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% OUTLINE

Multi-model Databases

Categorical Algebra and Calculus
Algebraic Transformation Rules

Conclusion

Note: this talk will involve more in database knowledge, but only use basic
knowledge in category theory, such as limit and thin category.
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% BIG DATA

 Data come from different sources and have different formats
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Variety challenge of big data
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An example of different data and query
in databases

_ Persons made the order:
Social network

Marry (1) "1"-->"34e5e759"

Friend / \:riend "2"-->"0cedf508"

William (3) John (2)

Order information:

Table
. {"Order no":"Ocedf508",
Customer_ID | Name Credit_limits “Orderlines": [
1 Mary 5,000 { "Product no":"2724t"”
“Product Name":“Toy",
2 John 3,000 "Price":66 },
3 William |2,000 { "Product no":%3424qg",
"Product Name":“Book",
"Price":40 } ]
}
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%— An example of different data and query

_ Persons made the order:
Social network

Marry (1) "1" -->"34e5e759"
Friend / \:riend / "2"-->"0c6d£508"
William (3) John (2)
Order information:
Table
— {"Order no":"Ocedf508",
Customer_ID | Name / Credit_limits NOrdenlines®s |
1 Mary / 5 000 { "Product no":"2724t"”
1 ’ “Product Name":“Toy",
2 John 3,000 "Price":66 },
2 William |2.000 { "Product no":%3424qg",
’ "Product Name":“Book",
"Price":40 } ]
}
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%‘ One application with different models of data

Relational data: customer databases
Graph data: social networks
Hierarchical data: catalog, product
Key-value data: orders by customers

How to integrate those heterogenous data to provide a
unified service?
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Multi-Model Databases System

* One unified database system for multi-model data

Tabular

Spatial

JSON

Multi-model database
systems
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What is DBMS?

« A Database Management System (DBMS) is software designed to
efficiently manage data, with traditional systems storing data in the form of
tables (RDBMS).

Student ID First name Last name Department
001 John Smith Biology
002 Emily Johnson Physics
003 Michael Brown History
004 Sarah Davis English

Students Relational Table
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% What is multi-model database management
. system

e A multi-model database management system (MMDBMS) is
designed to support multiple data models against a single,
Integrated backend.

e Document, graph, relational and key-value models are examples
of data models that may be supported by a multi-model database.
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Marry (1)
Friend /// \\\Fﬁend
William (3) John (2)

Relation:

Customer_ID | Name Credit_limits

1 Mary 5,000

2 John 3,000

3 William |2,000
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Key-value:

""-->"34e5e759"
"2"-->"0coedf508"

Document:

{"Order no":"Ocedf508",
“Orderlines": [

{ "Product no":"2724t"”
“Product Name":“Toy",
"Price":00 1},

{ "Product no":%3424qg",
"Product Name":“Book",
"Price":40 } ]



Advantages of MMDBMS over the traditional
relational database

« Handling diverse data types

- Handle various types of data, such as graph, relation, document and
key-value data and more models

« Enhanced query capabilities

« Support content-based search for multi-model data or spatial queries for
geospatial data.

 Flexible schema

« Greater flexibility in schema design and evolution. Relational DBMS has
the fixed database schema definitions.
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% Multi-model databases products

[
= OrientDB
’ &
‘ mongo
'.MarkLogiC“'



wi* IrﬁenTDB"

e Supporting graph, document, key/value and object models.
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Query: Return all products which are ordered by a friend of a customer
whose credit_|limit>4000
Answer: John is a friend of Mary (the credit_limit of Mary > 4000)

Marry (1) "1" ->"34ebe759"

Friend / \:riend "2"-->"0c6df508"

William (3) John (2)
{"Order no":"0Ocodf508",

“Orderlines": |
{ "Product no":"2724ft"
Customer_ID |Name Credit_limits “Product Name":“Toy",
"Price":060 1},
1 Mary 5,000 { "Product no":“3424g",
2 John 3,000 "Product Name":“Book",
| "Price":40
3 William | 2,000 } )
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rentDB

Query language of OrientDB:

S I G

expand (out ("Knows") .Orders.orderlines.Product no)
FROM Customers

WHERE CreditLimit > 4000

Recommendation query:
Return all products which are ordered by any
friend of a customer whose credit_limit>4000
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%_ Challenge: a new theory foundation

Research goal:
Call for a unified model and theory for multi-model data!

The theory of traditional relations Is not adequate to
mathematically describe modern database systems.
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One possible theory foundation:
n Category Theory
e |ntroduced to mathematics world by Samuel Eilenberg

and Sauders MacLane in 1944
e Developed for a unified language of topology and algebra

R — Samuel Eilenberg Sauders MacLane




‘ﬁ. Set Category

Databases are set categories:

Objects are sets and morphisms are functions

We assume that it is a thin Category (or Posetal Category)

Given a pair of objects Xand Y in a category C, and any two morphisms f,
g: X — Y, we say that Cis a thin category if and only if the morphisms f
and g are equal.
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An example of Categorical Unification

Student SRy Course Unified
coo1 Category

S001 — <S001,C001>
First_ name Last_name fOI‘ thl‘ee
- types of
data
S <Student key=“S001">

m <First_name> John </First_name>

<Last_name> Smith </Last_name>
</Student>
<Course key="C001">

<Title> Database </Title>

S001 John Smith

Course )
Title:Database

FN:John,
LN:Smith

C001 Database Registration </Course>
<Registration skey="“S001"”
Gade:A _u ”
Registration - ckey="C001">
<Grade> A </Grade>

m </Registration>
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% Relational algebra and relational calculus

- In the field of relational databases, relational algebra and
relational calculus are developed as two formal languages for
guery databases.

- Similarly, categorical algebra and categorical calculus are
developed to query category databases.
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%‘ Relational algebra

* Operators:
» Selection: ¢ (sigma)
* Projection: I1
* Union: U
* Intersection: M
 Difference: -
e Cartesian Product: x

* Derived operators:
* Joins (equi-join)
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Examples of query trees:

name, title

IT

name, title
dept_name = Music

] % = L
instruJ N Tdept_name = Mu? N\
teaches course instructor teaches course
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%‘ Categorical algebra

* Set operators:

* Unary operator:
* Map: f
e Selection: c
* Projection: 11
* Binary operator:
* Division: =
* getParent(D,,D,) (tree data)
* getAncestor(D,,D,) (tree data)
* Tenary operator:
e getReach(S,T,E) (graph data)
« getNHop(S,T,E) (graph data)
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%‘ Categorical algebra

 Category operators:

e Sets and Functions to Category:
* Cat(S,,...,S,, f1 1St = Sit e Tt Sin = Sim )

* This operator, called Categorification, constructs a category using a
given set of objects and morphisms.

* Category to Set
* Limit which converts a category into a relational object (set).
* Lim(Cat(Sy,...,S,, f1: S22 Sigseees Fry 2 Sim 2 Sim )

HELSINGIN YLIOPISTO
HELSINGFORS UNIVERSITET
UNIVERSITY OF HELSINKI



Example of categorical algebra:
Selection

Student Registration Course
S001 <S001,C001> Co01
First_ name Last_name Grade Title

Query: Find all courses taken by "Smith”
Sl=o student - Last_name="“Smith” (Registration)
S2:= S1 -Course -Title

Return S2
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%‘ Example of categorical algebra: Division

Student Registration Course
S001 <S001,C001> Co01
First_ name Last_name Grade Title

Query: Find the titles of courses taken by all students
S1:= Registration[Student] = Student

S2:=S1 - Course - Title

Return S2
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Two examples of query plan with

categorical algebra

Customer - CName Customer - CName
nSolurce nSO'Iurr:e
550urce‘Cutomer:0rder-Customer getReach

Limit Source 6CName=]ohn Knows

~~— I I

T
Source 6PName=Toy nsource Ta rget
8 Tareet-Chamee |
gzz€i2 fg::;ft_i(;’:;; OrderLine 6‘Smu‘ce-C‘:;t.stmnr:ei‘":l!)rder-f.')ust(;nmer
Limit
getReach 5 / ~—

/ \ Credit>2000 6PName=Toy

Source Target Knows Source OrderLine
(a) A query plan tree (b) An optimized query plan tree that

pushes down the limit and select operators

Figure 4: Two holistic query plans involving three types of data
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e Categorical calculus, a declarative language for describing results in the
category; Categorical algebra, a procedural language for listing operations

Categorical calculus

in the category.

* The formulae of the Categorical Calculus

Formulae with range terms

| Safe variables ‘

x| € O

X1

x1 € 0 /\ﬁ(xl e 02)

X1

Formulae with function and range terms

| Safe variables ‘

((fl1x1—>JC2):f20g1)/\(X1ES])/\(}QESz) X1,X2
(71'] :(xl,xz)—wcl)/\(xl ES[)/\(XzESQ) X1,X2

‘ Formulae with predicate, range and function terms | Data model ‘
(x1 €81) A (x2 € 82) A (x1 ~F x2) A(x;- Name = "John") Graph
(x1 € D1) A (x2 € Dy) A (x; isAncestor x3) Tree

Formulae with unsafe terms

| Unsafe variable ‘

X2 € S2,x3 € §3,dx) ()Cl >x3 /A Xy = 6)

X1

Vxidxo € SQ(X] > X2)

X1

(x1 €8V flx1) =a

X1
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Categorical calculus

 The formulae of the Categorical Calculus

Formulae with range terms

Safe variables

x1 € Oq

X1

x1 € O /\ﬂ(xl € 02)

X1

Formulae with function and range terms

Safe variables

Reachable

predicate from —

node X, to X,

((flZx1—>JC2):f20g1)/\(xlES])/\(XQESQ) X1,X2

(7?5| Z(JC],XQ)—>)C1)/\(X| GSl)/\(XQESQ) X1,X2
F(Mebdicate. range and function terms Data model

(x; €S81)A(x2 €82)/ (x1 ~* x3) A(x;- Name = "John") Graph

(x1 € D1) A (x2 € Dy) A (x1 isAncestor x3) Tree

Formulae with unsafe terms

Unsafe variable

X2 € 59,x3 €S3,3x1(x1 >JC3/\JC2:6) X1
Vx13dx, € Sa(x1 > xp) X
(x1 €S1)V f(x1) = ay x|
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Categorical calculus

 The formulae of the Categorical Calculus

Ancestor predicate
to determine the
relationship
between two
nodes in trees.
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Formulae with range terms

Safe variables

x1 € Oq

X1

x1 € O /\ﬂ(xl € 02)

X1

Formulae with function and range terms

Safe variables

(fiix1t = x2) =faogi)AN(x1 €S1)A (2 €S82)

X1,X2
(7?5| Z(JC],XQ)—>)C1)/\(X| 651)/\(3(?2652) X1,X2
Formulae with predicate, range and function terms Data model
(x1 €ST)7xe€ 85) A (x1 ~7 x2) Ax;- Name = "John") Graph
(x1 € D) A (x2 € Dy vtxflisAncestor X, ) Tree

Formulae with unsafe terms

Unsafe variable

X € §72,x3 € §3,dx; (xl >x3/\Xy = 6)

X1
Vx13dx, € Sa(x1 > xp) X1
(x1 €S1)V f(x1) = ay X1




Categorical calculus

* The formulae of the Categorical Calculus
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Formulae with range terms

Safe variables

x1 € Oq

X1

x1 € O /\ﬂ(xl € 02)

X1

Formulae with function and range terms

Safe variables

((flle—>JC2):f20g1)/\(X1ES])/\(JQESQ) X1,X2

(7?5| :(xl,xg)—>x1)/\(x| ESl)/\(JCQESQ) X1,X2
Formulae with predicate, range and function terms Data model

(x; €81) A (x2 € 82) A(x1 ~F x3) A(x;- Name = "John") Graph

Tree

(x1 € D1) A (x2 € Dy) A (x1 isAncestor x2)

Formulae with unsafe terms

Unsafe variable

X2 € 59,x3 €S3,3x1(x1 >X3/\XQ:6) /’ X1 ‘\ /
Vx13dx, € Sa(x1 > xp) { X1 Y
(x1 €S VSa) =a \ xn /
N~

Unsafe
variables refer
to a variable
that has
possibly infinite
number of
values or is
unbounded.



3

Categorical calculus and categorical

algebra are equivalent (1)

[
Student Registration Course
S001 <S001,C001> Co01
First name Last_name

Grade Title
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Query: Find all courses taken by "Smith”

Sli=o student - Last_nan]e=“Smith” (Registration)
S2:= S1 -Course -Title

Equivalent calculus:
{ x| x €Title,3y € Registration,y - Student - Last_Name =
"Smith"A y - Course - Title= x}



Categorical calculus and categorical
%\ algebra are equivalent (1)

Student Registration Course
S001 <S001,C001> Co01
First_ name Last_name Grade Title

Query: Find the titles of courses taken by all students
S1:= Registration[Student] = Student

S2:= S1 - Course - Title

Equivalent calculus:

{x|x €Title, Vy € Student,ar € Registration,r - Student =y A r -

Course - Title= x}
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% OUTLINE

 Algebraic Transformation Rules (Query optimization)
» Conclusion
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%‘ Algebraic transformation rules (1)

* Rewrite the algebraic operators for query optimization.
* Limit and Projection:

TTs, (Lim(Cat (81,52, f: 81— $2))) =S

Ts, (Lim(Cat (81,52, f:S1 — $2))) C S

* Pushing o to one or multiple objects in lim
Gc(Lim(Sl,Sz)) — Lim(Gc(Sl),SQ)

GC(Lim(Sl , Sz)) — Lim((‘ic1 (Sl), GC2 (SQ)
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%‘ Algebraic transformation rules (I1)

* Pushing o to one or multiple objects in getReach:

getReach(o¢, (S),00,(T),E) = o¢,nc,(getReach(S,T,E))
 Commuting function mapping with the product operator.
(f®g)(S1x82) = f(S1) xg(S2)

* Commuting = with the Lim operation.

n (Lim(Cat(R1,R2, f1: R — R2))) = Lim(Cat (7, (R1), 7z, (R2), f2 : 7z, (R1) — 7, (R2)))
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%‘ Algebraic transformation rules (lIl)

* Commuting g with the Lim operation..

* The following diagram holds:

51L>SQ

o |#

Sll /2 S’2

then the two operators g and Lim can be commuted as follows:

g(Lim(Cat (81,52, f1: 1 — $2))) = Lim(Cat (g1(S1),82(52), f> : 81(S1) = £2(52)))
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%‘ Algebraic transformation rules (lIl)

* Commuting g with the Lim operation..

* The following diagram holds:

51L>SQ

o |#

Sll /2 S’2

then the two operators g and limit can be commuted as follows:

g(Lim(Cat (81,52, f1: 1 — $2))) = Lim(Cat (g1(S1),82(52), f> : 81(S1) = £2(52)))
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An optimization query plan with
algebraic operators transformation

Customer - CName Customer - CName
nSolurce nSO'Iurr:e
550urce‘Cutomer:0rder-Customer getReach

' ]

Limit SCName =John Knows

M source

6 Target-cName=John n

] rd er'_ine Source-Customer=0rder-Customer
Source -Credit > 2000 0

getReach 5 / ~—
/ \ Credit>2000 6PName=Toy
Source Target Knows Source OrderLine
(a) A query plan tree (b) An optimized query plan tree that

pushes down the limit and select operators

Figure 4: Two holistic query plans involving three types of data

HELSINGFORS UNIVERSITET Ge(Lim(51,82)) = Lim{ g, {51),06,(52)
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%\ EXPRESSIBILITY POWER

 Theorem 13. Categorical calculus and categorical algebra can
express all of the following:

* Relational calculus and algebra queries;
« Graph pattern matching and graph reachability queries;
« XML twig pattern queries.
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%\ TIME AND SPACE COMPLEXITY

Theorem 14. Consider a category ¢ with p objects and q morphisms. Let the maximum number of
elements in any object of € be n.

1. The data time complexity of computations for categorical calculus and categorical algebra in ¢
is bounded by O(q - n?).

2. The space complexity of these computations is bounded by NSPACE[lognl|.
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%— RELATED WORK

* Previous works use category theory on relational databases, but
this paper focuses on multi-model databases.

 Libkin and Wong (1997) showcase the connection between database
operations and the categorical notion of a monad.

« Schultz and Spivak (2016) introduce a categorical query language
that serves as a data integration scripting language

* There are existing algebra and calculus for relational data, graph
data, and object-oriented data, but not multi-model data.
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%\ MAIN CONTRIBUTION AND CONCLUSION

* Model multi-model databases as thin set category
» Define categorical algebra and calculus, and their equivalence

» Develop the algebraic transformation rules for query optimization
0

©

practical query processing and optimization

_/
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