
Fte263 / 582418 Proof Theory, spring 2004. Solutions 6

1. Prove in natural deduction for intuitionistic logic:

(a) ∀x∀yA⊃ ∀y∀xA

[∀x∀yA]3
[∀yA(t/x)]2 [A(t/x)(u/y)]1

A(t/x)(u/y)
∀E,1

A(t/x)(u/y))
∀E,2

∀xA(u/y)
∀I ← variable restrictions hold

∀y∀xA
∀I ← variable restrictions hold

∀x∀yA⊃ ∀y∀xA
⊃I ,3

(b) ∀x(A & B)⊃ ∀xA& ∀xB

∀x(A & B)
[(A & B)(t/x)]1

A(t/x)
&E

A(t/x)
∀E,1

∀xA
∀I

∀x(A & B)
[(A & B)(t/x)]2

B(t/x)
&E

B(t/x)
∀E,2

∀xB
∀I

∀xA& ∀xB
& I

∀x(A & B)⊃ ∀xA& ∀xB
⊃I ,3

(c) ∀xA⊃∼∃x∼A

[∃x∼A]3
[∀xA]4

[∼A(y/x)]2 [A(y/x)]1

⊥ ⊃E

⊥ ∀E,1

⊥ ∃E,2

∼∃x∼A
⊃I ,3

∀xA⊃∼∃x∼A
⊃I ,4

2. Assuming thatx is not among the free variables ofB, prove in natural deduction for
intuitionistic logic:

(a) B⊃⊂ ∀xB

[B]1

∀xB
∀I

B⊃ ∀xB
⊃I ,1

[∀xB]3 [B]2

B
∀E,2

∀xB⊃ B
⊃I ,3

B⊃⊂ ∀xB
& I

(b) B⊃⊂ ∃xB

[B]1

∃xB
∃I

B⊃ ∃xB
⊃I ,1

[∃xB]3 [B]2

B
∃E,2

∃xB⊃ B
⊃I ,3

B⊃⊂ ∃xB
& I



(c) ∀xA∨B⊃ ∀x(A∨B)

[∀xA∨B]

[∀xA]2 [A(t/x)]1

A(t/x)
∀E,1

A(t/x)∨B
∨I

[B]2

A(t/x)∨B
∨I

A(t/x)∨B
∨E,2

∀x(A∨B)
∀I

∀xA∨B⊃ ∀x(A∨B)
⊃I ,3

3. Find derivations of the following, both in natural deduction for classical logic and in the
sequent calculusG3c:

(a) ∀xA⊃⊂∼∃x∼A

[∃x∼A]4
[∀xA]5

[∼A(y/x)]3 [A(y/x)]2 [⊥]1

⊥
⊃E,1

⊥
∀E,2

⊥
∃E,3

∀xA⊃∼∃x∼A
⊃I ,5

[A(y/x)]

[∼∃x∼A]8
[∼A(y/x)]7

∃x∼A
∃I

[⊥]1

⊥
⊃E,6

A(y/x)
⊥E

A(y/x)
Em,7

∀xA
∀I

∼∃x∼A⊃ ∀xA
⊃I ,8

∀xA⊃⊂∼∃x∼A
& I

∀xA,A(y/x)⇒ A(y/x),⊥
Ax

∀xA⇒ A(y/x),⊥ L∀ ⊥,∀xA⇒⊥ L⊥

∼A(y/x),∀xA⇒⊥
L⊃

∃x∼A,∀xA⇒⊥ L∃

∀xA⇒∼∃x∼A
R⊃

⇒∀xA⊃∼∃x∼A
R⊃

A(y/x)⇒ A(y/x),⊥,∃x∼A
Ax

⇒ A(y/x),∼A(y/x),∃x∼A
R⊃

⇒ A(y/x),∃x∼A
R∃ ⊥⇒ A(y/x)

L⊥

∼∃x∼A⇒ A(y/x)
L⊃

∼∃x∼A⇒∀xA
R∀

⇒∼∃x∼A⊃ ∀xA
R⊃

⇒∀xA⊃⊂∼∃x∼A
R&

(b) If x is not free inB, (B⊃ ∃xA)⊃ ∃x(B⊃ A)

[B⊃ ∃xA]6 [B]5 [∃xA]1

∃xA
⊃E,1

[A(y/x)]2

B⊃ A(y/x)
⊃I

∃x(B⊃ A)
∃I

∃x(B⊃ A)
∃E,2

[∼B]5 [B]3
[⊥]2

A(y/x)
⊥E

A(y/x)
⊃E,2

B⊃ A(y/x)
⊃I ,4

∃x(B⊃ A)
∃I

∃x(B⊃ A)
Em,5

(B⊃ ∃xA)⊃ ∃x(B⊃ A)
⊃I ,6

B⇒∃x(B⊃ A),B,A(t/x)
Ax

⇒∃x(B⊃ A),B,B⊃ A(t/x)
R⊃

⇒ B,∃x(B⊃ A)
R∃

B,A(y/x)⇒ A(y/x),∃x(B⊃ A)
Ax

A(y/x)⇒ B⊃ A(y/x),∃x(B⊃ A)
R⊃

A(y/x)⇒∃x(B⊃ A)
R∃

∃xA⇒∃x(B⊃ A)
L∃

B⊃ ∃xA⇒∃x(B⊃ A)
L⊃

⇒ (B⊃ ∃xA)⊃ ∃x(B⊃ A)
R⊃

2


