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1. Prove in natural deduction for intuitionistic logic:

(a) VXYYA D VyvxA

[YYA/¥)]? [AE/X) (u/y)]*
[VxvyA® At/x)(u/y)
At/x)(u/y))
VXA(U/Y)
VYVXA
VXVYA D VYyVXA

(b) ¥X(A&B) D VXA & VxB

VE,1

VE,2
vl « variable restrictions hold

vl — variable restrictions hold
ol,3

(A& B)(t/x)]* . (A& B)(t/x)]?
VX(A & B) A(t/x) 1 VX(A & B) B(t/x)
Alt/%) ’ B(t/x)
vxA " VxB,,"
VXA & VxB 513
VX(A&B) D VXA&VXB

VE,2

(c) VXAD~Ix~A

, AOME AP
3 (™A = VEL
[IX ~A] 1
JE2
ai A
VXA S~Ix ~A

2. Assuming thak is not among the free variables Bf prove in natural deduction for
intuitionistic logic:

(a) BocC vxB
B]* [vxB®  [B]?
B vl — 5 VE,2
olL1 ol,3
B O VxB VYxB> B &l
BO>C VxB
(b) BOC IxB
E Ell —EXBP [B]Z JE,2
IxB B ’
—=22 51 ol1,3
B D> IxB IXxBDO B

BSC IxB &l



(c) VXAV B D Vx(AVB)

[vxA? [A(t/X)]*

At e
VXAVB]  A(t/x)VB AL/ VB
A(t/x) VB |
WX(AVB) ' y
VXAV B O VX(AVB)

3. Find derivations of the following, both in natural deduction for classical logic and in the
sequent calculu&3c:

(8) YXADC~3Ix~A

[~A(y/x)]
[~Ix~AE  Ix~A

[~AYXP AYXPP T
[VxAP® Lo, T AY/X) Aly/X)
[Ax ~AJ4 T o ’ Aly/x) ’

L 5 VXA g

_ D,
VXA Do IX oA ~IX~AD VXA
VXA DC~IX~A

WA AY/X) = AlY/X), L Aly/x) = Aly/x), L, 3Ix~A "

YXA= A(Y/X), L - 1L, VxA= L ::L = A(Y/X),~A(y/X),3Ix ~A
D

Ra
~A(y/X), " XA= L = A(Y/X), IX ~A 1 = A(y/x)
IX~A VXA= L RLE ~3Ix ~A = A(y/X)
VXA~ IXA ~IX~A= XA
= VXA D~IX ~A =~3IX~AD VXA R&

= VXADC~3IX ~A

(b) If xis not free inB, (B D IxA) D Ix(BD A)

[L)?
Ay B [BF AG/X)
[BD 3IxA® [B° [3xAl o, BD A(y/X) al AYX)
IXA T XBDA) ey B D A(y/x) 3|7
Ix(B D> A) ’ Ix(B D> A) Ems
IX(BDA)
(B> 3xA) D Ix(BDA)

1E
DE2

ol.6

B,A(y/X) = Aly/x), (B > A) X

B= 3x(BOA),B.AL/X) "~ Aly/x) = B> A(y/x),3x(B O A)
—~ 3X(BOA),B,BOA/X) Aly/x) = (B O A)
— B, (B> A) Rﬂ IxA= 3x(B O A)
BD IxA= 3Ix(BD A)
= (B> 3xA) D IX(BDA)

LD

RD

LL

Lo



