£ (%]) (3)
A(t)pjr = A+t (@', 5") = (i, 4)

Now we have .
FAW) ) "
dt t=0 6AZJ

and we can use the product rule of differentiation if needed.

Set 1 Exercise 3:

Of(A) _ d 1,1 _ rdAT 77~ GA

oA dAij(v A"CAv) =v dAijOAV+V A C’mv 5
= v;(CAV); + (vTATC);v; (5)
= Q(CAV)Z'V]‘



The result can also be written in the form
Vaf(A) =20Avv! (6)
since (2CAvvT);; = 2(CAv);v;.

Set 1 Exercise 5:
The answers are

— n—1__ n—1
=0z and g, =a? Ty (7)

x, — 0 obviously holds iff |a| < 1

yn — 0 is slightly more complicated. We can write y,, = i(ayl)wﬂ, and now
we see that y, — 0 holds iff |ay;| < 1. Hence the value of « alone does not
determine the convergence, but the starting point y; plays a role too.

Set 2 Exercise 1:

1.1
) =@y D ey, ©)
Tpp1 = T — 42 — )T, (9)

We substitute z,, = \/y + ¢,

VI + Eni = VI + n = Ap((VI +ea)” = 9) (VY +en)

10
= 1 = (1 —8uy)e, + O(£2) (10)

We see that e,,11 =~ (1 —8uy)e, holds with small €,,, so we can decide (avoiding
all rigor) that the convergence is exponential if 0 < |1 — 8uy| < 1.
1.2

O0fs(x,
fla) =t -y OPEI (1)
T =Y
2x,,

(12)

Tpn1 = Tp —

We substitute z,, = \/y + e,

(\/@ + 571)2 -y
2(\/§+ Sn) (13)

1
= enp1 = ——¢. +0(e))

2/

\/§+5n+1:\/§+5n_
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- holds with small ¢,, so we can decide that the

1
=€
convergence is faster than exponential.

If we set u = % in 1.1, we can make it faster than exponential too.

Set 2 Exercise 2:

2.1

We fix index i, then use the definition of the partial derivative (Equation (4)
in the exercise sheet), and then use the given assumption (Equation (5) in the
exercise sheet) with a vector h = e;.

We see that €, =~

=J(x)+ev-e;+o(e)

dJ(x) J(xtee) —J(x)

X , Xx+ee;) —J(x) o .

oo, : =l (vecton) =vi (9
Hence VJ(x) = v.

2.2

We fix indices i, j, then use the definition of the partial derivative (Equation
(6) in the exercise sheet), and then use the given assumption (Equation (7) in the
exercise sheet) with vectors h = e; and w = e;.

=J(A)+eel Bej+o(e)
J(A+cee]) —J(A)
0J(A) eee;) —J(A) /g _
oA, ilir[l) . = ilir[l) (ei Be; + 0(1)> = B;; (15)

Hence Vf(A) = B.

2.3
A11 AlN Bll BlN
A= |, B=| (16)
Ang AnNn By Byn
€ Y1
X = , ¥y = S (17)
TN2 YNz
xl PR :EN yl PR yN
A — xZY+1 s $2.N . B= yN'+1 ce y2.N (18)
"”ENQ—N IR .TNZ yNQ—N Y yNZ

The requested result comes with simple calculation:



N N2
Te(BTA) = > (BT A)y = Z BunAwn = Yy =y'x  (19)
n=1 n,n’'= k=1

In step * we use the definition of trace. In step ** we use the definition of

the matrix multiplication and the transpose, and then write the two sums over
indices n and n’ as a one sum over the index pair (n,n’). In the critical step ***
we recognize that in the sum the index pair (n,n’) goes through the all N? values
from the set {1,2,...,N} x {1,2,..., N}, and therefore the sum must result in
the same value as the sum over all N? products y,z;. Here it is obvious that it
doesn’t matter which way the matrix elements have been ordered into the vector
form, because the sum goes over all the same elements anyway. It is important
though that the elements have been ordered in the same way in both A and B.

24

First we have a function J : RV*¥ — R. We can define a new function
f : RM — R which produces the same values once the input parameters have
been identified with some ordering. In other words J(A) = f(x) when A ~ x in
the same spirit as above in 2.3. Let W be a fixed N x N matrix. We choose a
vector w so that W ~ w in the same way as A ~ x. From vector calculus we
know

f(x+ew) = f(x)+ew-Vf(x)+o(e). (20)

Next we need to justify that also VJ(A) ~ V f(x). Then, by the previous exercise,
we have

w - Vf(x) =Tr(W'VJ(A)) (21)

and the claimed result
J(A+eW) = J(A) + eTr(WEVJI(A)) + o(e) (22)

is done. Justifying VJ(A) ~ V f(x) is clear, because in the definition of the partial
derivatives, a matrix eief with some 1 < 4,7, < N is equivalent with a vector e
with some 1 < k < N?. The elements of VJ(A) become ordered into a vector
V f(x) just like the elements of A are ordered into a vector x.

If we substitute W = hw’, we get

Tr(WTVJ(A)) = Tr(wh’VJ(A)) = Tr(h"VJ(A)w) = h'VJI(A)w (23)

so the previous results are compatible with each other.

Some lessons to consider: The point is that an N x K matrix can always
be seen as an N K component vector, in other words as an NK x 1 matrix. This
alone looks simple, but the implications are not necessarily obvious to all at first
sight. For example, suppose we want to find some complex matrix A € CN*V,
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Then suppose that we have succeeded in defining a twice differentiable function
f: CVN*N 5 R such that the seeked A is its maximum. Then we define a sequence
of complex matrices (A(k))g=o1,2,.. by the recursion formulas

Re(A(k 4 1)nw) = Re(A(k)nnr) + M%ﬂ
nn (24)
I (A + 1)np) = Im(A(k) ) + /L%

In the end the complex matrix is an N2 x 1 complex vector, and that in turn
is a 2N? x 1 real vector, so the graph of the function f near the maximum is
roughly a paraboloid in 2/N? + 1 dimensions. Since it is a paraboloid, with proper
1 the matrix sequence will convergence to A. Hence, even complex matrices can
be computed like this.

Set 2 Exercise 4:

4.2

We must prove AU = UA, when the columns of U are linearly independent
eigenvectors of A, ie. Uy, = u;, Uj;; = (w;); and Au; = \ju;, and A is a diagonal
matrix with diagonal elements A; = A;.

The formula AU = UA is so obvious that it can be justified in many roughly
equivalent ways, and there is no one right solution. We go through a reasonably
detailed proof next, and first ask that how do we prove

(AU, = A(U.)? (25)

Here (AU).; means that we first multiply two matrices, and then take a restriction
to the column i. The notation A(U,;) instead means that we first form a vector
U,; by a restriction to one column of U, and then apply the multiplication of a
matrix and a vector. Two vectors are the same if their elements are the same, so
we examine the j:th element of left and right side separately. The left side is

k=1

by the definition of multiplication of two matrices, and the right side is

(A(U*i))j = ZAjk;(U*i)k - ZAjk:Uki (27)

by the definition of multiplication of matrix and a vector. The left and right side
had the same elements, so (AU).; = A(U,;) is right. Then
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= (AU)ji = AuUji (29)
From the other direction

A
~—
=0k Nis

(UN);i=) U
k=1

The elements of the matrices AU and UA are the same, so the matrices are the
same.

4.3 (half) We know AU = UA, and we denote V' = (U~!)”. The formula
A=UAVT (31)

is obtained by simply multiplying the both sides of AU = UA with V7T from right,
and using UV = id. The the columns of V are denoted as v;, i.e. Vi; = v; and
Vii = (v;);, and we are asked to prove

i=1
We examine an arbitrary element Aj; by using the formula A = UAVT.

Aji = (UAVT) 4 = Z Uji N (V)i = Z Ujil\ii Vi

3,0'=1 =8, Nis =1
n n n
= Z Ai(ui)j(vi)i = Z Ai (UiV]T)jk = (Z )\iuiVJT> A
i=1 i=1 i=1 ik

The following lemma should be proven separately, if not known in advance.
Suppose x,y € R™ are some vectors. How do you prove x;y, = (xy”);i? This
should be seen as a consequence of the matrix multiplication. x can be seen as an
n x 1 matrix, and y? as a 1 x n matrix, so their multiplication is

(33)

1
(xy")in =D x5y D)o = x50 (Y )1k = X1y (34)
/=1

Then we denote x;; = x; and y, ; =y,.

Set 3 Exercise 1:
1.3
g = fol, so by the ordinary chain rule:

Dg(A) o= OF(I(A)) Dl (A)

0Ay; 2 Oy 0Ay (35)

n,n’'=1



From 1.2 we know

Ol (A)
By substituting this, we get a formula which only involves the gradient of f and

the matrix A~!, which we can assume to be available. The end result can also be
written as

= — (A Y)p(A (36)

Vg(A) = —(AT)'V (AT (AT (37)
With this kind of results always check that the result simplifies to a known result
in the special case N = 1. If f: R — R is some differentiable function,

d /1 1 ,/1
Rl (et I 4 38
daf<a) a? (a) (38)
looks right. Some confusion can arise from the problem that it is perhaps not
obvious if we should denote the partial derivatives of f as
of of of

O’ A " DA (39)

These are all supposed to be notation for the same functions (assuming we know
what we are doing). A standard convention is that the partial derivative is written
with respect to that variable which we “usually” substitute into f, or which we
used in some “original” definition of f.

Set 3 Exercise 2:
2.2
The calculation required the following trick:

J , 0 9 . 9
oW (va W) = (8Wi]’ ) Wy +v < oW, W)“” +v, W (aWij 11n>
=ApUpn N—— :)\nvg
=eief
— a T T (3 (40)
N An( <8W1] Vn>un tVa <6W13 u”) ) + (Vn)z(un)]
:av?/ij (:’rgun) 0
= (Vnug)”
Set 3 Exercise 3:
3.1
K 1E
g(/"% E) = ——= lOg det 5 ; X — (Xk _ /*l’) -+ const. (41)
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(44)

aa;f -3 i <(ai (i = 1)) 27 (01— ) + (i = )87 (5 (i~ ) )
n k=1 " !
- _%g ( — (Z7 )t — 1) = (3 — ) (2_1)*">
— i (E’l(xk — u))n
(),
Vol = 2_1(;7% - KH)
- = (= 10u-m) (Ge-mTz1)
= =t 5 (57 (e - - 7))

K 1 =
Vsl = —3271 + 5271(2()(;C — ) (% — u)T)Zfl

Set 3 Exercise 4:
4.1

(45)

The function J(w) essentially involves the sum of squared elements of the

N x K matrix X — X , and therefore it can be written as

Jw) = 2 Te((XT = XT)(X — X))

(46)

X=wZand Z =w'X,s0 X =ww’X, and then X — X = (id — ww’) X.



By using the properties of trace and w’w = 1, we get

1

J(w) = gTr(XT (id — ww")(id — ww") X)
:id—‘ngT
1
= =Tr((id - ww')XXT) (47)
1 1
= ETr(XXT) - ngXXTW
4.2
One possibility:
We are interested in maximizing
)\17711 + ~~~+)\NmN (48)
with respect to (my, ..., my) under the constraints 0 < m,, for all 1 <n < N and
my1+---+mpy = 1. By substituting m; = 1 —my — - -+ — my we can equivalently
study maximizing
)\1 +()\2 —)\1)m2+"'()\]\[ —)\1)mN (49)
with respect to (ma, ..., my) under the constraints 0 < m,, for all 2 < n < N and

ma + -+ my < 1. We see that the point (ms,...,my) = (0,...,0) is in the
allowed domain, and there the objective quantity assumes the value A;. On the
other hand (A, — A1)m,, < 0 for all 2 < n < N, and therefore it is not possible
for the objective quantity to assume values greater than \;. Also, if m,, # 0 with
some 2 < n < N, then the objective quantity necessarily assumes a value less than
Al

Second possibility:

We want to prove that

Aimy + - F Aymy < A (50)

holds if (my,msa,...,my) # (1,0,...,0) (under the other assumptions mentioned
in the exercise sheet). So we assume m; # 0. Then

ma my

. =1 o1
1—m1 1—m1 ( )

We can make an induction assumption that the result is already known with N —1
coefficients. Therefore we know that necessarily

Aoy Ay (52)

1—m1 1—m1



On the other hand Ay < Aq, so we now know

Aom A

2M2 NN
1—m1 1—m1

:>)\2m2+---+)\NmN<(1—m1)/\1

= Amy + -+ Avmy < A\

<\

4.3

We assume that A has the size N x N. Then let U be a matrix whose columns
U,, are independent eigenvectors of A, ordered so that the largest eigenvalues A,
correspond to smallest n. We relate vectors w and v by relation w = Uv (and
v =UTw). ||w|| = ||v]| because U is orthogonal.

N
wlAw = vIUTAUv = Z A2 (54)
n=1

From the previous exercise we know that this will be maximized with respect
to v by the choice (v¥,v3,...,v%) = (1,0...,0) under the constraint ||v| = 1.
In other words v; = £1. Then w = Uv = +U,;, so we see that w must be an
eigenvector corresponding to the largest eigenvalue.
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