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2. Use a proof editor to give sequent calculus prodsBcp of = D, whereD is

(@ (ADBvVC)D(ADB)V(ADC)

BAASBC ™ CAA=BC ™
AA=B.CA BVCAA=BC Lv
A> (BVC),AA=B,C L=
AD (BVC),A=B,ADC RS
AD(BVC)=ADBADC
AS(BVC) = (ASB)V(ASC)
= (AD(BVC))D((ADB)V(ADC))

RD

(b) (A& ~B)&((((AV(BDB)) >~(A&B))v ~B) D~A)) ODC

AB=C,B,(AV(BDB))D((A&B)D 1), L A
A=CB (AV(BoB) o (AB) S L) BoL ~ AscBA ™ Alsce
A=C,B,((Av(BDB))D((A&B)D> 1))v(BD 1) AAD1L=CB

LL

A (((AV(BDB)) D ((A&B)D> 1))v(BD> L)) D (AD1)=CB Lo AL (((Av(BDB))D((A&B)D 1))v(BD> L)) D(AD1L)=C b
AB> L ((AV(B5B)) > ((A&B) > 1))V (B> 1) 5 (Ao 1) =C Lo
A&(B> 1), (((Av(BDB)) D ((A&B)D> 1))v(BD L)) D(ADL)=C
(A& (B> 1))&(((AV (B B)) > ((A&B)> 1))V (BD 1)) > (AD 1)) =C
= ((A&(B> 1))&(((AV (B B)) > (A&B) > L)) V(B> 1)) > (A> 1)) oC
) ~((ADA) DA &((~ADA D~A)V((BDB)DB)& ~B)V ~~(~(AD
B) & ~(BD>~~A)))
ax
BA= L L ~~AB LL
A L1BBowA = LA=L.B
a L ~B~AA>L LB t Ll
A= L AA L A= LA . ax Ll ax ax Ll ~(B>~~A)=1,1,ADB L,~(Bo~~A) = L, L -
ax ~AA= LA A=1A LA=1 B,~B= 1,B B=1,B 1,B=1 ~(ADB),~(Bo~~A) = 1,1
A(~ADA D~A= LA A= 1,~ADA R ~AA= L - ~B=1,BDB R ~B,B= L - ~(ADB)& ~(BD~~A) = L, L L& Ll
(~ADA) D~A= 1L, ADA s (~ADA) D~AA= L - (BoB)>B,~B= L = = 1,~(~(ADB)& ~ (BD~~A)) e 1l=1
(ASA) SA(~ASA) S~ A= L - (BoB)oB&~Bo1 e~ (~(ADB)& ~ (B~ A) = L -
(ADA)DA&((~ADA) D~A) = L L (((B>B)D>B)& ~B)V ~~ (~(ADB)& ~ (BD~~A)) = L v
((ADA) DA&((~ADA) D~A)V(((BDB)DB)& ~B)V ~~ (~ (ADB)& ~ (BD~~A))) = L v
=~ (((ADA) DA&((~ADA) D~A)V(((BDB) DB)& ~B)V ~~ (~ (ADB)& ~ (BD~~A))))

3. Complete the proof of the admissibility of cut (Theorem 3.2.3, page 54) in the following
cases:

(a) The right premiss is an axiom or conclusion af .L
The remaining case is 2.0 = | and the first premisE = A, | has been derived.
There are six cases according to the last rule used in the derivation:

e Rule=L& : I =A&B,[". The derivation
ABT"=A, L

L& ———
A&BI =A 1L 1r=n ;Lt
u
A&B " = AN




is transformed into

——— L
ABI"=A 1 LI=A "
ABI I =an "
) ) ) ) L&
A&BI T = AN

with a cut with lower cut height. (Suppose that the height of the sequent
A B, = A, L isnin the first derivation. Then the cut-height of the cut rule
iIsn+1+1=n+2. Inthe second derivation, the cut-heighhis 1.)

e Rule=LV:I =AVB,I". The derivation

AT"=AL BI"=AL B
AVB,I" = A, L L =a
u

AVB,T" T = AN

is transformed into

——F L1 ——F L
AT"=A 1L LTSN - BIM=AL LTSN
u u
AT = AN ATV
AVB,T".T" = AN

with two cuts with lower cut-height.
e Rule=L >:T =ADB,I". The derivation

=0 LA BI"=AL B
ASBI"=A L I,
ASBI" = AN cut

is transformed into

—— L — L
M=A LA LI=N Clt BI'=A 1 L I=A& Clt
u u
M = AAN B I = AN
LD
ASBI T = AN
ASBI T =AN

Ctr

with two cuts with lower cut-height.
e Rule=R& : A=A" A&B. The derivation

r=&"AL F=NBL
= A" A&B, L LT=N
u

M =A" A&B,N

is transformed into

(=0 AL LTSN T=ABL LI'=N
Lr=oa Ay ™M rrrsaes "
U U U U U U R&
M7 =" A&BA

with two cuts with lower cut-height.



e Rule=Rv:A=A" AvVB. The derivation
r=A" AB,L R L
r=Aa" AVB, L LU=
u
r,r’ = A" AVB,A

is transformed into
—F L
r=A'AB 1 LI=n""
= Ay
) ) ) ) R
Fr'=A" AVBA

with a cut with lower cut-height.
e Rule=R>:A=A" A>B. The derivation
Al=AN"B, L . u
-
r=A" ADB,L L,F’:>A’Ct
u
rrr=A A>B,A

is transformed into
—— L
AF=A'B, L LI=n""
AT =N BN ™
) b b b R
M =A" A>B,A

D

with a cut with lower cut-height.
(b) The cut formula is not principal in the left premiss and the left premiss is derived
by LV
I =AVB,I'". The derivation
Al =AD B,["=AD N
AVB," = AD D,["= 4

(3
AVB.T" 7= AN u
is transformed into
Al =AD DI'=A  BI"=AD DI=A
AT T =an " B r=an !
) ) 9 ) ) ) L\/

AVB,I" " = AN

with two cuts with lower cut-height.
(c) The cut formula of the forrAVv B or A& B is principal in both premisses.
e D = AV B, and the derivation
r=AAB Al'=N BIlN=AN
r=A6AvVB " AVB,[ = A
r,r'=AaLN

Cut

is transformed into
r=AAB Al'=AN
LI =ABN ' BI=N
rrr=ANN
M =AN

Cut

Ctr
with two cuts with reduced weight of the cut formula.
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e D = A& B, and the derivation

r=AA FT=AB_ ABI=4A"
[=AA&B A&B, = N
M =AN e
is transformed into
r=AA ABT'=A
u
r=AB rBM=AN
u
Lrr=0AN
r
YWY

with two cuts with reduced weight of the cut formula.

4. Consider the quantifier rules given in the next page and explain what is wrong in the
following derivations

[VX(A D B)]3 -
R Aly/x) > B AVl
[3xA] [ g)iz)]l w2 B &,
2 JE; B Dl2
XA IxAS B -
IXA D VXA VX(ADB) D (IxAD B)

Does the additional hypothesis tltloes not contain any free variables suffice to make
the second one correct?

Answer: In the first inference, the introduction of the universal quantifier violates the
variable restriction of the rulél because the conclusion depends on the open assumption
A(y/x) and in the general (and typical) cageccurs free irA(y/x).

In the second inference, the conclusion of the Kleshould be(A O B)(y/x) and also
B should beB(y/x) in what follows after the rule. The variable restriction of the riie
is then violated if formuldB(y/x) containsy. It is not enough to assume tHatoes not
contain any free variables: the variable restriction also prohybitscurring free irdxA
and inv¥x(A D B) so we must also assume tlyadoes not occur free iA either.

5. Consider a language without constants, nor functions. Prove thakif derivable, then
VxAis derivable.

Proof. We can assume that the derivation is in normal form. In that case, the last rule can-
not be an elimination rule (because their major premisses are assumptions which would
then remain open), so the last rule mustbelf we have no constants nor functions, the
substitution term in formul& must be a variable and the derivation-b{A must be of

the form

A/
IxA

In order for the derivation ofixA to be valid, the derivation oA(y/x) cannot have any
open assumptions antkA cannot have free variables. As a consequence, the variable

Ji

AY/X)
restriction of the rul&v/l holds and we can as well derivé&xA O
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6. Why are the following derivations incorrect?

Vx3y(y = x+1) - ~ 3IX(X # X) N
Fyy=y+1) Fy(~ K (x#Y))

Answer: The first derivation is incorrect because variable substituted by which is
already bound by the existential quantifieryds not free forxin A. Thus the conclusion

is not a substitution instance of formudan the premiss as required by the standard rule
VXA

A(t/x) F As explained on page 63 of the course book, before the substifytiginve
should first rename the bound varialgleith e.g.z and thus obtairiz(z=y+ 1) in the
conclusion.

Aa/x)
The second one is incorrect for a related reason: in the rké 3', the premiss should
be a substitution instance #fbut this is not the case here. The variablis bound by
the existential quantifier and substitution does not affect bound variables. Starting from
the premiss, we could only add useless quantifiers &/(r 3Ix(x # X)), and starting
from the conclusion, the substituti¢x/y] would have required-conversion (renaming
of bound variable) which would have yielded-3z(z # x) in the premiss.




