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1 Introduction

The study of computational aspects of argumentation is a vibrant research direction in artificial intelligence
and in particular in knowledge representation and reasoning [5, 7]. Argumentation is intrinsically a dynamic
process: when arguing about a particular claim, the acquisition of new information can lead to new arguments
related to the topic, which may lead to a change in whether the claim at hand is considered acceptable. Indeed, in
recent years the study of different forms and notions of dynamics in formal models of argumentation has gained
significant traction from both representational and computational points of view. This line of work encompasses
aspects of dynamics in both abstract argumentation formalisms, see for example [16, 8, 20, 1, 54, 11, 36, 9, 3, 10],
and structured formalisms, see for example [2, 52, 13, 47, 48, 45, 12].

1.1 Stability and Relevance in Structured Argumentation

We focus on stability and relevance in the context of structured argumentation as suitable notions for capturing
various argumentative settings that require reasoning under incomplete information. In particular, when reasoning
under incomplete information, it is sensible (if not necessary) to take into account not only the information
that is currently present, but also relevant information that may be obtained in the future. This is particularly
important in inquiry dialogues, where the goal is to find out whether a claim should be accepted regardless
of additional future information [55, 43]. The participants of an inquiry dialogue can be human, artificial, or a
combination of humans and machines, typically assisting a human user in the inquiry process. A specific example
of such a system is an inquiry agent that supports the investigation of online trade fraud in the law enforcement
domain [38]. This system is equipped with a set of rules that describe online trade fraud. The rules are defeasible
in the sense that inference is not absolutely certain. For instance, a simplified version of one of these rules is:
“If a citizen paid for a product but did not receive anything after waiting for a sufficiently long time and was
not dealing with a trusted web shop, then usually they are victim of online trade fraud.” In addition, the system
is aware of which information can generally be obtained from a citizen, such as “Did you pay?” or “Did you
receive the item you ordered?”. When a new complaint of potential online trade fraud is submitted by a citizen,
the system uses this domain knowledge in combination with knowledge extracted from the complaint to deduce
whether a fraud has likely happened. For instance, suppose that the citizen states that they have not received an
item they ordered from a web shop even after waiting for three months for the item to arrive. Then no argument
for fraud can be constructed due to missing information: it is not known whether the citizen paid for the item.
Given current information, the claim that this citizen is a victim of fraud should not be accepted. However, more
information about the payment could change this. Therefore, the system will ask the citizen whether they paid. If
the citizen answers that they did pay, then they might be a victim of fraud. The system will hence proceed by
asking additional questions about the web shop. In case the payment was not made, the system can conclude that
the citizen is certainly not a victim of fraud. Additional information cannot change this conclusion.
Apart from the law enforcement setting just described, systems for argument-based inquiry can in general

be useful for supporting individuals in complex decision-making. This is especially true when decisions are
made based on rule-based reasoning in settings where information is not complete and acquiring additional
information comes at a cost [49, 40]. In such inquiry settings it is important that a system can recognize whether
additional information can change the acceptance of the claim at hand. In addition, such a system must be able to
determine which thus-far unknown information may need to be investigated in order to reach a point where
additional information cannot change the acceptance of the claim. These practical requirements correspond to
the formal notions of stability and relevance. The two notions provide perspectives to reasoning about acceptance
of conclusions under incomplete information. Specifically, stability refers to the impossibility of the acceptance
status of a conclusion to change with new information. Stability provides a key point of view to argument-
based inquiry, where the goal is to gather information on a possible conclusion: once a conclusion is stable,
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gathering additional information is no longer necessary. On the other hand, relevance provides a point of view to
reasoning about not (yet) stable conclusions. The choice of which additional information is gathered can play an
important role in the efficiency of an inquiry application: only information that can change the stability status
of a conclusion is relevant for determining which yet unknown information should be investigated to ensure
stability of a conclusion. The notion of stability was originally defined for ASPIC+ [52, 40, 38] and subsequently
studied in the realm of abstract argumentation [32, 41]. In contrast, relevance has to date only been studied in the
representationally less complex abstract setting [41, 37]. However, the aforementioned fraud inquiry system, as
well as envisioned future argument-based inquiry systems, should be able to reason with defeasible rules as these
provide a natural way to model practical and legal rules concerning crime [40, 38].

1.2 Focus of this Work

We study stability and relevance from a computational perspective in the context of the central structured argu-
mentation formalism of ASPIC+ [33] under incomplete information. ASPIC+ is a very general formalism, meant
to capture diverse settings. To this end we provide definitions for stability and relevance over incomplete ASPIC+
theories. In analogy with incomplete abstract argumentation frameworks (IAFs) [15, 11, 21, 10, 4], incomplete
ASPIC+ theories allow for modeling a set of possible “future theories”, thereby also enabling argumentative rea-
soning under incomplete information. The specific ASPIC+ instantiation we focus on is motivated by applications
in criminal investigation, as an extension of the aforementioned instantiation used for inquiry dialogue at the
Netherlands Police [38]. In such inquiry dialogues it is essential that reasoning is based on observations that
are considered certain, corresponding to axioms and unattackable premises in the knowledge base. In terms
of types of rules, we consider defeasible rules. In particular, excluding strict rules makes it more feasible for
police employees without background in computational argumentation to adapt or create rule sets; the design of
argumentation theories with strict rules would require in-depth expertise to ensure that rationality postulates [14]
are satisfied. Finally, all notions of conflict in the police use-case [38] can be modelled using rebuttal attacks, that
is, attacks on conclusions of defeasible rules. It should be noted that, generalizing the ASPIC+ instantiation used
by Odekerken et al. [38], we also allow preferences on rules. We focus on grounded semantics, again motivated
by practical applications: in criminal investigation it is convenient to adopt a single-status semantics with a
strong sceptical flavour, which is how grounded semantics can be characterized. Towards extending our analysis
to more general variants of ASPIC+, we additionally show some general complexity results, applying to other
argumentation semantics and the inclusion of strict rules and ordinary premises.

1.3 Contributions

Our main contributions consist of theoretical analysis of the complexity of deciding stability and relevance in
ASPIC+ under incomplete information, as well as first exact algorithms for reasoning about stability and relevance
in ASPIC+.

In terms of complexity results, we pinpoint the computational complexity of deciding stability and relevance
in the considered variant of ASPIC+. Whereas deciding stability in incomplete ASPIC+ has been shown to be
coNP-complete in earlier work [38], this earlier result was established for a restricted ASPIC+ version in which all
defeasible rules are equally preferred. Extending the analysis, we show that deciding stability is coNP-complete
for incomplete ASPIC+ also when assuming the last-link preference ordering on defeasible rules. Along with our
coNP-membership proof, we provide a polynomial-time algorithm for the justification problem of deciding the
status of a given claim in the “complete” ASPIC+ setting. Moving from stability to the intuitively harder problem
of relevance, we establish that deciding relevance is indeed significantly more complex, namely ΣP

2-complete.
We also identify some complexity upper and lower bounds of deciding stability and relevance for more general
fragments of ASPIC+ and semantics other than grounded.
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Complementing the theoretical analysis, we develop the first exact algorithms for deciding stability and
relevance in incomplete ASPIC+. Despite the need for practical algorithms in applications, the only practical
algorithmic approach available for stability in ASPIC+ has been an approximative approach [38]. Although the
approximative approach is sound in the sense that all conclusions it identifies a stable are indeed stable, it is not
complete as it may incorrectly classify stable conclusions as not being stable. Furthermore, to the best of our
knowledge, no practical algorithmic approaches to reasoning about relevance have been proposed to date. Our
algorithms are based on the declarative paradigm of answer set programming (ASP) [26, 35], motivated by recent
successful ASP-based approaches to reasoning about acceptance in structured argumentation formalisms [28,
30, 31, 29]. Going beyond deciding relevance of a single piece of information, we also extend our algorithm
for deciding relevance to allow for finding all relevant information within an ASPIC+ theory. This is useful for
applications in inquiry, as the relevant information within an ASPIC+ theory intuitively maps to all relevant
questions that one could ask a user. We provide an open-source implementation of the algorithms and present
an extensive empirical evaluation of our implementation on both real-world and synthetic data. The empirical
results show promising scalability: our exact approach to stability is competitive with the previously-proposed
inexact approach in terms of run times, and the run times of our algorithms for both stability and relevance
are sufficiently low on real-world data to enable their use in online settings, and also scale well on synthetic
instances.

As an additional contribution, we relate the notions of stability and relevance in incomplete ASPIC+ to stability
and relevance studied earlier in the context of incomplete abstract argumentation frameworks. In particular, we
show that—although the notions are related—stability and relevance in incomplete ASPIC+ cannot be directly
reduced to stability and relevance in IAFs, highlighting the need to study stability and relevance in ASPIC+.
This article noticeably extends and revises a preliminary version of this work presented at the KR 2023

conference [42]. New contributions include general complexity results for incomplete ASPIC+ (Section 4.5); an
extension of the algorithmic approach to allow for computing all relevant pieces of information (Section 5.4); a
revised implementation of our algorithms together with a more extensive empirical evaluation with results for
the problem of computing all relevant information as well as for computing relevance under several different
justification statuses (Section 6); and finally a detailed analysis of the relation between stability and relevance in
incomplete ASPIC+ to the analogous concepts in incomplete abstract argumentation frameworks (Section 7) which
further motivates studying stability and relevance natively on the structured level. Furthermore, the presentation
has been revised throughout and made self-contained. In particular, all complexity results are accompanied with
full formal proofs, and all ASP encodings employed in the presented algorithms are described in full detail.

1.4 Outline

The rest of this article is organized as follows. After providing the necessary background on ASPIC+ (Section 2),
we introduce the notions of stability and relevance for the incomplete version of ASPIC+ considered in this
work (Section 3). We then detail complexity results for deciding stability and relevance (Section 4). Subsequently,
we describe our ASP-based algorithmic approach to deciding stability and relevance (Section 5), and overview
empirical results on the scalability of an implementation of the algorithms (Section 6). Finally, before concluding,
we compare in detail the notions of stability and relevance in ASPIC+ to the corresponding problems in incomplete
abstract argumentation frameworks as previously proposed, and show that the latter do not capture the former
(Section 7).

2 ASPIC
+

We recall ASPIC+ to the extent relevant for our work, following the definitions by Modgil and Prakken [33]. A
basic notion in ASPIC+ is that of an argumentation system.
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Definition 1 (Argumentation system). An argumentation system is a quadruple 𝐴𝑆 = (L, ,R, ≤), where
• L is a finite set of literals,

• is a contradiction function from L to 2L such that

– for each 𝜙,𝜓 : if 𝜙 ∈ 𝜓 then𝜓 ∈ 𝜙 and

– there is no 𝜙 ∈ L such that 𝜙 ∈ 𝜙 ,
• R is a finite set of defeasible rules of the form 𝑎1, . . . , 𝑎𝑚 ⇒ 𝑐 with {𝑎1, . . . , 𝑎𝑚, 𝑐} ⊆ L, and
• ≤ is a partial preorder (i.e., a reflexive and transitive binary relation) on R.

While the requirement that literal and rule sets are finite is not present in the ASPIC+ definitions by Modgil and
Prakken [33], this requirement is not restrictive for applications in, for example, criminal investigation, where it
is natural that only a limited number of rules and literals are used for capturing domain-specific information.

We say that 𝑙 is a contradictory of𝑚 if and only if𝑚 ∈ 𝑙 and 𝑙 ∈𝑚. In examples we will use classical negation
as the contradiction function: for each 𝑥 ∈ L, 𝑥 = {¬𝑥} and ¬𝑥 = {𝑥}. For a defeasible rule 𝑟 : 𝑎1, . . . , 𝑎𝑚 ⇒ 𝑐 ,
ants(𝑟 ) = {𝑎1, . . . , 𝑎𝑚} are the antecedents and cons(𝑟 ) = 𝑐 is the consequent of 𝑟 .

An argumentation system gives rise to arguments with respect to a knowledge base. We assume that knowledge
bases are consistent sets of axioms.

Definition 2 (Knowledge base). A knowledge base K ⊆ L over an argumentation system 𝐴𝑆 = (L, ,R, ≤)
is a consistent set of literals, that is, for any 𝑙,𝑚 ∈ K we have 𝑙 ̸∈𝑚.

Definition 3 (Argumentation theory). An argumentation theory (AT) 𝑇 = (AS,K) consists of an argumen-

tation system AS and a knowledge base K over AS.

An argumentation theory gives rise to arguments as follows.

Definition 4 (Arguments). The set of arguments Arg𝑇 of an AT 𝑇 is inductively defined as follows.

• If 𝑐 ∈ K , then 𝑐 ∈ Arg𝑇 is an observation-based argument for 𝑐 .

• If there is a rule 𝑟 : 𝑐1, . . . , 𝑐𝑚 ⇒ 𝑐 in R and for each 𝑖 with 1 ≤ 𝑖 ≤ 𝑚 there is an argument 𝐴𝑖 for 𝑐𝑖 in Arg𝑇 ,

then (𝐴1, . . . , 𝐴𝑚 ⇒ 𝑐) is a rule-based argument for 𝑐 in Arg𝑇 .

The set Arg𝑇 is the smallest set containing these arguments.

We use several functions and shorthands for components of arguments in Arg𝑇 for a given AT 𝑇 . For an
observation-based argument 𝑐 ,
• the set of premises is prem(𝑐) = {𝑐}
• the set of defeasible rules is defrules(𝑐) = ∅,
• the conclusion is conc(𝑐) = 𝑐 ,
• the set of subarguments is sub(𝑐) = {𝑐}, and
• the top rule, denoted by top-rule(𝐴), is undefined.

For a rule-based argument 𝐴 = (𝐴1, . . . , 𝐴𝑚 ⇒ 𝑐) ∈ Arg𝑇 with defeasible rule 𝑟 = conc(𝐴1), . . . , conc(𝐴𝑚) ⇒ 𝑐 ,
• prem(𝐴) = prem(𝐴1) ∪ · · · ∪ prem(𝐴𝑚),
• defrules(𝐴) = {𝑟 } ∪ defrules(𝐴1) ∪ · · · ∪ defrules(𝐴𝑚),
• conc(𝐴) = 𝑐 ,
• sub(𝐴) = sub(𝐴1) ∪ · · · ∪ sub(𝐴𝑚) ∪ {𝐴}, and
• top-rule(𝐴) = 𝑟 .

We refer to an argument with conclusion 𝑐 as “an argument for 𝑐” and an argument 𝐴 with defrules(𝐴) ⊆
𝑅 ⊆ R as “an argument based on 𝑅”. Given 𝑅 ⊆ R, we define Arg𝑇 (𝑅) = {𝐴 ∈ Arg𝑇 | defrules(𝐴) ⊆ 𝑅}, that is,
Arg𝑇 (𝑅) is the set of arguments that are based on 𝑅.
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deception ¬deception

¬typosquatting typosquatting

¬similar_url similar_url

too_cheap

¬too_cheap

trusted

¬trusted

Fig. 1. AT𝑇 = (AS,K) from Example 1. Each square is a literal in L. Rounded squares are so-called queryable literals (defined

in Section 3). Literals in K are shaded, double-lined arrows are defeasible rules and red single lines with a cross correspond

to contradictory literals.

Example 1. Consider the argumentation theory visualized in Figure 1, an excerpt from the domain of online trade

fraud. Define 𝑇 = (AS,K) over 𝐴𝑆 = (L, ,R, ≤) with L consisting of the following literals and their negations.

• deception: the web shop used some deceptive tricks.

• typosquatting: the url is a misspelling of a popular web shop (rather than an original company name).

• similar_url: the url is similar to the url of a popular web shop.

• too_cheap: the prices displayed are unrealistically low.

• trusted: the url is registered at a trustmark company.

The set R consists of the following defeasible rules: (similar_url⇒ typosquatting), (typosquatting⇒ deception),
(too_cheap ⇒ deception), and (trusted ⇒ ¬deception). For now, assume that rules are equally preferred, that is,

≤ = ∅. Suppose then that we are faced with a url that is similar to that of a popular web shop: K = {similar_url}.
Then the set of arguments Arg𝑇 consists of the observation-based argument similar_url and the rule-based arguments

similar_url⇒ typosquatting and [similar_url⇒ typosquatting] ⇒ deception.

In ASPIC+, attacks between arguments are based on the structure of the arguments. We consider rebuttal
attacks, where arguments attack each other on the conclusion of a defeasible inference.

Definition 5 (Rebuttal attack). Argument 𝐴 rebuts argument 𝐵 (on 𝐵′) if conc(𝐴) ∈ conc(𝐵′) for some

rule-based argument 𝐵′ ∈ sub(𝐵).
Example 2. Continuing Example 1, none of the arguments in Arg𝑇 attack any other argument in Arg𝑇 . However,

in the AT 𝑇 ′ = (𝐴𝑆,K ∪ {¬typosquatting}), there is an argument for ¬typosquatting that attacks the argument

for deception (on the argument for typosquatting). Being observation-based, this argument for ¬typosquatting is
not attacked by any argument in Arg𝑇 ′ . As an alternative example, the AT 𝑇 ′′ = (𝐴𝑆,K ∪ {trusted}) contains two
additional arguments compared to Arg𝑇 : trusted and trusted⇒ ¬deception. The argument for ¬deception attacks

the argument for deception and vice versa.

Not all rebuttals succeed as defeats. In ASPIC+ this depends on a preference relation, denoted by ⪯, between
arguments. As usual, the strict variant is defined by 𝐴 ≺ 𝐵 if and only if 𝐴 ⪯ 𝐵 and 𝐵 ⪯̸ 𝐴.

Definition 6 (Defeat). Argument 𝐴 defeats argument 𝐵 if 𝐴 rebuts 𝐵 on 𝐵′ and 𝐴 ⊀ 𝐵′.

In other words, an argument𝐴might rebut 𝐵 but not succeed (because𝐴 ≺ 𝐵′). The idea is to obtain ≺ from the
given partial order ≤ on defeasible rules R. The “lifting” of ≤ to ≺ is defined using two steps. First the ordering
on defeasible rules is lifted to sets of defeasible rules and, subsequently, this order on sets is lifted to ≺, comparing
arguments. Modgil and Prakken [33] define four orderings, based on combinations of the so-called elitist and
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democratic comparisons on sets (of defeasible rules) and the weakest and last-link principles. Here we focus
on the last-link ordering, which considers the top-most defeasible rule(s). We assume that there is at most one
defeasible top rule per argument (none for observation-based arguments). Democratic and elitist set comparisons
coincide when the sets do not have multiple elements, and thus we have a singular ordering.
Definition 7 (Last-link principle). Let 𝐴 and 𝐵 be two arguments on the basis of an AT. Under the last-link

principle it holds that 𝐵 ⪯ 𝐴 if (i) 𝐴 is observation-based or (ii) both 𝐴 and 𝐵 are rule-based and top-rule(𝐵) ≤
top-rule(𝐴).

In words, an observation-based argument cannot be strictly less preferred to another argument. For rule-based
arguments, the top rules of the arguments are compared.
Example 3. Suppose that the rule for ¬deception given that the website is trusted is considered stronger than

the rule for deception given typosquatting. Here we slightly adapt the AT 𝑇 ′′ = (𝐴𝑆,K ∪ {trusted}) with argu-

mentation system 𝐴𝑆 = (L, ,R, ≤) from Example 2. Let 𝑇 ∗ = (AS∗,K ∪ {trusted}), AS∗ = (L, ,R, ≤∗) and
≤∗= {((typosquatting⇒ deception), (trusted⇒ ¬deception))}. This AT contains an argument for deception (𝐴 =

[similar_url⇒ typosquatting] ⇒ deception) and an argument for ¬deception (𝐵 = trusted⇒ ¬deception). Since
𝐴 and 𝐵 are rule-based and top-rule(𝐴) ≤ top-rule(𝐵), it holds that 𝐴 ⪯ 𝐵. As top-rule(𝐵) ≰ top-rule(𝐴),
we have 𝐵 ⪯̸ 𝐴. Hence argument 𝐵 for ¬deception is strictly stronger than argument 𝐴 for deception.

Each argumentation theory gives rise to an abstract argument framework (AF) [19]. Semantics for argumenta-
tion theories are defined through semantics for AFs. Baroni et al. [6] give an in-depth introduction to semantics
on AFs.
Definition 8 (AFs corresponding to ATs). The abstract argumentation framework (AF) defined by an AT

𝑇 = (AS,K) is a pair ⟨A, C⟩ where A = Arg𝑇 and C is the defeat relation on A determined by T.

We focus on grounded semantics, motivated by practical applications (as outlined in the introduction): in
many situations, such as criminal investigation, it is convenient to adopt a single-status semantics with a strong
sceptical flavour, namely the grounded semantics.
Definition 9 (Grounded extension). Let 𝐹 = ⟨A, C⟩ be an AF and 𝑆 ⊆ A.

• 𝑆 is conflict-free in 𝐹 if (𝑋,𝑌 ) ∉ C for each 𝑋,𝑌 ∈ 𝑆 .
• 𝑆 defends 𝑋 ∈ A in 𝐹 if for each 𝑌 ∈ A with (𝑌,𝑋 ) ∈ C, there is a 𝑍 ∈ 𝑆 with (𝑍,𝑌 ) ∈ C.
• 𝑆 is admissible in 𝐹 if 𝑆 is conflict-free and 𝑆 defends each 𝑋 ∈ 𝑆 .
• 𝑆 is a complete extension of 𝐹 if 𝑆 is admissible and, for each 𝑋 ∈ A, 𝑋 ∈ 𝑆 if 𝑆 defends 𝑋 .

• The grounded extension 𝑆 of 𝐹 is the subset-minimal complete extension of 𝐹 .

For an AT 𝑇 and its corresponding argumentation framework 𝐹 , 𝐺 (𝑇 ) denotes the grounded extension of 𝐹 .

Every AF 𝐹 has exactly one grounded extension.
Example 4. In the AT 𝑇 = (AS,K) of Example 1, all arguments in Arg𝑇 are undefeated and therefore part of the

grounded extension. Adding ¬typosquatting to the knowledge base results in the AT𝑇 ′ = (𝐴𝑆,K∪{¬typosquatting})
in which the arguments for similar_url and ¬typosquatting are undefeated and therefore in the grounded extension.

The arguments for typosquatting and deception are defeated by an argument in the grounded extension. As for

𝑇 ′′ = (𝐴𝑆,K ∪ {trusted}), neither the argument for deception, nor the argument for ¬deception is in the grounded

extension.

In ASPIC+, a statement 𝑥 ∈ L is justified under grounded semantics in an AT 𝑇 if and only if there is an
argument with conclusion 𝑥 in the grounded extension 𝐺 (𝑇 ) [33, Definition 15]. Applications may require a
more fine-grained distinction between different types of justifications [38]. To this end, we consider four distinct
justification statuses, including the special status unsatisfiable for literals for which there is no argument.
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Definition 10 (Justification status). Let 𝑇 = (AS,K) be an AT where 𝐴𝑆 = (L, ,R, ≤) and let ⟨A, C⟩ be
the AF defined by 𝑇 . The justification status of 𝑙 ∈ L in 𝑇 is

• unsatisfiable if there is no argument for 𝑙 in A,

• defended if there is an argument for 𝑙 in A that is in the grounded extension 𝐺 (𝑇 ),
• out if there is an argument for 𝑙 in A and each argument for 𝑙 in A is defeated by an argument in 𝐺 (𝑇 ), and
• blocked if there is an argument for 𝑙 in A, no argument for 𝑙 is in 𝐺 (𝑇 ), and there is an argument for 𝑙 that is

not defeated by any argument in 𝐺 (𝑇 ).

The defended status corresponds to the justified status of conclusions of arguments defined previously [33,
Definition 15]. Conclusions of arguments that are not defended (i.e., whose justification status is not defended)
can be either out or blocked. For intuition, a literal that is out is not justifiable (every argument for the literal is
defeated by the grounded extension). A literal that is blocked is not justified under the grounded semantics. The
justification statuses are mutually exclusive and complementary [38].

Example 5 (Justification statuses). For the argumentation system 𝐴𝑆 from Example 1, we have that

• ¬deception is unsatisfiable w.r.t. 𝑇 = (𝐴𝑆, {similar_url}),
• deception is defended w.r.t. 𝑇 = (𝐴𝑆, {similar_url}),
• deception is out w.r.t. 𝑇 ′ = (𝐴𝑆, {similar_url,¬typosquatting}), and
• deception is blocked w.r.t. 𝑇 ′′ = (𝐴𝑆, {similar_url, trusted}).

3 Stability and Relevance

We turn to the main focus of this work: stability and relevance. Stability can be seen as considering a dynamic
view on justification statuses. A justification status dictates if a literal 𝑙 is justified given current information.
However, there are situations in which more information can be added, which possibly results in a change of the
justification status of 𝑙 . If additional information cannot influence the justification status of 𝑙 , we say that 𝑙 is
stable.

In this work we focus onmodifications of the current information represented by an expansion of the knowledge
base K through adding axioms. We impose restrictions on the allowed additions on the knowledge base by
distinguishing between queryable literals—ones that can be added—and non-queryable literals.

Definition 11 (Queryables). Given an AT𝑇 = (AS,K) with 𝐴𝑆 = (L, ,R, ≤), a set of queryables Q is a set of

literals such that (i) K ⊆ Q ⊆ L and (ii) if 𝑞 ∈ Q, then 𝑞 ⊆ Q.

All axioms are queryables by definition. Note that Definition 11 requires that all contradictories of each literal
in Q are also in Q. Adding a queryable literal 𝑞 to the knowledge base of an AT 𝑇 = (AS,K), where 𝑞 ∩ K = ∅,
results in the AT𝑇 ′ = (AS,K∪{𝑞}). The set of argumentation theories that can be obtained by adding queryables
to the knowledge base of an AT is the set of future argumentation theories.

Definition 12 (Future argumentation theories). Let 𝑇 = (AS,K) be an AT and Q a set of queryables. We

say that a AT 𝑇 ′ = (AS,K ′) is a future argumentation theory of 𝑇 , denoted by 𝑇 ⊑𝑄 𝑇 ′, if K ⊆ K ′ ⊆ Q.

We define a strict variant 𝑇 ⊏𝑄 𝑇 ′ by 𝑇 ⊑𝑄 𝑇 ′ and 𝑇 ′ @𝑄 𝑇 . By definition 𝑇 ⊑𝑄 𝑇 . Also note that, since
all future argumentation theories are argumentation theories, the axioms in their knowledge bases must be
consistent.
We distinguish between four types of stability, relative to the four justification statuses from Definition 10.

Definition 13 (j-stability). Let 𝑇 = (AS,K) be an AT and Q is a set of queryables. Given a literal 𝑙 ∈ L and a

justification status 𝑗 in {unsatisfiable, defended, out, blocked}, 𝑙 is stable- 𝑗 in𝑇 w.r.t. Q if 𝑙 is 𝑗 in𝑇 ′ for each𝑇 ′ with
𝑇 ⊑𝑄 𝑇 ′.
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Example 6 (Stability statuses). Consider the argumentation system 𝐴𝑆 from Example 1. The rounded squares

in Figure 1 represent queryables: Q = {typosquatting, similar_url, too_cheap, trusted,¬typosquatting,¬similar_url,

¬too_cheap,¬trusted}. We make the following observations.

• Let 𝑇1 = (AS, {similar_url,¬trusted}). There is no future AT of 𝑇1 having trusted in its knowledge base, as

¬trusted is already in the knowledge base of 𝑇1 and knowledge bases must be consistent. Thus ¬deception is

stable-unsatisfiable w.r.t. 𝑇1 and Q.
• Let𝑇2 = (AS, {similar_url, typosquatting,¬trusted}). There are arguments for deception in𝑇2, having subargu-
ments for similar_url and typosquatting. These arguments are also in every future AT of𝑇2. Furthermore, there

is no future AT containing an argument defeating any of these arguments due to the presence of ¬trusted and
typosquatting in the knowledge base. Hence every future AT of 𝑇2 contains at least one undefeated argument

for deception which must be in the grounded extension. This implies that deception is stable-defended w.r.t. 𝑇2
and Q.
• Let 𝑇3 = (AS, {similar_url,¬too_cheap,¬typosquatting}). There is an argument for deception in 𝑇3. The
argument is defeated by the observation-based argument for ¬typosquatting which is in the grounded extension
of 𝑇3 (and every future AT). In addition, there is no alternative argument for deception in any future AT of 𝑇3.
Consequently, deception must be stable-out w.r.t. 𝑇3 and Q.
• Let 𝑇4 = (AS, {similar_url, typosquatting, trusted}). Just like in 𝑇2, there are arguments for deception in 𝑇4
having subarguments for similar_url and typosquatting. These arguments are also in every future AT of

𝑇4. Due to the presence of typosquatting in the knowledge base of 𝑇4, there is no future AT containing an

observation-based argument for ¬typosquatting. As a result, the arguments for deception cannot be defeated

by an argument in the grounded extension. However, they are defeated by the argument for ¬defeated with the

subargument for trusted in every future AT of 𝑇4. To conclude, deception is stable-blocked w.r.t. 𝑇4.

When a literal does not have a stable status, that is, there is a future AT that changes the justification status of
the literal, a natural question to ask is which queryables are relevant for making the literal stable, that is, which
queryables should be added to the knowledge base in order to obtain an AT where this literal is stable. This
question is captured via the (novel) notion of relevance in ASPIC+ that we define based on the notion of minimal
stable future ATs. Minimal stable future ATs are future ATs in which the knowledge base is minimally expanded
and the considered literal is stable.

Definition 14 (Minimal stable- 𝑗 future theory). Let 𝑇 = (AS,K) be an AT, Q be a set of queryables, and 𝑗

be a justification status. Given a literal 𝑙 ∈ L, a minimal stable- 𝑗 future theory for 𝑙 w.r.t. 𝑇 and Q is an AT 𝑇 ′ with
𝑇 ⊑𝑄 𝑇 ′ such that

(1) 𝑙 is stable- 𝑗 in 𝑇 ′, and
(2) there is no 𝑇 ′′ such that 𝑙 is stable- 𝑗 in 𝑇 ′′ and 𝑇 ⊑𝑄 𝑇 ′′ ⊏𝑄 𝑇 ′.

Example 7 (Minimal stable- 𝑗 future theory). Consider again the AT 𝑇 = (AS,K) from Example 1 with Q
and K = {similar_url} as specified in Example 6. The AT 𝑇 = (AS,K) and some of its future ATs are illustrated in

Figure 2. We find that ¬deception is stable-unsatisfiable w.r.t. 𝑇 ′ = (𝐴𝑆, {similar_url, too_cheap,¬trusted}) and Q.
The AT 𝑇 ′ is not a minimal stable-unsatisfiable future theory for ¬deception w.r.t. 𝑇 and Q, since ¬deception would

also be stable-unsatisfiable without too_cheap. In contrast, it holds that the future AT (𝐴𝑆, {similar_url,¬trusted})
is minimal stable-unsatisfiable for ¬deception. This is because removing ¬trusted from the knowledge base would

result in an AT where ¬deception is not stable-unsatisfiable.

There are twominimal stable-defended future theories for deception w.r.t.𝑇 andQ: (𝐴𝑆 , {similar_url, typosquatting,

¬trusted}) and (𝐴𝑆 , {similar_url, too_cheap, ¬trusted}). The future AT (𝐴𝑆, {similar_url,¬trusted}) is not minimal

stable-defended for deception because deception is not stable-defended w.r.t. this AT.
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(AS,K)
deception is not stable-defended
¬deception is not stable-unsatisfiable

(AS,K ∪ {¬trusted})
deception is not stable-defended
¬deception is stable-unsatisfiable

(AS,K ∪ {typosquatting,¬trusted})
deception is stable-defended
¬deception is stable-unsatisfiable

(AS,K ∪ {too_cheap,¬trusted})
deception is stable-defended
¬deception is stable-unsatisfiable

Fig. 2. Illustration of the future argumentation theories of𝑇 from Example 1 with Q as specified in Example 6. Argumentation

theories are depicted as rectangular nodes. If there is an arrow from the node corresponding to an AT 𝑇𝑖 to the node

corresponding to an AT 𝑇𝑗 , then 𝑇𝑖 ⊑𝑄 𝑇𝑗 . Note that not all future ATs w.r.t. 𝑇 and Q are illustrated in this figure.

Literals in the knowledge base of a minimal stable- 𝑗 future theory that do not occur in the original knowledge
base are considered relevant.

Definition 15 ( 𝑗-relevance). Let 𝑇 = (AS,K) be an AT with 𝐴𝑆 = (L, ,R, ≤), Q a set of queryables, and 𝑗 a

justification status. Given 𝑙 ∈ L and 𝑞 ∈ 𝑄 with 𝑞 ∉ K and 𝑞 ∩ K = ∅, we say that 𝑞 is 𝑗-relevant for 𝑙 w.r.t. 𝑇 and

Q if there is a minimal stable- 𝑗 future theory 𝑇 ′ = (AS,K ′) for 𝑙 w.r.t. 𝑇 and Q such that 𝑞 ∈ K ′.

Example 8 ( 𝑗-relevance). Continuing Example 7 illustrated in Figure 2, for the AT 𝑇 = (AS,K) and queryables
Q there is a single minimal stable-unsatisfiable future theory for ¬deception w.r.t. 𝑇 and Q. The only queryable

in the knowledge base of this theory that is not in K is ¬trusted. Consequently ¬trusted is the only literal that is

unsatisfiable-relevant for ¬deception w.r.t. 𝑇 and Q. For deception, there are two minimal stable-defended future

theories w.r.t. 𝑇 and Q. Their knowledge bases contain (combinations of) the queryables too_cheap, typosquatting

and ¬trusted. Hence the defended-relevant literals for deception w.r.t. 𝑇 and Q are too_cheap, typosquatting and

¬trusted.

Note that it is possible that a queryable and its negation are both relevant for a given topic literal.

Example 9. Consider the AT 𝑇 = (AS,K) where 𝐴𝑆 = (L, ,R, ≤), L = {𝑞,¬𝑞, 𝑙,¬𝑙}, the contradiction function

corresponds to classical negation, R = {(𝑞 ⇒ 𝑙), (¬𝑞 ⇒ 𝑙)}, ≤ = ∅ and K = ∅. Suppose that Q = {𝑞,¬𝑞}. Then
both 𝑞 and ¬𝑞 are defended-relevant for 𝑙 w.r.t. 𝑇 , since 𝑙 is unsatisfiable in 𝑇 and defended in both (𝐴𝑆, {𝑞}) and
(𝐴𝑆, {¬𝑞}).

4 Complexity Results

In this section we present the main complexity-theoretic contributions of this work. Specifically, we pinpoint for
the considered ASPIC+ fragment the complexity of deciding for a given literal
(1) the justification status of the literal,
(2) the stability status of the literal, and
(3) whether a given queryable is relevant for the literal
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for each of the four different justification statuses. It is important to note that complexity results previously
established for the problems of stability and relevance on the abstract level do not directly translate to determining
the complexity of the problems for ASPIC+ because, as we will explicate in Section 7, the notions of stability and
relevance in abstract argumentation do not capture the notions in the structured setting.
We begin by rephrasing the grounded semantics in terms of sets of rules rather than sets of arguments in

order to avoid explicitly considering the potentially exponential number of arguments that a given AT gives rise
to. The rephrasing forms the basis for both the complexity results we show in this section, and the declarative
algorithms we develop later on in this article. In terms of our algorithms, the rephrasing allows for avoiding the
explicit (and unnecessary) construction of exponentially many arguments.

After rephrasing the grounded semantics in Section 4.1, we show in Section 4.2 that the justification status of
a literal is decidable in polynomial time. We then show in Section 4.3 that the stability problems for the four
justification statuses are coNP-complete, and furthermore establish ΣP

2-completeness for deciding relevance in
Section 4.4. Finally, in Section 4.5 we identify general complexity results beyond the specific ASPIC+ fragment
considered in this work and the grounded semantics.

4.1 Rephrasing Grounded Semantics

As the first step, we prove P-membership for the justification problem. Note that this is not immediately clear
from the definitions. In particular, Definition 9 specifies the grounded extension in terms of arguments, while
the number of arguments an AT gives rise to is not in general polynomially bounded in the size of the AT.
An example that exhibits an exponential number of arguments is provided by Strass et al. [51]. To establish
polynomial-time decidability, we reformulate the grounded extension in terms of sets of rules rather than sets of
arguments. Towards this, we introduce the notions of applicability, defeats and defence with respect to sets of
rules.
Firstly, a rule 𝑟 is applicable by 𝐷 if there is an argument that is based on 𝐷 ∪ {𝑟 } and uses 𝑟 .

Definition 16 (Applicable by rule set). Given an AT 𝑇 = (AS,K), and a set of defeasible rules 𝐷 ⊆ R, a rule
𝑟 ∈ R is applicable by 𝐷 if there is an argument 𝐴 based on 𝐷 ∪ {𝑟 } with 𝑟 ∈ defrules(𝐴).

Example 10. Recall the AT 𝑇 = (AS,K) in the web shop domain from Example 1 with the argumentation system

𝐴𝑆 = (L, ,R, ≤). The set R contains four defeasible rules: (similar_url ⇒ typosquatting), (typosquatting ⇒
deception), (too_cheap ⇒ deception) and (trusted ⇒ ¬deception). Given that K contains only similar_url,

Arg𝑇 (R) consists of three arguments (for similar_url, for typosquatting and for deception). Hence only the rules

similar_url⇒ typosquatting and typosquatting⇒ deception are applicable by R. Consider 𝐷 = {(similar_url⇒
typosquatting)} ⊆ R. Then Arg𝑇 (𝐷) consists of the arguments for similar_url and for typosquatting. The rules

applicable by 𝐷 are similar_url ⇒ typosquatting and typosquatting ⇒ deception. For 𝐷 ′ = {(typosquatting ⇒
deception), (too_cheap⇒ deception)} ⊆ R, Arg𝑇 (𝐷 ′) consists of the observation-based argument for similar_url.

The only rule that is applicable by 𝐷 ′ is similar_url⇒ typosquatting.

Turning to the general case with preferences, we define defeat in terms of rule sets (in analogy with Definition 6
for defeat of arguments).

Definition 17 (Defeat by rule set). Given an AT 𝑇 = (AS,K), a set of defeasible rules 𝐷 ⊆ R, and a rule

𝑟 ∈ R, we say that 𝐷 defeats 𝑟 if

• there is an 𝑙 in K such that 𝑙 ∈ cons(𝑟 ), or
• there is an 𝑟 ′ in 𝐷 such that cons(𝑟 ′) ∈ cons(𝑟 ), 𝑟 ′ is applicable by 𝐷 , and 𝑟 ′ ≮ 𝑟 .

In words, a set of defeasible rules 𝐷 defeats a single rule 𝑟 when (i) the knowledge base contains an axiom
contradictory to the consequent of 𝑟 , or (ii) there is a rule 𝑟 ′ ∈ 𝐷 applicable by 𝐷 that has as consequent a
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contradictory of the consequent of 𝑟 and that is not strictly less preferred to 𝑟 . Intuitively, in the former case, an
observation-based argument directly defeats any argument with 𝑟 as its top rule. In the latter case, a rule-based
argument with 𝑟 as top rule is defeated by a rule-based argument that has as its defeasible rules only rules in 𝐷

and 𝑟 ′ as its top rule. Then the rebut succeeds as a defeat.

Example 11. Continuing Example 4, consider again the AT𝑇 ′′ = (𝐴𝑆,K∪{trusted}). Then 𝐷 = {(similar_url⇒
typosquatting), (typosquatting ⇒ deception)} defeats the rule trusted ⇒ ¬deception, since the consequence of
one of the applicable rules in 𝐷 and the latter rule are contradictory to each other. The set 𝐷 ′ = {(trusted ⇒
¬deception)} defeats typosquatting ⇒ deception. On the other hand, if typosquatting ⇒ deception is strictly

preferred to trusted⇒ ¬deception, then 𝐷 ′ does not defeat typosquatting⇒ deception.

The preceding example suggests a correspondence between defeats by rule sets and defeats by arguments: the
rule set𝐷 = {(similar_url⇒ typosquatting), (typosquatting⇒ deception)} defeats the rule trusted⇒ ¬deception
and, correspondingly, the argument [similar_url⇒ typosquatting] ⇒ deception inArg𝑇 (𝐷) defeats the argument
trusted ⇒ ¬deception which has the rule trusted ⇒ ¬deception in its defeasible rules. We now show that this
correspondence holds in general.

Proposition 1. Given an AT 𝑇 = (AS,K), the corresponding AF ⟨A, C⟩, a set of defeasible rules 𝐷 , and an

argument 𝐴 ∈ A, it holds that at least one 𝐵 ∈ Arg𝑇 (𝐷) defeats 𝐴 if and only if 𝐷 defeats a rule 𝑟 ∈ defrules(𝐴).

Proof. We show both directions of the equivalence individually.
• From left to right.Assume that there is some argument 𝐵 in Arg𝑇 (𝐷) that defeats𝐴 on𝐴′ ∈ sub(𝐴). Since𝐴′
is defeated, it must be rule-based. Let 𝑟 be the top rule of𝐴′. Then 𝐵 is either observation-based or rule-based,
with some 𝑟 ′ ∈ 𝐷 as its top rule. If 𝐵 is observation-based, then conc(𝐵) ∈ K and conc(𝐵) ∈ cons(𝑟 ). This
implies that 𝐷 defeats 𝑟 . Otherwise 𝐵 has some rule 𝑟 ′ ∈ 𝐷 as its top rule. In that case, there must be an
argument with top rule 𝑟 ′ in Arg𝑇 (𝐷) = Arg𝑇 (𝐷 ∪ {𝑟 ′}), and hence 𝑟 ′ is applicable by 𝐷 . Since 𝐵 defeats
𝐴′, we have cons(𝑟 ′) ∈ cons(𝑟 ) and 𝑟 ′ ≮ 𝑟 , and hence 𝐷 defeats 𝑟 . Finally, since 𝑟 is the top rule of 𝐴′ and
𝐴′ is a subargument of 𝐴, we have 𝑟 ∈ defrules(𝐴).
• From right to left. Assume that 𝐷 ⊆ R defeats some 𝑟 ∈ defrules(𝐴). Since 𝑟 ∈ defrules(𝐴), there
must be a subargument of 𝐴 with top rule 𝑟 . Let 𝐴′ ∈ sub(𝐴) be such a subargument. Since 𝐷 defeats 𝑟 ,
either (i) there is some 𝑙 ∈ cons(𝑟 ) in K or (ii) there is an 𝑟 ′ ∈ 𝐷 applicable by 𝐷 with 𝑟 ′ ≮ 𝑟 and whose
consequent is a contradictory of 𝑟 . In case (i), there is an observation-based argument in Arg𝑇 (𝐷) that
defeats 𝐴 on 𝐴′. In case (ii), since 𝑟 ′ is applicable by 𝐷 , there is an argument 𝐵 in Arg𝑇 (𝐷) with top rule 𝑟 ′.
The argument 𝐵 is not less preferred than 𝐴 under the last-link principle. Hence 𝐵 defeats 𝐴′ and thus also
𝐴. □

Analogously to defeat, we introduce a notion of defence in terms of rule sets. An argument 𝐴 is defended by
a set of arguments 𝑆 if each argument 𝐵 defeating 𝐴 is defeated by some argument in 𝑆 . In other words, each
argument not defeated by any argument in 𝑆 must not defeat 𝐴. We rephrase this notion into defence by rule sets.

Definition 18 (Defence by rule set). Given an AT 𝑇 = (AS,K), a set of defeasible rules 𝐷 ⊆ R, and a rule
𝑟 ∈ R, let𝑈 be the set of rules in R that are not defeated by 𝐷 . Then 𝑟 is defended by 𝐷 if𝑈 does not defeat 𝑟 .

Example 12. Consider the AT 𝑇 = (AS,K) with 𝐴𝑆 = (L, ,R, ≤) and
• L = {𝑞1,¬𝑞1, 𝑞2,¬𝑞2, 𝑞3,¬𝑞3, 𝑎, 𝑏, 𝑐};
• 𝑞 ∈ ¬𝑞 and ¬𝑞 ∈ 𝑞 for each 𝑞 ∈ {𝑞1, 𝑞2, 𝑞3}, 𝑎 = {𝑏}, 𝑏 = {𝑎, 𝑐} and 𝑐 = {𝑏};
• R = {𝑟1 : (𝑞1 ⇒ 𝑎), 𝑟2 : (𝑞2 ⇒ 𝑏), 𝑟3 : (𝑞3 ⇒ 𝑐)};
• 𝑞1 ⇒ 𝑎 > 𝑞2 ⇒ 𝑏; and
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𝑞1 𝑞2 𝑞3

¬𝑞1 ¬𝑞2 ¬𝑞3

𝑎 𝑏 𝑐

𝑟1 𝑟2 𝑟3

𝑞1 𝑞2 𝑞3

𝑞1 ⇒ 𝑎 𝑞2 ⇒ 𝑏 𝑞3 ⇒ 𝑐

Fig. 3. Illustration of the argumentation theory in Example 12 and its corresponding argumentation framework. The preference

over the rules is 𝑟1 > 𝑟2.

• K = {𝑞1, 𝑞2, 𝑞3}.
This AT and its corresponding argumentation framework are illustrated in Figure 3.

• Consider 𝐷 = ∅. The set 𝑈 of rules not defeated by 𝐷 is {𝑟1, 𝑟2, 𝑟3}. Since {𝑟1, 𝑟2, 𝑟3} does not defeat 𝑟1, the rule
𝑟1 is defended by 𝐷 . No other rule is defended by 𝐷 .
• Now consider 𝐷 = {𝑟1}. The set of rules not defeated by 𝐷 is 𝑈 = {𝑟1, 𝑟3}. 𝑈 does not defeat 𝑟1 or 𝑟3. Thus 𝑟1
and 𝑟3 are defended by 𝐷 .
• Similarly, for 𝐷 = {𝑟3}, the set of rules undefeated by 𝐷 is𝑈 = {𝑟1, 𝑟3}. As𝑈 does not defeat 𝑟1 and 𝑟3, both 𝑟1
and 𝑟3 are defended by 𝐷 .

Note that there is a correspondence between defence by arguments and defence by rule sets. For example, 𝐷 ′ defends
𝑟1 and 𝑟3. Also the set of arguments Arg𝑇 (𝐷 ′) = {𝑞1 ⇒ 𝑎} defends all arguments that can be constructed from 𝑟1
and 𝑟3, that is, 𝑞1 ⇒ 𝑎 and 𝑞3 ⇒ 𝑐 .

We formally establish that this correspondence between defence by arguments (Definition 9) and defence by
rule sets (Definition 18) holds in general.

Proposition 2. Given an AT 𝑇 = (AS,K), its corresponding AF ⟨A, C⟩, a set of defeasible rules 𝐷 , and an

argument 𝐴 ∈ A, it holds that Arg𝑇 (𝐷) defends 𝐴 if and only if 𝐷 defends every rule 𝑟 ∈ defrules(𝐴).

Proof. We consider each of the direction of the if-and-only-if separately.
• From left to right. Assume that Arg𝑇 (𝐷) defends 𝐴 and let 𝑟 be an arbitrary rule in defrules(𝐴). Towards
a contradiction, assume that 𝑟 is not defended by 𝐷 . Then by Definition 18 the set 𝑈 , consisting of all
rules in R that are not defeated by 𝐷 , defeats 𝑟 . By Proposition 1 there is some 𝐵 ∈ Arg𝑇 (𝑈 ) that defeats
𝐴. As 𝐵 ∈ Arg𝑇 (𝑈 ), the argument 𝐵 can be constructed using K and𝑈 . Due to the way𝑈 is constructed
(consisting only of rules not defeated by 𝐷), by Proposition 1 there is no argument 𝐶 ∈ Arg𝑇 (𝐷) that
defeats 𝐵. Then by Definition 9, Arg𝑇 (𝐷) does not defend 𝐴. From this contradiction it follows that 𝑟 is
defended by 𝐷 .
• From right to left. Assume that 𝐷 defends all 𝑟 ∈ defrules(𝐴). Towards a contradiction, assume that
Arg𝑇 (𝐷) does not defend 𝐴. Then by Definition 9 there is some 𝐵 ∈ A that defeats 𝐴, while no argument
in Arg𝑇 (𝐷) defeats 𝐵. By Proposition 1 this implies that each rule 𝑟 ′ ∈ defrules(𝐵) is not defeated
by 𝐷 . Hence defrules(𝐵) ⊆ 𝑈 , where 𝑈 is the set of all rules in R not defeated by 𝐷 . This implies
that 𝐵 ∈ Arg𝑇 (𝑈 ). As 𝐵 ∈ Arg𝑇 (𝑈 ) defeats 𝐴, by Proposition 1 𝑈 defeats a rule 𝑟 ∈ defrules(𝐴). By
Definition 18 𝑟 is not defended by 𝐷 , which contradicts our assumption. Hence Arg𝑇 (𝐷) must defend𝐴. □
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Based on the notion of defence for rule sets, we show a counterpart of Dung’s fundamental lemma [19,
Lemma 10] for rule sets (instead of argument sets) in Proposition 3. We first show that the defence relation is
monotonous.

Lemma 1 (Monotonicity of defence). Let 𝑇 = (AS,K) be an AT with 𝐴𝑆 = (L, ,R, ≤). For each 𝑅 ⊆ R and

𝑟 ∈ R, it holds that if 𝑅 defends 𝑟 , then each 𝑅′ such that 𝑅 ⊆ 𝑅′ ⊆ R defends 𝑟 .

Proof. If 𝑅 defends 𝑟 , then by Definition 18 the set of rules𝑈 in R not defeated by 𝑅 does not defeat 𝑟 . Consider
a set of rules 𝑅′ ⊆ R such that 𝑅 ⊆ 𝑅′ and let 𝑈 ′ be the set of all rules in R that is not defeated by 𝑅′. Then
𝑈 ′ ⊆ 𝑈 , since𝑈 does not defeat 𝑟 it follows that𝑈 ′ cannot defeat 𝑟 either. □

Proposition 3. Let 𝑇 = (AS,K) be an AT with 𝐴𝑆 = (L, ,R, ≤) and 𝑅 ⊆ R a set of defeasible rules such that

(i) each rule 𝑟 ∈ 𝑅 is applicable by 𝑅 and (ii) Arg𝑇 (𝑅) is admissible. Furthermore, let 𝑟 and 𝑟 ′ be rules in R defended

by 𝑅. Then (i) Arg𝑇 (𝑅 ∪ {𝑟 }) is admissible and (ii) 𝑅 ∪ {𝑟 } defends 𝑟 ′.

Proof. Assume that that Arg𝑇 (𝑅) is admissible and that 𝑟 and 𝑟 ′ are rules in R defended by 𝑅.
(i) We show that Arg𝑇 (𝑅 ∪ {𝑟 }) is admissible, that is, it defends itself and is conflict-free.
• By Definition 9 of admissibility, Arg𝑇 (𝑅) defends each argument in Arg𝑇 (𝑅). By Proposition 2 𝑅 defends
each rule in 𝑅. As 𝑟 is defended by 𝑅, 𝑅 defends each rule in 𝑅∪{𝑟 }. By monotonicity of defence (Lemma 1),
𝑅 ∪ {𝑟 } defends each rule in 𝑅 ∪ {𝑟 }. Then for each argument 𝐴 in Arg𝑇 (𝑅 ∪ {𝑟 }) it holds that each rule
in defrules(𝐴) is defended by 𝑅 ∪ {𝑟 }. By Proposition 2 this implies that Arg𝑇 (𝑅 ∪ {𝑟 }) defends itself.
• To establish admissibility, what remains to be shown is conflict-freeness. Towards a contradiction, assume
that Arg𝑇 (𝑅 ∪ {𝑟 }) is not conflict-free. Then there are 𝐴, 𝐵 in Arg𝑇 (𝑅 ∪ {𝑟 }) such that 𝐴 defeats 𝐵.
As 𝑅 defends each rule in 𝑅 ∪ {𝑟 }, by Proposition 2 it holds that Arg𝑇 (𝑅) defends Arg𝑇 (𝑅 ∪ {𝑟 }). As
𝐵 ∈ Arg𝑇 (𝑅 ∪ {𝑟 }) is defeated by 𝐴, there is an argument𝐶 in Arg𝑇 (𝑅) that defeats 𝐴. However, Arg𝑇 (𝑅)
defends Arg𝑇 (𝑅 ∪ {𝑟 }), and hence there is an argument 𝐷 in Arg𝑇 (𝑅) defeating 𝐶 . That implies that 𝐶
and 𝐷 in Arg𝑇 (𝑅) defeat each other, which contradicts conflict-freeness of the admissible set Arg𝑇 (𝑅). It
follows that Arg𝑇 (𝑅 ∪ {𝑟 }) is conflict-free.

Therefore Arg𝑇 (𝑅 ∪ {𝑟 }) is admissible.
(ii) From the assumption that 𝑅 defends 𝑟 ′ and Lemma 1 it directly follows that 𝑅 ∪ {𝑟 } defends 𝑟 ′. □

Towards defining the grounded extension without constructing arguments, we define a characteristic function
for sets of rules, in analogy with the characteristic function for AFs [19, Definition 16].

Definition 19. Let 𝑇 = (AS,K) be an AT with 𝐴𝑆 = (L, ,R, ≤) and 𝐷 ⊆ R a rule set. Then def 𝑇 (𝐷) = {𝑟 ∈
R | 𝑟 is applicable and defended by 𝐷}.

For 𝑖 > 0, we denote 𝑖 applications of def 𝑇 on ∅ by def
𝑖
𝑇 (∅) and define def 0𝑇 (∅) = ∅.

By Proposition 4, iterating the characteristic function starting from the empty set gives the grounded extension.

Proposition 4. Given an AT 𝑇 = (AS,K) with 𝐴𝑆 = (L, ,R, ≤), let 𝐶 be the least fixed point of def 𝑇 . Then

𝐺 (𝑇 ) = Arg𝑇 (𝐶).

Proof. First we show that def 𝑇 has a unique least fixed point. The def 𝑇 function is based on rule applicability
and defence by Definition 19. Since defense is ⊆-monotonic (recall Lemma 1) and the notion of applicability
(i.e., for any 𝐷 ⊆ 𝐷 ′ ⊆ R, if a rule is applicable by 𝐷 , then the rule is also applicable by 𝐷 ′), we have that def 𝑇
is ⊆-monotonic. Hence def 𝑇 has a unique least fixed point. The least fixed point is obtained by iterating def 𝑇 ,
starting with the empty set.

Next, we show by induction that Arg𝑇 (def 𝑖𝑇 (∅)) is admissible for any 𝑖 ∈ N and thus Arg𝑇 (𝐶) is admissible. For
the base case 𝑖 = 0, we have def 0𝑇 (∅) = ∅. Then Arg𝑇 (∅) consists of knowledge-based arguments which cannot
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be defeated. Hence Arg𝑇 (def 0𝑇 (∅)) is admissible by Definition 9. Now, we assume as the induction hypothesis
that Arg𝑇 (def 𝑘𝑇 (∅)) is admissible for some 𝑘 ∈ N. By Definition 19, def 𝑘+1𝑇 (∅) consists of all rules in R that are
applicable and defended by def

𝑘
𝑇 (∅). By Proposition 3, def 𝑘+1𝑇 (∅) is admissible. Since R is finite, we reach a fixed

point 𝐶 at some 𝑖 ∈ N. This implies that Arg𝑇 (𝐶) is admissible.
Next, we show that Arg𝑇 (𝐶) is complete. We will prove this by induction on the height of defended arguments,

where the height ℎ(𝐴) of any argument 𝐴 ∈ A is defined as follows. If 𝐴 is observation-based, then ℎ(𝐴) = 0.
Otherwise, 𝐴 has the form 𝐴1, . . . , 𝐴𝑚 ⇒ conc(𝐴) and ℎ(𝐴) = 1 +max(ℎ(𝐴1), . . . , ℎ(𝐴𝑚)).
For the base case, each argument 𝐴 ∈ A with ℎ(𝐴) = 0 defended by Arg𝑇 (𝐶) must be in Arg𝑇 (𝐶); as

defrules(𝐴) = ∅ and 𝐴 cannot be defeated, we have 𝐴 ∈ Arg𝑇 (∅) and hence 𝐴 ∈ Arg𝑇 (𝐶). Now assume as
the induction hypothesis that, for each 𝑘 ≤ 𝑛, every argument 𝐴 ∈ A with ℎ(𝐴) = 𝑘 defended by Arg𝑇 (𝐶)
is in Arg𝑇 (𝐶). Let 𝐴 = 𝐴1, . . . , 𝐴𝑚 ⇒ conc(𝐴) be an arbitrary argument in A with ℎ(𝐴) = 𝑛 + 1 defended
by Arg𝑇 (𝐶). As Arg𝑇 (𝐶) defends 𝐴, by Proposition 2 𝐶 defends every rule in defrules(𝐴). Furthermore, each
rule in defrules(𝐴) is applicable by 𝐶 , since for each 𝐴′ ∈ {𝐴1, . . . , 𝐴𝑚}, 𝐴′ is in Arg𝑇 (𝐶) by the induction
hypothesis. By Definition 19 of def 𝑇 , each rule in defrules(𝐴′) is applicable by𝐶 . By Definition 16 of applicability,
top-rule(𝐴) is also applicable by 𝐶 . As all rules in defrules(𝐴) are applicable and defended by 𝐶 , def 𝑇 (𝐶) = 𝐶

contains all rules in defrules(𝐴), and hence 𝐴 ∈ Arg𝑇 (𝐶). Since every argument in A has finite height (by
Definition 4), Arg𝑇 (𝐶) is complete.
Finally, suppose towards a contradiction that Arg𝑇 (𝐶) is not grounded. As Arg𝑇 (𝐶) is complete, we have

𝐺 (𝑇 ) ⊂ Arg𝑇 (𝐶) and hence there is an argument in Arg𝑇 (𝐶) that is not in 𝐺 (𝑇 ). Let 𝑗 be the first iteration of
def 𝑇 for which there is an argument 𝐵 ∈ Arg𝑇 (def

𝑗

𝑇
(∅)), 𝐵 ∉ 𝐺 (𝑇 ), and each argument in Arg𝑇 (def

𝑗−1
𝑇
(∅)) is in

𝐺 (𝑇 ). By definition of def 𝑇 , every rule in def
𝑗

𝑇
(∅) is applicable and defended by def

𝑗−1
𝑇
(∅). Hence every rule

in defrules(𝐵) is applicable and defended by def
𝑗−1
𝑇
(∅). Then, by Proposition 2, Arg𝑇 (def

𝑗−1
𝑇
(∅)) defends 𝐵.

As each argument in Arg𝑇 (def
𝑗−1
𝑇
(∅)) is in 𝐺 (𝑇 ), we have that 𝐺 (𝑇 ) defends 𝐵, which is a contradiction. We

conclude that Arg𝑇 (𝐶) = 𝐺 (𝑇 ). □

Example 13. Consider the argumentation system 𝐴𝑆 from Example 1, AT 𝑇 = (𝐴𝑆 , {similar_url, trusted,

too_cheap}), and the preference relation (trusted ⇒ ¬deception) < (similar_url ⇒ deception). The least fixed
point of def 𝑇 is {(similar_url⇒ typosquatting), (too_cheap⇒ deception), (typosquatting⇒ deception)}.
(1) 𝑖 = 1: no rules are defeated by ∅, and hence the set of undefeated rules is 𝑈 = R. Firstly, (similar_url ⇒

typosquatting) is applicable by 𝑈 and, as ¬typosquatting is not derivable by 𝑈 , defended by ∅. Secondly,
¬deception is derivable from 𝑈 only by (trusted⇒ ¬deception), which is less preferred than (too_cheap⇒
deception), the latter of which is thus defended (and applicable) by ∅. Thus we have def 1𝑇 (∅) = def 𝑇 (∅) =
{(similar_url⇒ typosquatting), (too_cheap⇒ deception)}.

(2) 𝑖 = 2: 𝑈 = R \ {(trusted ⇒ ¬deception)} and thus ¬deception is not derivable from 𝑈 and we find that

(typosquatting⇒ deception) is not defeated by 𝑈 . Thus we have def
2
𝑇 (∅) = def

1
𝑇 (∅) ∪ {(typosquatting⇒

deception)}.
(3) def 3𝑇 (∅) = def

2
𝑇 (∅); terminate.

The set of arguments that can be constructed based on these rules (deriving deception, typosquatting, too_cheap, and

similar_url) constitute the grounded extension.

4.2 Complexity of Justification

We are now ready to establish that justification is polynomial-time computable. We show that one can compute
the least fixed point of defT in |R |/2 iterations, starting with the empty set of rules. At the fixed point we conclude
a rule to be defended or defeated.
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Proposition 5. Given an AT 𝑇 = (AS,K) with 𝐴𝑆 = (L, ,R, ≤), the least fixed point of def 𝑇 is reached in at

most |R |/2 iterations.

Proof. Consider for each 𝑖 ∈ N the sets 𝑆𝑖 = def
𝑖
𝑇 (∅) and the set of rules 𝐷𝑖 = {𝑟 ∈ R | 𝑟 is defeated by 𝑆𝑖 }

defeated by 𝑆𝑖 . Note that 𝑆𝑖 ⊆ 𝑆𝑖+1 and 𝐷𝑖 ⊆ 𝐷𝑖+1. Furthermore, 𝑆𝑖 and 𝐷 𝑗 are disjoint for all 𝑖, 𝑗 , since 𝐴𝑟𝑔(𝑆𝑖 ) is
conflict-free by Proposition 3. Moreover, 𝑆𝑖 defending a rule that 𝑆𝑖−1 does not defend requires that 𝑆𝑖 defeats
some rule that 𝑆𝑖−1 does not defeat. This implies that if 𝐷𝑖 = 𝐷𝑖−1, then 𝑆𝑖 is the least fixed point of def 𝑖𝑇 (∅).
Thus on every iteration either at least one element is added to both 𝑆𝑖 and 𝐷𝑖 or a least fixed point is reached.
Therefore, when 𝑖 = |R |/2 is reached, every 𝑟 ∈ R is in either 𝑆𝑖 or 𝐷𝑖 , and hence a least fixed point has been
reached. □

The least fixed point of def 𝑇 allows for directly inferring the justification status of a literal.

Proposition 6. Assume an AT 𝑇 = (AS,K) with 𝐴𝑆 = (L, ,R, ≤) and let 𝐶 be the least fixed point of def 𝑇 . A

literal 𝑙 ∈ L is

(i) unsatisfiable if and only if there is no argument 𝐴 for 𝑙 in Arg𝑇 ,

(ii) defended if and only if there is an argument for 𝑙 in Arg𝑇 (𝐶),
(iii) out if and only if there is an argument for 𝑙 in Arg𝑇 and no argument for 𝑙 in Arg𝑇 (𝑈 ), where𝑈 is the set of

rules not defeated by 𝐶 , and

(iv) blocked otherwise.

Proof. (i) The unsatisfiable case corresponds directly to Definition 10 of justification.
(ii) A literal 𝑙 is defended if and only if there is an argument for 𝑙 in the grounded extension𝐺 (𝑇 ) (Definition 10).

By Proposition 4, Arg𝑇 (𝐶) = 𝐺 (𝑇 ), so 𝑙 is defended if and only if there is an argument for 𝑙 based on 𝐶 .
This is the case if and only if there is an argument for 𝑙 in Arg𝑇 (𝐶).

(iii) A literal 𝑙 is out if and only if (a) there is an argument for 𝑙 in Arg𝑇 and (b) each argument for 𝑙 in Arg𝑇

is defeated by some argument in 𝐺 (𝑇 ) (Definition 10), where 𝐺 (𝑇 ) = Arg𝑇 (𝐶) (Proposition 4). For any
argument 𝐴 for 𝑙 in Arg𝑇 , 𝐴 is defeated by Arg𝑇 (𝐶) if and only if 𝐶 defeats some rule 𝑟 in defrules(𝐴)
(Proposition 1). Hence all arguments for 𝑙 in Arg𝑇 are defeated by Arg𝑇 (𝐶) if and only if it is not possible
to construct an argument for 𝑙 based on only rules not defeated by 𝐶 (i.e., based on 𝑈 ), which holds if and
only if there is no argument for 𝑙 in Arg𝑇 (𝑈 ).

(iv) The justification statuses in Definition 10 are mutually exclusive and complementary, so a literal is blocked
if and only if it is not unsatisfiable, defended or out. By cases (i)–(iii), this is the case if and only if there is
some argument for 𝑙 in Arg𝑇 (𝑈 ) and there is no argument for 𝑙 in Arg𝑇 (𝐶). □

In summary, it holds that we can infer the justification status of a literal in polynomial time for each of the
four justification statuses.

Theorem 1. Let 𝑇 = (AS,K) be an AT with 𝐴𝑆 = (L, ,R, ≤) and let 𝑗 be the unsatisfiable, defended, out, or
blocked justification status. The problem of deciding whether a literal 𝑙 ∈ L has justification status 𝑗 w.r.t. 𝑇 is in P.

Proof. The following operations can be done in polynomial time.
(1) Given 𝑅 ⊆ R and 𝑙 ∈ L, decide if there is some argument for 𝑙 in Arg𝑇 (𝑅). This is achieved by starting

from the set 𝑆 = K and adding conclusions of rules for which all antecedents are in 𝑆 , until a fixed point is
reached.

(2) Compute the least fixed point of def𝑇 . This procedure takes polynomial time as the def𝑇 operator is applied
no more than |R |/2 times before reaching a fixed point (Proposition 5).

(3) Given a set of rules 𝑅′ ⊆ R, compute the set of rules that are not defeated by 𝑅′.
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These observations and Proposition 6 together imply that deciding whether a given 𝑙 ∈ L has justification
status 𝑗 is achieved as follows.
• 𝑗 = unsatisfiable: Decide in polynomial time (by Item 1) whether there is some argument for 𝑙 in Arg𝑇 (R).
If this is not the case, then 𝑙 is unsatisfiable w.r.t. 𝑇 .
• 𝑗 = defended: Compute the least fixed point of def𝑇 in polynomial time (by Item 2) and let this be 𝐶 . Then
decide in polynomial time (by Item 1) whether there is some argument for 𝑙 in Arg𝑇 (𝐶). It holds that 𝑙 is
defended w.r.t. 𝑇 if only if such an argument exists (Proposition 6 Item 2).
• 𝑗 = out: Compute the least fixed point of def𝑇 in polynomial time (by Item 2) and let this be 𝐶 . Compute
𝑈 = {𝑟 ∈ R | 𝑟 is not defeated by 𝐶}, which can be done in polynomial time (by Item 3). Then decide
in polynomial time (by Item 1) whether there is an argument for 𝑙 in Arg𝑇 (R) and whether there is no
argument for 𝑙 in Arg𝑇 (𝑈 ). By Item 3 of Proposition 6, this holds if and only if 𝑙 is out w.r.t. 𝑇 .
• If 𝑗 = blocked: By the above, check in polynomial time if 𝑗 cannot be unsatisfiable, defended or out. This is
the case if and only if 𝑗 is blocked w.r.t. 𝑇 (Item 4 of Proposition 6). □

4.3 Complexity of Stability

Polynomial-time decidability of justification, proven in Theorem 1, has immediate implications for the complexity
of stability.

Proposition 7. Deciding whether a literal is stable- 𝑗 in an AT is coNP-complete for each justification status

𝑗 ∈ {unsatisfiable, defended, out, blocked}. Hardness holds even without preferences.

Proof. To decide whether a literal is stable w.r.t. a justification status, we can proceed as follows: non-
deterministically guess a future theory and deterministically check (in polynomial time by Theorem 1) the
justification status of the targeted literal. Thus, the complementary problem, that is, a literal is not stable w.r.t. a
justification status, is in NP. In addition to membership in coNP, we can infer coNP-hardness from earlier results
on hardness for the case without preferences [38] which imply hardness for the case with preferences. □

4.4 Complexity of Relevance

We turn to the problem of deciding whether a given queryable is 𝑗-relevant for a given literal for a justification
status 𝑗 ∈ {unsatisfiable, defended, out, blocked}. This problem turns out to be ΣP

2-complete for each of the four
justification statuses.

We first establish an auxiliary result that characterizes relevance of literals in terms of checking (non-)stability.
Intuitively, one can verify that a queryable 𝑞 is 𝑗-relevant for a literal 𝑙 if one is able to find an AT for which the
literal is not stable- 𝑗 , but by adding 𝑞 to the axioms, the literal becomes stable.

Lemma 2. Let 𝑇 = (AS,K) be an AT, Q a set of queryables and 𝑗 a justification status in {unsatisfiable, defended,
out, blocked}. Given a literal 𝑙 ∈ L and a queryable literal 𝑞 ∈ 𝑄 \ K and 𝑞 ∩ K = ∅, 𝑞 is 𝑗-relevant for 𝑙 w.r.t. 𝑇

and Q if and only if

• there is an AT 𝑇 ′ = (AS,K ′) with 𝑇 ⊑𝑄 𝑇 ′ such that 𝑙 is not stable- 𝑗 w.r.t. 𝑇 ′ and
• 𝑙 is stable- 𝑗 w.r.t. (𝐴𝑆,K ′ ∪ {𝑞}).

Proof. From left to right. If 𝑞 is 𝑗-relevant for 𝑙 w.r.t. 𝑇 and Q, then there is a minimal stable- 𝑗 future theory
(𝐴𝑆,K∗) such that 𝑞 ∈ K∗; by minimality, 𝑙 cannot be stable- 𝑗 in (𝐴𝑆,K∗ \ {𝑞}). From right to left. Assume that
there is an (𝐴𝑆,K ′ ∪ {𝑞}) such that 𝑙 is stable- 𝑗 and 𝑙 is not stable- 𝑗 w.r.t. (𝐴𝑆,K ′). If (𝐴𝑆,K ′ ∪ {𝑞}) is minimal
stable- 𝑗 , the claim follows. Otherwise there is some K ′′ ⊂ K ′ ∪ {𝑞} such that 𝑙 is stable- 𝑗 w.r.t. (𝐴𝑆,K ′′). If
𝑞 ∉ K ′′, then (𝐴𝑆,K ′′) ⊑𝑄 (𝐴𝑆,K ′), contradicting that (𝐴𝑆,K ′′) is minimally stable- 𝑗 for 𝑙 . Thus 𝑞 ∈ K ′′ and
the claim follows. □
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Lemma 2 provides the basis for establishing ΣP
2-membership for relevance for all four considered justification

statuses. We establish hardness via a reduction from quantified Boolean formulas with one quantified alternation
(2-QBFs). Here we detail the hardness proof for the defended status; the hardness proofs for the justification
statuses unsatisfiable, out, and blocked are provided in Appendix A.

Theorem 2. Deciding whether a queryable is 𝑗-relevant for a literal in an ATw.r.t. a set of queryables is ΣP
2-complete

for each 𝑗 ∈ {unsatisfiable, defended, out, blocked}. Hardness holds even without preferences.

Proof of Theorem 2 membership and hardness for the defended status. For a given AT 𝑇 = (AS,K),
justification status 𝑗 , set of queryables 𝑄 , a specific queryable 𝑞 ∈ 𝑄 , and a literal 𝑙 , we show that deciding
whether 𝑞 is 𝑗-relevant for 𝑙 is in ΣP

2 . Consider a non-deterministic construction of a future AT𝑇 ′ = (AS,K ′) of𝑇 .
Compared to 𝑇 , the guessed AT 𝑇 ′ is the same except for the knowledge base. Each item in the knowledge base
must be in the language of ASwhich is part of𝑇 . In other words, the non-deterministic construction of𝑇 ′ involves
constructing K ′ ⊆ L. It directly follows that 𝑇 ′ is of polynomial size with respect to 𝑇 since at most |L| many
elements are added. Check that 𝑙 is not stable- 𝑗 for 𝑇 ′ and 𝑙 is stable- 𝑗 w.r.t. (𝐴𝑆,K ′ ∪ {𝑞}). Checking whether
stability holds is in coNP by Proposition 7. If the conditions hold for some non-deterministically constructed
future AT, then 𝑞 is 𝑗-relevant for 𝑙 in𝑇 by Lemma 2. If there is no such future AT, then 𝑞 is not 𝑗-relevant for 𝑙 in
𝑇 . Thus the decision problem is in ΣP

2 .
For establishing ΣP

2-hardness, we give a reduction from deciding whether a given 2-QBF formula Φ = ∃𝑋∀𝑌¬𝜙
is True, where 𝜙 is a propositional formula in conjunctive normal form (CNF), and 𝑋 = {𝑥1, . . . , 𝑥𝑛} and
𝑌 = {𝑦1, . . . , 𝑦𝑚} are pairwise disjoint sets of variables. This problem is ΣP

2-complete [50, 56].
For a given Φ, construct an AT 𝑇 and queryables Q defined via

Q = 𝑋 ∪ 𝑋 ∪ 𝑌 ∪ 𝑌 ∪ {𝑑, 𝑑},
L = Q ∪𝐶 ∪𝐶 ∪𝑉 ∪𝑉 ∪ {𝑡, 𝑡},

= {(𝑥, 𝑥), (𝑥, 𝑥) | 𝑥 ∈ 𝑋 ∪ 𝑌 ∪𝑉 ∪𝐶 ∪ {𝑑, 𝑡}},
R = {(𝑑, 𝑣1, . . . , 𝑣𝑛 ⇒ 𝑡)} ∪
{(𝑥 ⇒ 𝑐) | 𝑥 ∈ 𝑐} ∪ {(𝑥 ⇒ 𝑐) | ¬𝑥 ∈ 𝑐} ∪
{(𝑦 ⇒ 𝑐) | 𝑦 ∈ 𝑐} ∪ {(𝑦 ⇒ 𝑐) | ¬𝑦 ∈ 𝑐} ∪
{(𝑐1, . . . , 𝑐𝑝 ⇒ 𝑡)} ∪
{(𝑥𝑖 ⇒ 𝑣𝑖 ), (𝑥𝑖 ⇒ 𝑣𝑖 ) | 𝑥𝑖 ∈ 𝑋 }
{(𝑦 ⇒ 𝑡), (𝑦 ⇒ 𝑡) | 𝑦 ∈ 𝑌 },

K = ∅,
≤ = ∅,

with 𝐶 = {𝑐1, . . . , 𝑐𝑝 } the set of clauses in 𝜙 , 𝑋 = {𝑥 | 𝑥 ∈ 𝑋 }, 𝑌 = {𝑦 | 𝑦 ∈ 𝑌 }, 𝐶 = {𝑐 | 𝑐 ∈ 𝐶}, and
𝑉 = {𝑣𝑖 | 𝑥𝑖 ∈ 𝑋 } and 𝑉 = {𝑣𝑖 | 𝑥𝑖 ∈ 𝑋 }. The reduction is illustrated by an example in Figure 4.
We assume without loss of generality that 𝑑 , 𝑑 , 𝑡 , and 𝑡 are fresh variables not occurring in Φ. Thereby

𝑇 = (AS,K) with 𝐴𝑆 = (L, ,R, ≤) and Q can be constructed in polynomial time w.r.t. Φ.
Next, we argue that Φ is True if and only if 𝑑 is defended-relevant for 𝑡 w.r.t. 𝑇 .
• From left to right. Assume that Φ is True. Then there is an assignment 𝜏 ′

𝑋
to variables of 𝑋 such that for each

assignment 𝜏 ′
𝑌
to variables of 𝑌 , 𝜙 [𝜏 ′

𝑋
, 𝜏 ′

𝑌
] is False. Let 𝜏𝑋 be such an assignment. Construct a knowledge

baseK ′ = {𝑥 ∈ 𝑋 | 𝜏𝑋 [𝑥] = True} ∪ {𝑥 ∈ 𝑋 | 𝜏𝑋 [𝑥] = False}. Note thatK ′ must be consistent as no 𝑥 ∈ 𝑋
can be assigned both True and False by 𝜏𝑋 . Hence 𝑇 ⊑𝑄 (AS,K ′). We make the following observations.
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𝑡𝑡

𝑑 𝑣1

𝑥1 𝑥1

𝑦1 𝑦1 𝑐1 𝑐2

𝑦1 𝑦1

Fig. 4. Illustration of the reduction used in Theorem 2 for the defended status for the formula 𝜙 = (𝑥1 ∨ 𝑦1) ∧ (𝑥𝑖 ∨ ¬𝑦1).
The queryables 𝑦1 and 𝑦1 are displayed twice for readability.

– 𝑡 is not stable-defended w.r.t. (AS,K ′) and Q, because 𝑡 is not defended w.r.t. (AS,K ′): given that 𝑑 ∉ K ′
and for each 𝑦 ∈ 𝑌 both 𝑦 ∉ K ′ and 𝑦 ∉ K ′, there is no argument for 𝑡 in Arg (AS,K′ ) .

– 𝑡 is stable-defended w.r.t. (AS,K ′ ∪ {𝑑}) and Q. To see this, let𝑇 ′′ = (AS,K ′ ∪ {𝑑} ∪K ′′) be an arbitrary
AT such that (AS,K ′ ∪ {𝑑}) ⊑𝑄 𝑇 ′′. Note that K ′′ ⊆ 𝑌 ∪ 𝑌 . As there is no assignment 𝜏𝑌 to variables in
𝑌 such that 𝜙 [𝜏𝑋 , 𝜏𝑌 ] is True, there is no argument for 𝑡 in Arg𝑇 ′′ . On the other hand, there is at least
one argument for 𝑡 with top rule (𝑑, 𝑣1, . . . , 𝑣𝑛 ⇒ 𝑡) in Arg𝑇 ′′ . Since the argument for 𝑡 is undefeated, 𝑡 is
defended w.r.t. 𝑇 ′′. As 𝑇 ′′ was chosen arbitrarily from all 𝑇 ′′′ such that (AS,K ′ ∪ {𝑑}) ⊑𝑄 𝑇 ′′′, we can
conclude that 𝑡 is stable-defended w.r.t. (AS,K ′ ∪ {𝑑}) and Q.

Hence by Lemma 2, 𝑑 is defended-relevant for 𝑡 w.r.t. 𝑇 .
• From right to left.Assume that 𝑑 is defended-relevant for 𝑡 w.r.t.𝑇 . By Definition 15, there is a minimal stable-
defended future theory 𝑇 ′ = (AS,K ′ ∪ {𝑑}) w.r.t. 𝑇 and Q. Since 𝑡 is stable-defended w.r.t. (AS,K ′ ∪ {𝑑})
and Q, 𝑡 is defended w.r.t. (AS,K ′ ∪ {𝑑}). Then there must be an argument for 𝑡 and no argument for 𝑡 .
Further, by minimality of (AS,K ′ ∪ {𝑑}), 𝑡 cannot be stable-defended w.r.t. (AS,K ′) and Q. Hence there is
an argument for 𝑡 having the observation-based argument for 𝑑 as a subargument; in particular, this is the
argument with top rule (𝑑, 𝑣1, . . . , 𝑣𝑛 ⇒ 𝑡). Since such an argument exists, for each 𝑥 ∈ 𝑋 , either 𝑥 ∈ K ′
or 𝑥 ∈ K ′. In addition, for each 𝑦 ∈ 𝑌 we have 𝑦 ∉ K ′ and 𝑦 ∉ K ′. This is because if there would be any
𝑦 ∈ 𝑌 such that 𝑦 ∈ K ′ or 𝑦 ∈ K ′, then there would be an argument for 𝑡 with top rule 𝑦 ⇒ 𝑡 or 𝑦 ⇒ 𝑡 ,
and hence the argument with top rule (𝑑, 𝑣1, . . . , 𝑣𝑛 ⇒ 𝑡) would not have been required and (AS,K ′ ∪ {𝑑})
would not have been minimal. Now let 𝜏𝑋 be the assignment to variables in 𝑋 corresponding to K ′, that is,
for each 𝑥 ∈ 𝑋 , 𝜏𝑋 [𝑥] = True if and only if 𝑥 ∈ K ′ and 𝜏𝑋 [𝑥] = False if and only if 𝑥 ∈ K ′.
Next, we argue that 𝜙 [𝜏𝑋 , 𝜏𝑌 ] is False for each assignment 𝜏𝑌 to variables in 𝑌 . Towards a contradiction,
assume that there is an assignment 𝜏𝑌 such that 𝜙 [𝜏𝑋 , 𝜏𝑌 ] is True. LetK ′ ∪ {𝑑} ∪K ′′ be the corresponding
knowledge base, that is, K ′′ = {𝑦 ∈ 𝑌 | 𝜏𝑌 [𝑦] = True} ∪ {𝑦 ∈ 𝑌 | 𝜏𝑌 [𝑦] = False}. Since 𝜙 [𝜏𝑋 , 𝜏𝑌 ] is True,
there is an argument for 𝑡 inArg (AS,K′∪{𝑑 }∪K′′ ) , which implies that 𝑡 is not defendedw.r.t. (AS,K ′∪{𝑑}∪K ′′).
However, then 𝑡 cannot be stable-defended w.r.t. (AS,K ′ ∪ {𝑑}) and Q; a contradiction. Hence 𝜙 [𝜏𝑋 , 𝜏𝑌 ] is
False for each assignment 𝜏𝑌 to variables in 𝑌 , that is, Φ is True. □

In summary, the justification, stability, and relevance problems are clearly separated in terms of standard
complexity classes, ranging from polynomial-time decidability (justification) to coNP-completeness (stability)
and further to ΣP

2-completeness (relevance). The results hold regardless of preferences over defeasible rules.
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Table 1. Complexity results. First row: the fragment we focus on in this work. Second row: hardness results for justification

statuses under grounded semantics for a more general setting of ASPIC
+
possibly including strict rules and ordinary premises.

Third row: complexity upper bounds for general ASPIC
+
under the assumption that the justification problem is in ΣP

𝑖
(i.e.,

beyond the grounded semantics).

Reasoning mode

Setting Justification Stability Relevance

Grounded, considered fragment in P coNP-complete ΣP
2-complete

Grounded, general ASPIC+ coNP-hard ΣP
2-hard

Beyond grounded, general ASPIC+ in ΣP
𝑖 in ΠP

𝑖+1 in ΣP
𝑖+2

4.5 General Complexity Results for Incomplete ASPIC
+

The complexity results presented so far in this section hold for a specific ASPIC+ fragment and under grounded
semantics. Going beyond this, we also establish complexity upper and lower bounds more generally for ASPIC+,
as summarized in Table 1. First, we show lower bounds for more general forms of ASPIC+ under grounded
semantics. In this setting, we showed in Section 4.2 that justification can be decided in polynomial time and the
bounds on stability and relevance are tight, that is, deciding stability is coNP-complete and deciding relevance
is ΣP

2-complete (Sections 4.3 and 4.4). For any fragment of ASPIC+ that subsumes the fragment in this article,
it holds that stability and relevance under grounded semantics must be at least as hard, that is, coNP-hard and
ΣP
2-hard, respectively. Note that these results, presented on the second line of Table 1, also extend to the case of

including strict rules and ordinary premises.
Next, we establish general complexity upper bounds for deciding stability and relevance. Informally, indepen-

dent of the choice of semantics, preference ordering, and justification status, deciding stability is at most one
level higher and relevance at most two levels higher in the polynomial hierarchy than the complexity of deciding
justification. In order to formalize and prove these general complexity upper bounds, let us consider an abstract
function accepted(𝑇 ) ⊆ L that, for a given AT 𝑇 , returns a set of literals that are accepted. This gives a new
justification status for literals. For instance, one could define that all literals that are defended in 𝑇 are accepted,
or that all literals for which an argument for that literal exists in an admissible set in the AT are accepted (the
last condition is generally referred to as credulous acceptance under admissibility). The idea is that if deciding
whether a given literal is accepted in a given AT is a decision problem in C, then we can derive upper bounds on
the stability and relevance problems, rephrased accordingly w.r.t. the accepted function. We let C be a complexity
class in the polynomial hierarchy [50, 56], such as P, NP, coNP, or ΣP

2 .
The notions of stability and relevance are directly adapted to the notion being accepted by replacing justification

status 𝑗 with being in the set accepted(𝑇 ) for the AT 𝑇 for the notions of stable- 𝑗 and 𝑗-relevance. In short, given
an AT and a set of queryables, a literal is stable-accepted if the literal is accepted in all future ATs. Likewise, a
queryable is accepted-relevant for a literal if there is a minimal future AT where the literal is stable-accepted and
the queryable is part of this future AT.

Proposition 8. Let C be a complexity class in the polynomial hierarchy. If deciding whether a literal is accepted

in a given AT is a decision problem in C, given additionally a set of queryables, the following holds:

• deciding whether a literal is stable-accepted in a given AT is in coNPC , and
• deciding whether a queryable is accepted-relevant for a given literal in a given AT is in NPcoNPC .

Proof. For showing the first item, consider the complementary problem. That is, given an AT 𝑇 , a literal 𝑙 ,
and 𝑄 a set of queryables, non-deterministically construct an AT 𝑇 ′ ⊒𝑄 𝑇 . Check whether 𝑙 ∈ accepted(𝑇 ′). The
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latter problem is in C by assumption. This non-deterministic algorithm decides the problem of whether 𝑙 is not
stable-accepted and shows that this problem is in NPC . Thus, the problem in the statement is in coNPC .
For the second item, let again an AT 𝑇 , a literal 𝑙 , and a set of queryables 𝑄 be given. Non-deterministically

construct a future AT𝑇 ′ ⊒𝑄 𝑇 with𝑇 ′ = (𝐴𝑆,K ′) and𝑞 ∉ K ′. Check whether 𝑙 is stable-accepted in (𝐴𝑆,K ′∪{𝑞})
and not stable-accepted in (𝐴𝑆,K ′). By the same argument as in Lemma 2, we show that there is a minimal future
theory of𝑇 with 𝑞 such that 𝑙 stable-accepted in this future theory. Suppose that there is a minimalK ′′ ⊂ K ′∪{𝑞}
such that 𝑙 is stable-accepted in (𝐴𝑆,K ′′). If 𝑞 ∈ K ′′, the claim follows. If 𝑞 ∉ K ′′, then a future theory of (𝐴𝑆,K ′)
witnessing that 𝑙 is not stable-accepted in this AT is also a future theory of (𝐴𝑆,K ′′), contradicting that (𝐴𝑆,K ′′)
is stable-accepted. Thus, either there is a contradiction, or there is a minimal future theory containing 𝑞 in its
knowledge base showing that 𝑙 is stable-accepted. It holds that checking stable-accepted for a given AT and literal
is in coNPC . Thus the non-deterministic algorithm shown here decides the problem of accepted-relevance, and
shows membership in NPcoNPC . □

We remark that Proposition 8 still holds if one additionally considers strict rules and ordinary premises in ATs.
In particular, as long as ATs are based on pairs with an argumentation system and a knowledge base, with the
latter defined as a set, and future theories are defined based on such sets, the same proof can be applied (the part
for stability makes use of the accepted function and future theories, and the relevance part additionally requires
that Lemma 2 can be applied).

The upper bounds for stability and relevance thus can be derived directly from the complexity of the justification
problem. For the justification statuses considered in this paper, these upper bounds match the tight bounds, since
deciding whether a literal is 𝑗 ∈ {unsatisfiable, defended, out, blocked} is in P, coNPP = coNP, and NPcoNPP = ΣP

2 .
Inspecting Table 1, if C = ΣP

𝑖 , then coNPΣP𝑖 = ΠP
𝑖+1 and NPcoNP

ΣP
𝑖
= ΣP

𝑖+2. For other settings (that is, more general
ASPIC+ instantiations and/or other semantics), the complexity of justification is not yet known, with the following
exceptions. Polynomial-time decidability for a specific fragment under grounded semantics has been shown
by Odekerken et al. [39]. Results under other semantics without preferences and under stable semantics and
a specific preference handling mechanism have been shown by Lehtonen et al., Lehtonen et al. [28, 29]1. The
challenge in determining the complexity of justification for ASPIC+ is that, in general, the complexity of deciding
justification cannot be directly inferred from existing results for AFs. This is due to the fact that AFs resulting
from ASPIC+ might have an exponential number of arguments.

5 Algorithms for Stability and Relevance

Complementing the complexity results, we develop declarative algorithms for deciding stability and relevance
based on the declarative paradigm of answer set programming (ASP) [26, 35]. After giving background on ASP,
we detailed ASP encodings for deciding justification and stability statuses, as well as iterative algorithms for
deciding relevance, making use of the ASP encodings.

5.1 ASP in Brief

A normal ASP program 𝜋 consists of rules 𝑟 of the form 𝑏0 ← 𝑏1, . . . , 𝑏𝑘 , not 𝑏𝑘+1, . . . , not 𝑏𝑚 , where each 𝑏𝑖 is an
atom. A rule is positive if 𝑘 =𝑚 and a fact if𝑚 = 0. A literal is an atom 𝑏𝑖 or not 𝑏𝑖 . A rule without head 𝑏0 is a
constraint and a shorthand for 𝑎 ← 𝑏1, . . . , 𝑏𝑘 , not 𝑏𝑘+1, . . . , not 𝑏𝑚, not 𝑎 for a fresh 𝑎. An atom 𝑏𝑖 is 𝑝 (𝑡1, . . . , 𝑡𝑛)
with each 𝑡 𝑗 either a constant or a variable. An answer set program is ground if it is free of variables. For a non-
ground program,𝐺𝑃 is the set of rules obtained by applying all possible substitutions from the variables to the set of
constants appearing in the program. An interpretation 𝐼 , that is, a subset of all the ground atoms, satisfies a positive
1In addition, after the writing of this paper, the complexity of justification under multiple semantics was established for general ASPIC+ with
preferences under the last-link principle [27].
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Listing 1 Module 𝜋common

1 literal(L)← head(_,L). literal(L)← body(_,L).
2 literal(L)← axiom(L). literal(L)← ctr(L,_).
3 rule(R)← head(R,_).
4 ctr(X,Y)← ctr(Y,X).
5 derivable(L)← axiom(L).
6 derivable(L)← head(R,L), applicable_rule(R).
7 applicable_rule(R)← rule(R), derivable(L) : body(R,L).
8 unsat(L)← not derivable(L), literal(L).

rule 𝑟 = ℎ ← 𝑏1, . . . , 𝑏𝑘 if and only if all positive body elements 𝑏1, . . . , 𝑏𝑘 being in 𝐼 implies that the head atom is
in 𝐼 . For a program 𝜋 consisting only of positive rules, let 𝐶𝑙 (𝜋) be the uniquely determined interpretation 𝐼 that
satisfies all rules in 𝜋 and no subset of 𝐼 satisfies all rules in 𝜋 . Interpretation 𝐼 is an answer set of a ground program
𝜋 if 𝐼 = 𝐶𝑙 (𝜋 𝐼 ) where 𝜋 𝐼 = {(ℎ ← 𝑏1, . . . , 𝑏𝑘 ) | (ℎ ← 𝑏1, . . . , 𝑏𝑘 , not 𝑏𝑘+1, . . . , not 𝑏𝑚) ∈ 𝜋, {𝑏𝑘+1, . . . , 𝑏𝑚} ∩ 𝐼 = ∅}
is the reduct; and of a non-ground program 𝜋 if 𝐼 is an answer set of 𝐺𝑃 of 𝜋 .

5.2 Encoding Justification Status

In this section we detail ASP encodings for deciding the justification status of literals for a given AT 𝑇 = (AS,K)
with 𝐴𝑆 = (L, ,R, ≤). These encodings will also be used as parts of our approaches to deciding stability and
relevance. We represent a given AT and queryable set Q in ASP as the following set of facts, denoted by AT(𝑇 ).

{axiom(𝑎). | 𝑎 ∈ K} ∪
{queryable(𝑎). | 𝑎 ∈ Q} ∪
{head(𝑟, 𝑏). | 𝑟 ∈ R, 𝑏 = cons(𝑟 )} ∪
{body(𝑟, 𝑏). | 𝑟 ∈ R, 𝑏 ∈ ants(𝑟 )} ∪
{ctr(𝑎, 𝑏). | 𝑎 ∈ L, 𝑏 ∈ 𝑎} ∪
{preferred(𝑎, 𝑏). | 𝑎, 𝑏 ∈ R, 𝑏 ≤ 𝑎}.

In words, the fact axiom(𝑎) indicates that 𝑎 is an axiom and queryable(𝑎) indicates that 𝑎 is a queryable. The heads
(consequents) and bodies (antecedents) of rules are expressed via predicates head and body. A fact head(𝑟, 𝑏)
indicates that𝑏 is the head/consequent of the rule 𝑟 , and head(𝑟, 𝑏) indicates𝑏 is contained in the body/antecedents
of rule 𝑟 . A fact ctr(𝑎, 𝑏) indicates that 𝑎 and 𝑏 are contradictory to each other, and preferred(𝑎, 𝑏) indicates that
𝑎 is (not necessarily strictly) preferred to 𝑏.

Towards encoding the grounded semantics in ASP, we introduce Listing 1 to compute what is derivable from a
given knowledge base. Lines 1–3 collect literals and rules in the AT and Line 4 enforces that contradiction is
symmetric. Lines 5–7 determine which literals are derivable and Line 8 collects unsatisfiable literals. Line 7 uses
a conditional literal “derivable(𝐿) : body(𝑅, 𝐿)”, representing a list containing derivable(𝐿) for all 𝐿 for which
body(𝑅, 𝐿) holds [22]. Line 8 assigns unsatisfiable literals based on derivability.
We present two separate ASP encodings for deciding the justification status of literals: one (𝜋<-just ) taking

rule preferences into account, the other (𝜋just ) assuming that ≤ = ∅. Whereas 𝜋<-just is more generally applicable,
𝜋just is conceptually simpler and possibly practically more efficient, and can be used in a comparison to the
approximative stability algorithm by Odekerken et al. [38].
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5.2.1 No preferences. In the context of ATs without preferences, arguments can only be in the grounded extension
if they are defended by observation-based arguments.

Lemma 3. [39, Lemmas 4–5] Given an AT 𝑇 = (AS,K) with 𝐴𝑆 = (L, ,R, ≤), where ≤ = ∅, an argument

𝐴 ∈ Arg𝑇 is in 𝐺 (𝑇 ) if and only if each argument defeating 𝐴 is defeated by an observation-based argument, and

defeated by an argument in 𝐺 (𝑇 ) if and only if 𝐴 is defeated by an observation-based argument.

This property is employed in the following proposition, in which we collect rules that are not defeated by
axioms𝑈 , and defended rules D (that is, rules that are not defeated by arguments based on𝑈 ).

Proposition 9. Given an AT 𝑇 = (AS,K) with ≤ = ∅, let 𝑈 = {𝑟 ∈ R | cons(𝑟 ) ∩ K = ∅}. The justification
status of a literal 𝑙 is

• defended if and only if there is an argument 𝐴 for 𝑙 such that defrules(𝐴) ⊆ 𝐷 , where 𝐷 = {𝑟 ∈ R | an
argument for cons(𝑟 ) based on𝑈 does not exist}, and
• out if and only if 𝑙 is not unsatisfiable and an argument 𝐴 for 𝑙 with defrules(𝐴) ⊆ 𝑈 does not exist.

Proof. First note that𝑈 contains exactly the rules that do not have an axiom as the contrary of their head,
implying that an argument 𝐵 is not defeated by an observation-based argument if and only if 𝐵 is based on𝑈 .

First item, left to right. Assume that 𝑙 is defended. Then by Definition 10 there is an argument 𝐴′ for 𝑙 in 𝐺 (𝑇 ).
Suppose, towards a contradiction, that some 𝑟𝐴 ∈ defrules(𝐴′) is not in 𝐷 . Then by definition of 𝐷 there is
some argument 𝐵 for cons(𝑟𝐴) based on 𝑈 . By construction of 𝑈 , 𝐵 is not defeated by any observation-based
argument, while 𝐵 defeats 𝐴 by Definition 6. This contradicts Lemma 3, so defrules(𝐴′) ⊆ 𝐷 .

First item, right to left.Assume that an argument𝐴′ for 𝑙 exists with defrules(𝐴′) ⊆ 𝐷 . Then by construction of
𝐷 and𝑈 , for each 𝑟 ∈ defrules(𝐴′), there is no argument for cons(𝑟 ) that is not defeated by an observation-based
argument. Thus 𝑙 is defended by Lemma 3.
Second item, left to right. If 𝑙 is out then 𝑙 is not unsatisfiable and each argument for 𝑙 is defeated by an

argument in 𝐺 (𝑇 ). By Lemma 3, each argument for 𝑙 is defeated by an observation-based argument. Then
there is no argument 𝐴′ for 𝑙 with defrules(𝐴′) ⊆ 𝑈 : if 𝐴′ would exist, then it would not be defeated by an
observation-based argument.
Second item, right to left. Assume that 𝑙 is not unsatisfiable and there is no argument 𝐴 for 𝑙 such that

defrules(𝐴) ⊆ 𝑈 . As 𝑙 is not unsatisfiable, there is an argument 𝐴′ for 𝑙 (with defrules(𝐴′) ⊈ 𝑈 ). This
argument is defeated by an observation-based argument on a rule 𝑟 ∈ defrules(𝐴′) \𝑈 . Thus, 𝐴′ is defeated by
𝐺 (𝑇 ) due to Lemma 3, hence the justification status of 𝑙 is out. □

Listing 2 Module Δ 𝑗𝑢𝑠𝑡

1 defeated(R)← head(R,X), axiom(Y), ctr(X,Y).
2 undefeated(L)← axiom(L).
3 undefeated(L)← head(R,L), undefeated_rule(R).
4 undefeated_rule(R)← rule(R), not defeated(R), undefeated(L) : body(R,L).
5 out(L)← derivable(L), not undefeated(L).
6 defeated_by_undefeated(R)← head(R,X), undefeated(Y), ctr(X,Y).
7 defended(L)← axiom(L).
8 defended(L)← head(R,L), defended_rule(R).
9 defended_rule(R)← not defeated_by_undefeated(R), rule(R), defended(L) : body(R,L).
10 blocked(L)← literal(L), not unsat(L), not out(L), not defended(L).
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Based on Proposition 9, our ASP encoding implements a procedure for assigning the justification status of
each literal as the program 𝜋just = 𝜋common ∪ Δ 𝑗𝑢𝑠𝑡 . The module Δ 𝑗𝑢𝑠𝑡 (Listing 2) assigns the justification statuses
(other than unsatisfiable). Lines 1–4 of Δ 𝑗𝑢𝑠𝑡 collect the rules that are undefeated by axioms and the literals that
can be concluded via them. Line 5 ensures that a literal is out if it is derivable but not concluded via undefeated
rules. Lines 6–9 of Δ 𝑗𝑢𝑠𝑡 collect defended literals by considering derivations from rules that are undefeated by
rules undefeated by axioms. Finally, the justification status of literals whose status is not unsatisfiable, defended,
or out is inferred to be blocked on Line 10.
The correctness of the ASP encoding is formalized by stating the correspondence between the justification

status of literals in an AT and answers sets of our proposed encoding, based on the previous discussion and
Proposition 9.

Proposition 10. Given an AT 𝑇 = (AS,K) where ≤ = ∅ and a literal 𝑙 ∈ L, it holds that 𝑙 is 𝑗 in 𝑇 , where
𝑗 ∈ {unsatisfiable, defended, out, blocked}, if and only if there is an answer set to the program AT(𝑇 ) ∪ Δ 𝑗𝑢𝑠𝑡 that

contains j(𝑙).

5.2.2 Capturing Preferences. For ATs with preferences, we present an encoding 𝜋<-just = 𝜋common ∪ Δ<-𝑗𝑢𝑠𝑡 based
on the least fixed point of the defence operator (recall Definition 19), from which one can further infer the
justification statuses by Proposition 6. The module Δ<-𝑗𝑢𝑠𝑡 (Listing 3) encodes a sequence of applications of
the defence operator with explicit indices (up to |R |/2, per Proposition 5). Line 1 enforces the transitivity of
preferences and Lines 2–3 detect when a rule is not strictly less preferred than another. Lines 4–6 set the iteration
upper bound. For clarity of presentation, in the following we denote the set of defended rules on each iteration
𝑖 by 𝐷𝑖 and rules not defeated by 𝐷𝑖 by 𝑈 𝑖 (corresponding to defended_rule and undefeated in Δ<-𝑗𝑢𝑠𝑡 ). On
Lines 7–8, a literal is deemed defended on iteration 𝑖 if it can be derived by only using rules from𝐷𝑖 . On Lines 9–10,
𝐷𝑖 is identified as the applicable rules that are not defeated by𝑈 𝑖−1, corresponding to the defence operator. The
rules that 𝐷𝑖 defeats are identified on Lines 11–12, following Definition 17: 𝑟 ∈ R is defeated if either an axiom
contradicts 𝑟 or there is an argument based on 𝐷𝑖 whose top rule is not less preferred than 𝑟 and that concludes
cons(𝑟 ). Based on rules defeated by 𝐷𝑖 , the undefeated rules 𝑈 𝑖 and the literals derivable from 𝑈 𝑖 are identified
on Lines 13–15. Defeats from 𝑈 𝑖 are identified on Lines 16–17. Finally, Lines 18–21 label the literals based on the
final iteration.
We state the correspondence between the justification status of literals in an AT that includes preferences

between rules, and answers sets of our proposed encoding, based on the previous discussion and Proposition 6.

Proposition 11. Given an AT 𝑇 = (AS,K), a literal 𝑙 ∈ L and a justification status 𝑗 ∈ {unsatisfiable, defended,
out, blocked}, it holds that 𝑙 is 𝑗 in 𝑇 , where 𝑗 ∈ {unsatisfiable, defended, out, blocked}, if and only if there is an

answer set to the program AT(𝑇 ) ∪ Δ<-𝑗𝑢𝑠𝑡 that contains j(𝑙).

5.3 Encoding Stability

The stability status of a literal is obtained by checking if there is a future AT where the literal is not 𝑗 for
a justification status 𝑗 . We implement this check by conjoining our encodings for justification with a non-
deterministic guess of a future AT. Concretely, via the following rules a set of queryables is non-deterministically
chosen to be made axioms, and their consistency is enforced:

Δ𝑠𝑡𝑎𝑏 = {{axiom(𝐿)} ← queryable(𝐿),
← axiom(𝐿), axiom(𝐶), ctr(𝐿,𝐶)}.

The encoding for checking stability without preferences is 𝜋stab = Δ𝑠𝑡𝑎𝑏 ∪ 𝜋just , and for the case with preferences
it is 𝜋<-stab = Δ𝑠𝑡𝑎𝑏 ∪ 𝜋<-just . One can obtain the stability statuses of all literals via the cautious reasoning mode
readily available in modern ASP solvers [25, 24] which can be used for directly computing the intersection of all
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Listing 3 Module Δ<-𝑗𝑢𝑠𝑡

1 preferred(X,Z)← preferred(X,Y), preferred(Y,Z).
2 strictly_less_preferred(X,Y)← not preferred(X,Y), preferred(Y,X).
3 no_less_preferred(X,Y)← not strictly_less_preferred(X,Y), rule(X), rule(Y).
4 n_rules(N)← #count{X : rule(X)} = N.
5 max_iterations(N)← n_rules(M), N=(M+1)/2.
6 iteration(0..N)←max_iterations(N).
7 defended(X,I)← axiom(X), iteration(I).
8 defended(X,I)← head(R,X), defended_rule(R,I).
9 defended_rule(R,I)← iteration(I), usable_rule(R,I), rule(R), defended(X,I) : body(R,X).
10 usable_rule(R,I)← iteration(J), not defeated_by_undefeated(R,J), J+1=I, rule(R).
11 defeated(R,I)← head(R,X), axiom(Y), ctr(X,Y), iteration(I).
12 defeated(R,I)← head(R,X), defended_rule(DR,I), head(DR,Y), ctr(X,Y), no_less_preferred(DR,R).
13 derived_from_undefeated(X,I)← axiom(X), iteration(I).
14 derived_from_undefeated(X,I)← head(R,X), undefeated(R,I).
15 undefeated(R,I)← iteration(I), rule(R), not defeated(R,I), derived_from_undefeated(X,I) : body(R,X).
16 defeated_by_undefeated(R,I)← head(R,X), axiom(Y), ctr(X,Y), iteration(I).
17 defeated_by_undefeated(R,I)← head(R,X), undefeated(IR,I), head(IR,Y), ctr(X,Y),

no_less_preferred(IR,R).
18 defended_rule(R)← defended_rule(R,N), max_iterations(N).
19 defended(X)← defended(X,N),max_iterations(N).
20 out(L)← derivable(L), not derived_from_undefeated(L,N),max_iterations(N).
21 blocked(L)← literal(L), not unsat(L), not out(L), not defended(L).

answer sets to a given program: literals that are j in the cautious solution are the stable- 𝑗 literals. Note also that
the stability status of a single literal can be decided with one ASP solver call by checking that there is no future
theory where the literal is not j. Concretely this is achieved by including the constraint← j(𝑙) for literal 𝑙 ∈ L
and justification status 𝑗 ∈ {unsatisfiable, defended, out, blocked}. The resulting answer set program does not
have an answer set if and only if 𝑙 is stable- 𝑗 .
We state the correspondence between the 𝑗-stability of literals in an AT and answers sets of our proposed

encodings, based on the previous discussion.

Proposition 12. Given an AT 𝑇 = (AS,K), a literal 𝑙 ∈ L and a justification status 𝑗 ∈ {unsatisfiable,
defended, out, blocked}, it holds that 𝑙 is stable- 𝑗 in 𝑇 if and only if there is no answer sets to the program AT(𝑇 ) ∪
𝜋<-stab ∪ {← j(𝑙)}. Further, if ≤ = ∅ in 𝑇 , then 𝑙 is stable- 𝑗 if and only if there is no answer sets to the program

AT(𝑇 ) ∪ 𝜋stab ∪ {← j(𝑙)}.

Example 14. To illustrate our encodings, consider AS from Example 1, the AT 𝑇 ′ = (𝐴𝑆, {𝑡𝑟𝑢𝑠𝑡𝑒𝑑}), and the

problem of deciding whether ¬𝑑𝑒𝑐𝑒𝑝𝑡𝑖𝑜𝑛 is stable-defended w.r.t. 𝑇 ′. By invoking an ASP solver on the answer set

program 𝜋<-just , we obtain that ¬𝑑𝑒𝑐𝑒𝑝𝑡𝑖𝑜𝑛 is defended w.r.t. 𝑇 ′ (in a single iteration, as ¬𝑑𝑒𝑐𝑒𝑝𝑡𝑖𝑜𝑛 = 𝑑𝑒𝑐𝑒𝑝𝑡𝑖𝑜𝑛 is

not derivable). However, as 𝜋<-stab (conjoined with the additional constraint “← defended(¬𝑑𝑒𝑐𝑒𝑝𝑡𝑖𝑜𝑛)”) considers
all consistent subsets of the queryables, the program has an answer set corresponding to the AT 𝑇 illustrated in

Example 13 in which ¬deception is not defended. This is a counterexample to the claim that ¬𝑑𝑒𝑐𝑒𝑝𝑡𝑖𝑜𝑛 is stable-

defended w.r.t. 𝑇 ′.
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5.4 ASP-Based Algorithm for Relevance

Deciding 𝑗-relevance is ΣP
2-complete, as shown in Section 4.4, while deciding if a normal ASP program has

an answer set is NP-complete. In order to overcome the higher complexity of deciding relevance, we propose
algorithms that make iterative ASP calls, harnessing efficiency from state-of-the-art multi-shot solving in which
the solver is not restarted between solver calls, retaining learned information and avoiding repeated grounding [24].
In particular, we propose ASP-based counterexample-guided abstraction refinement (CEGAR) [18, 17] algorithms,
using our stability encodings as subprocedures. In CEGAR, an NP-abstraction as an overapproximation of the
solution space is iteratively refined by drawing candidates from this space and verifying if the candidate is an
actual solution. Candidate solutions, that is, solutions to the abstraction, are computed with a solver. If there is a
candidate solution, we check with another solver if there is a counterexample to the claim that the candidate
is a solution. If there is no counterexample, the candidate is guaranteed to be an actual solution. Otherwise a
counterexample is obtained, leading to refining the abstraction based on an analysis of the counterexample, after
which the search is continued.

The basic problem we are interested in is deciding, given an AT 𝑇 = (AS,K), a queryable 𝑞 and a justification
status 𝑗 , whether 𝑞 is 𝑗-relevant for 𝑙 . We specify that candidates are consistent sets of queryables containing the
given queryable 𝑞. Checking whether the candidate (say K ′) is an actual solution amounts to checking if the
candidate satisfies the conditions of Lemma 2. Namely, we check if the candidate 𝑙 is stable- 𝑗 w.r.t. (𝐴𝑆,K ′) but
not w.r.t. (𝐴𝑆,K ′ \ {𝑞}). If so, 𝑞 is 𝑗-relevant for 𝑙 by Lemma 2.
In addition to detailing a CEGAR algorithm for the “basic” problem of deciding whether a given queryable 𝑞

is 𝑗-relevant for 𝑙 , we will also detail an extension of the algorithm for the more generic problem of finding all
queryables in 𝑇 that are 𝑗-relevant for 𝑙 .
Before detailing the algorithms further, we establish properties which we will employ in the algorithms to

narrow down the search space upon finding counterexamples.

Proposition 13. Let 𝑇 = (AS,K) be an AT, Q a set of queryables and 𝑗 a justification status. Given 𝑙 ∈ L and

𝑞 ∈ Q, where 𝑞 ∉ K and 𝑞 ∩ K = ∅, the following observations hold.
(1) If 𝑇 ′ = (AS,K ′) ⊒Q 𝑇 such that 𝑙 is not stable- 𝑗 w.r.t. 𝑇 ′, then 𝑙 is not stable- 𝑗 w.r.t. (AS,K ′′) for any
K ′′ ⊆ K ′.

(2) Given a 𝑇 ′ = (AS,K ′) ⊒Q 𝑇 such that 𝑙 is stable- 𝑗 w.r.t. 𝑇 ′ and 𝑞 ∉ K ′, 𝑙 is stable- 𝑗 w.r.t. (AS,K ′′ \ {𝑞}) for
each consistent K ′′ ⊇ K ′.

Proof. (1) Assume that 𝑇 ′ = (AS,K ′) is a future AT with 𝑇 ⊑Q 𝑇 ′ such that 𝑙 is not stable- 𝑗 w.r.t. 𝑇 ′. Then
there is a𝑇 ∗ with (AS,K ′) ⊑Q 𝑇 ∗ such that 𝑙 is not 𝑗 w.r.t. T∗. For eachK ′′ ⊆ K ′ we have (AS,K ′′) ⊑Q 𝑇 ∗.
Hence 𝑙 is not stable- 𝑗 w.r.t. (AS,K ′′) and Q.

(2) Assume that𝑇 ′ = (AS,K ′) is a future AT with𝑇 ⊑Q 𝑇 ′ such that 𝑙 is stable- 𝑗 w.r.t.𝑇 ′ and 𝑞 ∉ K ′. Then 𝑙 is
stable- 𝑗 w.r.t. (AS,K ′′) for each K ′′ ⊇ K ′. Since 𝑞 ∉ K ′, we have K ′′ \ {𝑞} ⊇ K ′. Thus 𝑙 is stable- 𝑗 w.r.t.
(AS,K ′′ \ {𝑞}). □

Our algorithmic approach to deciding whether a given queryable is 𝑗-relevant for a given literal is presented
as Algorithm 1. The algorithm employs two answer set programs, 𝜋c and 𝜋v . The program 𝜋c is initialized as a
guess of a consistent set of queryables (Line 1) and the program 𝜋v as 𝜋stab (if no preferences need to be taken
into account) or 𝜋<-stab (if preferences must be taken into account), together with a constraint enforcing that the
literal of interest is not stable- 𝑗 (Line 2). Concretely, 𝜋candidate is

𝜋candidate = {{axiom(𝐿)} ← queryable(𝐿),
← axiom(𝐿), axiom(𝐴), ctr(𝐿,𝐴)}.
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Algorithm 1 ASP-based CEGAR algorithm for deciding relevance
Require: AT 𝑇 = (AS,K), 𝑞 ∈ Q, 𝑙 ∈ L and 𝑗 ∈ {defended, out, blocked, unsatisfiable}
Ensure: return YES if 𝑞 is 𝑗-relevant for 𝑙 , NO otherwise
1: 𝜋𝑐 := AT(𝑇 ) ∪ 𝜋candidate
2: 𝜋𝑣 := AT(𝑇 ) ∪ 𝜋 (<-)stab ∪ {← j(𝑙)}
3: while 𝜋c ∪ {← not axiom(𝑞)} is satisfiable; let 𝐼 be the found answer set do
4: K ′ := {𝑞′ ∈ Q | axiom(𝑞′) ∈ 𝐼 }
5: if 𝜋v ∪ {axiom(𝑞′) | 𝑞′ ∈ K ′} is satisfiable; let 𝐶 be the found answer set
6: then 𝜋𝑐 := 𝜋𝑐 ∪ 𝑛𝑜_𝑠𝑢𝑏𝑠𝑒𝑡𝑠 (𝐶)
7: else
8: if 𝜋v ∪ {axiom(𝑞′) | 𝑞′ ∈ K ′ \ {𝑞}} is unsatisfiable
9: then 𝜋𝑐 := 𝜋𝑐 ∪ 𝑛𝑜_𝑠𝑢𝑝𝑒𝑟𝑠𝑒𝑡𝑠 (K ′)
10: else return YES
11: return NO

A candidate is also required to include 𝑞, the queryable whose relevance is being decided. This is handled on
Line 3 by an ASP solver call that tries to find a consistent set of queryables K ′ such that K ⊆ Q and 𝑞 ∈ K ′.
If such a candidate K ′ exists, then it is extracted from the answer set in Line 4. Then Line 5 checks whether 𝑙
is stable- 𝑗 with respect to (𝐴𝑆,K ′) using the program 𝜋v . In more detail, if there is no answer sets to 𝜋v (with
elements of K ′ as axioms), then it is not possible to find a future AT (of (𝐴𝑆,K ′)) in which 𝑙 is not 𝑗 , and thus 𝑙 is
𝑗-stable. If 𝑙 is stable- 𝑗 (Line 7), we check whether 𝑙 is stable- 𝑗 w.r.t. K ′ \ {𝑞} (Line 8). If not, then K ′ is a witness
for 𝑞 being 𝑗-relevant for 𝑙 (Line 10) by Lemma 2.
In other cases, we refine the abstraction. There are two types of counterexamples, corresponding to the two

items of Proposition 13.
(1) If the first check fails, then the ASP solver call provides a 𝐶 ⊃ K ′ such that 𝑙 is not stable- 𝑗 w.r.t. (𝐴𝑆,𝐶).

By the first item of Proposition 13, no subset of 𝐶 can be a witness to 𝑞 being 𝑗-relevant for 𝑙 . Therefore all
subsets of the counterexample 𝐶 can be excluded as candidates in Line 6.

(2) If the second condition (in Line 8) holds, then 𝑙 is stable- 𝑗 w.r.t. (AS, K ′ \ {𝑞}). By the second item of
Proposition 13, 𝑙 is also stable- 𝑗 w.r.t. any AT with a superset of K ′ \ {𝑞} as the knowledge base. Therefore
all supersets of K ′ can be ruled out in Line 9.

The refinements on Lines 6 and 9 are accomplished by the ASP constraints
𝑛𝑜_𝑠𝑢𝑏𝑠𝑒𝑡𝑠 (𝐶) = {← not axiom(𝑞1), . . . , not axiom(𝑞𝑛)}
𝑛𝑜_𝑠𝑢𝑝𝑒𝑟𝑠𝑒𝑡𝑠 (K ′) = {← axiom(𝑞1), . . . , axiom(𝑞𝑚)}

where 𝑞1, . . . , 𝑞𝑛 (for no_subsets) are the queryables not contained in the counterexample 𝐶 and 𝑞1, . . . , 𝑞𝑚 (for
no_supersets) are the queryables contained in the candidate K ′.

We state the correctness of Algorithm 1.

Proposition 14. Given an AT 𝑇 = (AS,K), a set of queryables Q, a literal 𝑙 ∈ L, a justification status

𝑗 ∈ {unsatisfiable, defended, out, blocked}, and a queryable 𝑞 ∈ Q, it holds that 𝑞 is 𝑗-relevant for 𝑙 in 𝑇 if and only

if Algorithm 1 reports YES.

Proof. First assume that 𝑞 is 𝑗-relevant for 𝑙 . By Lemma 2 there is a set of queryables K ′ ⊆ Q such that
𝑞 ∈ K ′, 𝑙 is stable- 𝑗 w.r.t.K ′ and 𝑙 is not stable- 𝑗 w.r.t.K ′ \𝑞. Observe that such aK ′ is in the initial search space
of the candidate generation of Algorithm 1 (Line 3). The algorithm terminates when either the search space is
exhausted or a solution is found. The latter case takes place exactly when the conditions of Lemma 2 are met, as
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checked on Lines 5 and 8; if the algorithm considers K ′ as a candidate, it correctly identifies 𝑞 as 𝑗-relevant for 𝑙 .
Finally, K ′ is never wrongly removed from the search space, as the refinements of Lines 6 and 9 correspond to
the two items of Proposition 13.
For the other direction, assume that 𝑞 is not 𝑗-relevant for 𝑙 . The algorithm does not terminate by returning

YES, since otherwise a witness K ′ for 𝑞 being 𝑗-relevant for 𝑙 would have been found. For each iteration of the
outer loop, at least one candidate is ruled out from the search (no_subsets and no_supersets both rule out the
candidate itself), so the algorithm eventually terminates, returning NO. □

Example 15. Consider the AT𝑇 = (𝐴𝑆, {𝑠𝑖𝑚𝑖𝑙𝑎𝑟_𝑢𝑟𝑙}) from Example 1. To decide if ¬𝑡𝑟𝑢𝑠𝑡𝑒𝑑 is defended-relevant

for 𝑑𝑒𝑐𝑒𝑝𝑡𝑖𝑜𝑛, the abstraction at first requires candidates to be consistent and include both 𝑠𝑖𝑚𝑖𝑙𝑎𝑟_𝑢𝑟𝑙 (as it is an

axiom) and ¬𝑡𝑟𝑢𝑠𝑡𝑒𝑑 (as it is the queryable for which relevance is of interest). We describe one possible execution of

Algorithm 1 on this input.

(1) Suppose thatK ′1 = {𝑠𝑖𝑚𝑖𝑙𝑎𝑟_𝑢𝑟𝑙,¬𝑡𝑟𝑢𝑠𝑡𝑒𝑑,¬𝑡𝑦𝑝𝑜_𝑠𝑞𝑢𝑎𝑡𝑡𝑖𝑛𝑔,¬𝑡𝑜𝑜_𝑐ℎ𝑒𝑎𝑝} is considered as a candidate. Then
𝑑𝑒𝑐𝑒𝑝𝑡𝑖𝑜𝑛 is not stable-defended w.r.t. K ′1 and thus subsets of K ′1 are not considered as candidates in subse-

quent iterations. This refinement excludes {𝑠𝑖𝑚𝑖𝑙𝑎𝑟_𝑢𝑟𝑙 ,¬𝑡𝑟𝑢𝑠𝑡𝑒𝑑}, {𝑠𝑖𝑚𝑖𝑙𝑎𝑟_𝑢𝑟𝑙 ,¬𝑡𝑟𝑢𝑠𝑡𝑒𝑑 ,¬𝑡𝑦𝑝𝑜𝑠𝑞𝑢𝑎𝑡𝑡𝑖𝑛𝑔},
{𝑠𝑖𝑚𝑖𝑙𝑎𝑟_𝑢𝑟𝑙 , ¬𝑡𝑟𝑢𝑠𝑡𝑒𝑑 , ¬𝑡𝑜𝑜_𝑐ℎ𝑒𝑎𝑝}, and K ′1 itself as candidates.

(2) Now consider K ′2 = {𝑠𝑖𝑚𝑖𝑙𝑎𝑟_𝑢𝑟𝑙,¬𝑡𝑟𝑢𝑠𝑡𝑒𝑑, 𝑡𝑦𝑝𝑜𝑠𝑞𝑢𝑎𝑡𝑡𝑖𝑛𝑔}. Then 𝑑𝑒𝑐𝑒𝑝𝑡𝑖𝑜𝑛 is stable-defended w.r.t. K ′2 and
not stable-defended w.r.t. K ′2 \ {¬𝑡𝑟𝑢𝑠𝑡𝑒𝑑}. Thus ¬𝑡𝑟𝑢𝑠𝑡𝑒𝑑 is detected to be defended-relevant for 𝑑𝑒𝑐𝑒𝑝𝑡𝑖𝑜𝑛.

In practice, it is not only interesting to decide if a given queryable is relevant for some topic literal 𝑙 , but also
to list all relevant queryables for 𝑙 . One approach to listing all 𝑗-relevant queryables for a given literal 𝑙 is to
call Algorithm 1 repeatedly for each queryable. However, this approach is suboptimal, because it is possible to
potentially detect multiple relevant queryables at a time. We therefore propose an alternative approach for finding
all 𝑗-relevant queryables for a given literal, by extending Algorithm 1. Specifically, we modify the algorithm to
run until all subsets of queryables are implicitly considered as candidates, while collecting in each iteration all
queryables that are shown to be relevant.

This approach is detailed in Algorithm 2. Line 4 tries to find a candidateK ′. Note that, in contrast to Algorithm 1,
no queryable is enforced to be in K ′. The check and refinement in Line 6–7 is the same as in Algorithm 1: if 𝑙
is not stable- 𝑗 w.r.t. K ′, the candidate and its subsets can be discarded due to the first item of Proposition 13.
Otherwise (Line 8), 𝑙 is stable- 𝑗 w.r.t. K ′. Then we check for each queryable in the candidate whether 𝑙 is stable- 𝑗
w.r.t. the candidate without this queryable (Lines 9–10). If this check fails, then the queryable is 𝑗-relevant for 𝑙
due to Lemma 2. After checking this for all queryables in the candidate, supersets of the candidate can be ruled
out from further consideration (Line 12). To see this, note that by the second item of Proposition 13 𝑙 is stable- 𝑗
w.r.t. 𝑄 ′ \ {𝑞} for any consistent 𝑄 ′ ⊇ K ′ and any 𝑞 ∉ K ′. Thus no superset of the candidate 𝑄 ′ can satisfy the
first condition of Lemma 2 and thus cannot be a witness for the relevance of any further queryable.

Proposition 15. Given an AT 𝑇 = (AS,K), a set of queryables Q, a literal 𝑙 ∈ L and a justification status

𝑗 ∈ {unsatisfiable, defended, out, blocked}, Algorithm 2 returns the set of queryables that are 𝑗-relevant for 𝑙 w.r.t. 𝑇 .

Proof. First assume that an arbitrary 𝑞 ∈ Q is 𝑗-relevant for 𝑙 . By Lemma 2 there is a set of queryables𝑄 ′ ⊆ Q
such that 𝑞 ∈ 𝑄 ′, 𝑙 is stable- 𝑗 w.r.t. 𝑄 ′ and 𝑙 is not stable- 𝑗 w.r.t. 𝑄 ′ \ {𝑞}. Such a 𝑄 ′ is in the initial search space
of the candidate generation of Algorithm 2 (Line 4). If the algorithm considers 𝑄 ′ as a candidate, it correctly
identifies 𝑞 as being 𝑗-relevant for 𝑙 and adds it to 𝑅, since Lines 6, 9 and 10 check the conditions of Lemma 2
for each queryable in the candidate. Moreover, 𝑄 ′ is never wrongly removed from the search space: if Line 8 is
reached, then 𝑙 is not stable- 𝑗 w.r.t. the candidate or (by Proposition 13) any subset of the candidate. This implies
that no subset of the candidate is a witness to 𝑞 being relevant. On the other hand, supersets of the candidate
are ruled out of the search space whenever a candidate K ′ is found such that 𝑙 is stable- 𝑗 w.r.t. K ′. Note that
this refinement does not play a role w.r.t. any 𝑞 that has already been detected to be 𝑗-relevant. Otherwise, 𝑙 is
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Algorithm 2 ASP-based CEGAR algorithm for finding all relevant queryables
Require: AT 𝑇 = (AS,K), 𝑙 ∈ L and 𝑗 ∈ {defended, out, blocked, unsatisfiable}
Ensure: return the set of queryables that are 𝑗-relevant for 𝑙
1: 𝜋𝑐 := AT(𝑇 ) ∪ 𝜋candidate
2: 𝜋𝑣 := AT(𝑇 ) ∪ 𝜋 (<-)stab ∪ {← j(𝑙)}
3: 𝑅 = ∅
4: while 𝜋c is satisfiable; let 𝐼 be the found answer set do
5: K ′ := {𝑞′ ∈ Q | axiom(𝑞′) ∈ 𝐼 }
6: if 𝜋v ∪ {axiom(𝑞′) | 𝑞′ ∈ K ′} is satisfiable; let 𝐶 be the found answer set
7: then 𝜋𝑐 := 𝜋𝑐 ∪ 𝑛𝑜_𝑠𝑢𝑏𝑠𝑒𝑡𝑠 (𝐶)
8: else
9: for 𝑞 ∈ K ′ \ 𝑅 do
10: if 𝜋v ∪ {axiom(𝑞′) | 𝑞′ ∈ K ′ \ {𝑞}} is satisfiable
11: then 𝑅 := 𝑅 ∪ {𝑞}
12: 𝜋𝑐 := 𝜋𝑐 ∪ 𝑛𝑜_𝑠𝑢𝑝𝑒𝑟𝑠𝑒𝑡𝑠 (K ′)
13: return 𝑅

stable- 𝑗 w.r.t. K ′ \ {𝑞}. By the second item of Proposition 13 𝑙 is also stable- 𝑗 w.r.t. every consistent superset of
K ′. This implies that any supersets of the candidate K ′ cannot be a witness for 𝑞 being 𝑗-relevant for 𝑙 . Thus 𝑞 is
contained in 𝑅 when the algorithm terminates.
For the other direction, assume that an arbitrary 𝑞 is not 𝑗-relevant for 𝑙 . The algorithm only adds 𝑞 to 𝑅 if a

set 𝑄 ′ witnessing the fact that 𝑞 is 𝑗-relevant for 𝑙 is found, as the checks on Line 6 and 10 correspond to the
conditions of Lemma 2. Thus 𝑞 being added to 𝑅 would contradict the assumption of 𝑞 not being 𝑗-relevant.
Finally, on each iteration of the outer loop at least one candidate is ruled out from the search (no_subsets and
no_supersets both rule out the candidate itself), so the algorithm eventually terminates, returning 𝑅 which does
not contain 𝑞. □

Example 16. Consider AS from Example 1 and the AT 𝑇 = (𝐴𝑆, {similar_url}). To find all queryables that

are defended-relevant for deception, the abstraction enforces that candidates are consistent and include the axiom

similar_url. Note that, in contrast to Example 15, no other queryable is enforced to be included. We describe one

possible execution of Algorithm 2 on this input.

(1) CandidateK ′1 = {similar_url, too_cheap, typosquatting}. Now deception is not stable-defended w.r.t.K ′1. Hence,
subsets of K ′1 are ruled out as candidates in the future, and the search continues.

(2) Candidate K ′2 = {similar_url, too_cheap, typosquatting,¬trusted}. Now deception is stable-defended w.r.t. K ′2.
It is then checked for each queryable 𝑞′ ∈ K ′2 \ K whether deception is stable-defended w.r.t. K ′2 \ {𝑞′}.
Now deception is also stable-defended w.r.t. K ′2 \ {too_cheap} and K ′2 \ {typosquatting}. On the other hand,

deception is not stable-defended w.r.t. K ′2 \ {¬trusted}, and thus ¬trusted is added to 𝑅. Finally, supersets of
K ′2 are refined out for further consideration.

(3) Candidate K ′3 = {similar_url, too_cheap,¬trusted}. Now deception is stable-defended w.r.t. K ′3, and is not

stable-defended w.r.t. K ′3 \ {too_cheap}. Thus too_cheap is added to 𝑅 and supersets of K ′3 are not considered
as candidates in subsequent iterations.

(4) Candidate K ′4 = {similar_url, typosquatting,¬trusted}. Here we find that deception is stable-defended w.r.t.

K ′4, and is not stable-defended w.r.t.K ′4 \ {typosquatting}. Moreover, typosquatting is added to 𝑅 and supersets

of K ′4 are not considered as candidates in subsequent iterations.
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(5) Candidate K ′5 = {similar_url,¬typosquatting,¬too_cheap, trusted}. Now deception is not stable-defended

w.r.t. K ′5, so subsets of K ′5 are not considered as candidates in subsequent iterations.

(6) Some further iterations are required to exhaust the search space. No further queryables are found to be

defended-relevant for deception. The algorithm returns 𝑅 = {¬trusted, typosquatting,too_cheap}.

6 Empirical Evaluation

We empirically evaluate the ASP-based approaches to deciding stability and relevance proposed in this work.
We use Clingo [25, 23, 24] (version 5.5.1) as the ASP solver and its incremental (multi-shot) features [24]
for implementing the CEGAR algorithms for relevance. The implementation is available in open source at
https://bitbucket.org/coreo-group/raspic2.

Our approach constitutes the first algorithm for relevance in ASPIC+ and for stability in ASPIC+ with prefer-
ences, and the first exact algorithm for stability without preferences. Hence an empirical comparison to competing
approaches is to a large extent not applicable here. However, for stability, we compare our ASP-based approach
to a polynomial-time inexact algorithm [38, Algorithm 4] as the key earlier approach proposed for the problem
for instances without rule preferences. The inexact approach is sound (all stable results are indeed stable) but not
complete (the algorithm may report non-stability for stable literals).

All experiments were run on 2.50 GHz Intel Xeon Gold 6248 machines under a per-instance time limit of 600
seconds and memory limit of 32 GB.

6.1 Benchmarks

As benchmarks, we consider both real-world and synthetic data.
For real-world benchmarks, we generated instances for the stability and relevance problems based on the

argumentation system 𝐴𝑆 = (L, ,R, ≤) and set of queryables Q used in an inquiry system for the intake
of online trade fraud at the Netherlands Police [38]. In this setting, |L| = 60, |Q| = 30 and |R | = 43. All
literals in L \ Q have a single contradictory. Considering the queryables in Q, 19 queryables have a single
contradictory; three literals have two contradictories; seven literals have three contradictories and one literal has
four contradictories. All rules are equally preferred: ≤ = ∅. Most rules have one (13) or two (14) antecedents; four
rules have three antecedents; eight rules have four and the remaining four rules have five antecedents. The rules
are defined in such a way that they form a tree-like structure, without (support) cycles. Each literal is assigned a
layer, which informally is the largest number of rule applications to reach a queryable. Out of the 60 literals, 40
have layer 0 (this includes all 30 queryables); 6 have layer 1; 5 have layer 2; 6 have layer 3 and 3 have layer 4.
We consider one literal as a “topic”, for which the stability status is needed. To generate stability instances, we
obtained knowledge bases by randomly sampling 25 consistent subsets of each size between 1 and 14 from Q,
as well as the empty knowledge base. Similarly, instances for relevance were created for each combination of
stability instances and a queryable in Q, randomly sampled from the set of queryables that are not axioms and
whose contradictory is not an axiom.

To further study the scalability of our implementations, we also consider synthetic data. For this, we generated
argumentation theories and queryable sets that are parametrised by the size of the language |L| and rule set size
|R |. We generated a set with larger instances to test our stability algorithm, and a set with smaller ones to test
our relevance algorithms. We generated ATs 𝑇 = (AS,K), queryables Q, with the following parameters.
• For the language size (|L|), we generated instances for the stability instances with |L| ∈ {50, 100, 150, 200,
250, 500, 1000, 2500, 5000} and for the relevance instances with |L| ∈ {50, 60, 70, 80, 90, 100, 110, 120, 130,
140, 150}.

2The implementation has been revised with bug-fixes made after the publication of the preliminary conference version of this article [42]. All
empirical results reported here have been obtained by running the revised implementation.
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• The number of rules was chosen to be |R | ∈ { 12 · |L|, |L|,
3
2 · |L|}.

• The body size of rules was chosen to be between 1 and 5, with one third of the rules having one rule
antecedent, another third having two antecedents, and the remaining third was split equally to have three,
four, or five antecedents.
• The literal layer distribution was selected by having 2

3 · |L| literals with layer 0, each one-tenth of the
literals for layers 1, 2, and 3, and the remaining ones with layer 4.
• The ratio between queryables and literal (|Q|/|L|) is 0.5.
• The ratio between axioms and queryables (|K |/|Q|) is 0.5.

Similarly to the fraud data set, all queryables are on layer 0, that is, there are no rules for queryable literals. We
obtained a partial ordering for the rule preferences by considering all rules with contradictory consequents and
sampling half of them into ≤. We randomly selected one topic per instance from layers 3 and 4.
We generated for each combination of |L| and |R | five different argumentation theories and for each theory,

five random sets of queryables. This gives a total of 675 instances (75 per |L|) for stability, and a total of 825
instances (75 per |L|) for relevance. For each synthesis relevance benchmark instance, we randomly selected one
literal as topic, and one queryable whose relevance for the topic is to be decided.

6.2 Results

We continue with an overview of the results of the empirical evaluation.

6.2.1 Stability. Table 2 provides an overview of the results for the task of computing the stability of each literal
in a given AT. The table provides the number of solved instances (as the primary metric), with mean run times
over solved instances and maximum run time (as secondary metrics) for each number of literals |L| ranging
from 50 to 5000. For instances without preferences, the table provides a comparison of the performance of our
ASP approach to that of the state-of-the-art inexact solver on instances without preferences. Furthermore, we
also report the performance of our approach for instances with preferences.
Focusing first on the case without preferences, we observe that on the real-world instances, both our exact

approach and the inexact algorithm terminate on all instances in a fraction of a second on average. On the
synthetic instances, the inexact algorithm takes 82 seconds on average for instances with |L| = 5000, while our
approach takes one second on average on the same instances. Note also that while our approach is exact—always
assigning correct stability statuses—the inexact algorithm mislabelled in total 69 out of 1689 topic literals in
the real-world instances and 109 out of 714431 topic literals in the synthetic instances. Overall, our exact ASP-
based approach thus outperforms the inexact approach in both run times and in terms of accuracy of providing
(provably) correct answers. Turning to instances with preferences, we observe that deciding stability is empirically
harder than without preferences. All instances up to |L| = 2500 are solved also with preferences. The mean run
time of our approach on instances with preferences at |L| = 2500 is 3 minutes, compared to one second without
preferences. At |L| = 5000, with preferences, resource limits start becoming a bottleneck, with 25 of 75 instances
solved. The solved instances at |L| = 5000 are the ones with |R | = 2500, while instances with |R | = 5000, 7500
surpass the memory limit, as the size of the stability encoding with preferences (𝜋<-stab) grows with the number
of rules. On the other hand, even with preferences, the mean run times remain within 5 seconds up to |L| = 500
on the synthetic instances, and the real-world instances are solved particularly fast, with a mean run time of a
fraction of a second.

6.2.2 Relevance. Turning to relevance, here we focus solely on our approach, as there are no immediate com-
petitors to the best our knowledge. We first consider the task of deciding defended-relevance. Table 3 shows
results for our approach for this task both with and without preferences. Similar tables for the task of deciding
𝑗-relevance for the other justification statuses 𝑗 ∈ {unsatisfiable, out, blocked} are provided in Appendix B. For
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Table 2. Number of solved instances, mean run times over solved instances, and maximum run times for detecting stability

of all literals. Maximum number of instances per each value of |L| is 351 for the real-world data and 75 for synthetic.

#solved (mean/maximum run time (s))
Dataset |L| In-exact ASP ASP under prefs
Real 60 351 (0.1/0.1) 351 (0.1/0.1) 351 (0.1/0.1)
Synthetic 50 75 (0.1/0.1) 75 (0.1/0.1) 75 (0.1/0.1)

100 75 (0.1/0.2) 75 (0.1/0.1) 75 (0.2/0.4)
150 75 (0.1/0.2) 75 (0.1/0.1) 75 (0.4/0.8)
200 75 (0.2/0.3) 75 (0.1/0.1) 75 (0.7/1.5)
250 75 (0.3/0.5) 75 (0.1/0.1) 75 (1.2/2.6)
500 75 (0.8/1.5) 75 (0.1/0.1) 75 (5.3/11.1)
1000 75 (3.3/6.2) 75 (0.1/0.2) 75 (23.7/54.0)
2500 75 (20.2/40.0) 75 (0.4/0.5) 75 (180.1/375.1)
5000 75 (82.3/160.4) 75 (1.0/1.4) 25 (149.5/-)

the real-world instances without preferences, our approach decides defended-relevance of a query in mean run
time of 0.17 seconds, with a maximum run time of 4.8 seconds. With preferences, the mean run time is 0.35
seconds and the maximum run time is 13.6 seconds. Compared to the results for stability, the run times for
relevance on the synthetic instances reflect the fact that deciding relevance is harder in terms of computational
complexity. On synthetic instances without preferences, our algorithm solves all instances with up to 90 literals
and a majority of the instances with up to 130 literals within the run time limit. Instances with preferences appear
somewhat, but not significantly, more difficult to solve: with preferences, all instances with up to 80 literals and a
majority of the instances with up to 130 literals are solved.

Table 3. Number of solved instances, mean run times over solved instances, and maximum run times for deciding defended-

relevance of a single queryable. Total number of instances per each value of |L| is 351 for the real-world instances and 75 for

the synthetic ones.

#solved (mean/maximum run time (s))
Dataset |L| ASP no prefs ASP under prefs
Real 60 351 (0.2/4.8) 351 (0.4/13.6)
Synthetic 50 75 (0.1/0.2) 75 (0.3/0.7)

60 75 (0.4/1.8) 75 (1.2/8.7)
70 75 (1.3/4.5) 75 (5.3/32.9)
80 75 (3.2/28.0) 75 (20.6/190.6)
90 75 (21.8/167.3) 73 (73.5/-)
100 46 (17.2/-) 46 (38.0/-)
110 54 (15.6/-) 53 (42.9/-)
120 47 (41.4/-) 48 (94.0/-)
130 46 (157.5/-) 38 (241.1/-)
140 16 (0.1/-) 16 (0.8/-)
150 13 (0.1/-) 13 (0.4/-)
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Fig. 5. Mean run times time for the tasks of (ii) deciding defended-relevance of one queryables, and finding all defended-

relevant queryables (ii) incrementally or (iii) non-incrementally (“naively”) for different number of axioms in the real-world

data set. Left: without preferences, right: with preferences.

Next, we compare the mean run times of our approach for defended-relevance with and without preferences
on the real-world instances; see Figure 5 (left: without preferences, right: with preferences) as a function of the
number of axioms in the instances. In each of the two plots, we provide a comparison of the mean run times on
the tasks of (i) deciding whether a single queryable is defended-relevant for a literal with Algorithm 1 (“Single
queryable”), and finding all defended-relevant queryables for a literal either (ii) with Algorithm 2 (“All queryables
(incremental)”) or (iii) by sequentially running Algorithm 1 for each queryable (“All queryables (naive)”). First,
we observe that the run times depend noticeably on the number of axioms; the fewer axioms, the longer the
run times. This follows the intuition that the underlying search space over the queryables is the largest when
fewer queryables are fixed as axioms. Finding all defended-relevant queryables for a literal takes noticeably more
time than deciding defended-relevance of a single queryable, as expected. However, especially as the number of
axioms increases, our approach also scales well to finding all defended-relevant queryables. The incremental
approach (ii) to finding all defended-relevant queryables performs significantly better than the non-incremental
version (iii), the incremental approach exhibiting around twice as fast mean run times.

Finally, we compare the run times of our approach for deciding 𝑗-relevance under the four different justification
statuses 𝑗 ∈ {unsatisfiable, defended, out, blocked} on the synthetic instances. Figure 6 provides an overview of
the comparison on the task of deciding whether a single queryable is relevant for a given literal without (left) and
with (right) preferences, showing the number of instances (out of 825) solved (y-axis) as a function of per-instance
run time (x-axis). Figure 7 provides an analogous overview for the task of finding all relevant queryables for a
given literal using the incremental approach. Overall, we observe that a significant portion of the instances are
solved in each case in essentially negligible time. On the task of deciding whether a single queryable is relevant
(Figure 6), the choice of the justification status considered does not appear to have a significant impact on the
run time distribution. In contrast, on the task of finding all relevant queryables (Figure 7), the justification status
considered does have an effect on the run time distribution. The approach exhibits significantly faster run times
for the statuses blocked and out compared to defended and unsatisfiable.
All in all, the results suggest that the ASP-based approach developed in this work is efficient enough to be

applicable in a real-world setting.
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Fig. 6. Run times on synthetic instances for the task of deciding relevance of one queryable for a given literal under the

different relevance status. The y-axis gives the number of instances (out of 825) solved as a function of per-instance run time

(x-axis). Left: without preferences, right: with preferences.

7 Relation to Stability and Relevance in Abstract Argumentation

Finally, beyond our main contributions concerning stability and relevance in ASPIC+, we discuss the relation
between these problems in the structured and abstract settings. In the abstract setting, namely for incomplete
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Fig. 7. Run times on synthetic instances for the task of deciding relevance of each queryable for a given literal under the

differ relevance statuses. The y-axis gives the number of instances (out of 825) solved as a function of per-instance run time

(x-axis). Left: without preferences, right: with preferences.
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argumentation frameworks (IAFs) [11, 10, 32], stability and relevance were previously proposed by Mailly and
Rossit [32] and Odekerken et al. [41], respectively. A natural question is how these notions are related to stability
and relevance in the structured setting: can stability in incomplete ASPIC+ be expressed in terms of the existing
notion of IAF-stability, and, analogously, can ASPIC+-relevance be expressed in terms of IAF-relevance? We show
in this section that stability and relevance on IAFs do not capture their counterparts on the structured level. This
further corroborates the need for studying computational aspects of stability and relevance on the structured
level, as done in this article.

7.1 Stability and Relevance in Incomplete Abstract Frameworks

We start by recalling the definition of IAFs and the definitions of stability and relevance in the context of IAFs.
IAFs are an extension to AFs, initially proposed as partial AFs by Cayrol et al. [15]. In an IAF the set of arguments
is divided into a certain part (A) and an uncertain part (A?). For the uncertain arguments, it is not known whether
they are part of the argumentation framework or not. Although, in general, IAFs may have uncertain defeats
as well, these are not required for our purposes. Therefore, we only consider so-called argument-incomplete
argumentation frameworks.

Definition 20 (Incomplete argumentation framework, IAF). An incomplete argumentation framework is a

tuple I = ⟨A,A?, C⟩, where
• A ∩ A? = ∅,
• A is the set of certain arguments,

• A?
is the set of uncertain arguments, and

• C ⊆ (A ∪ A?) × (A ∪ A?) is the defeat relation.

An IAF can be completed by deciding for all uncertain arguments and defeats whether or not the arguments
are present [10].

Definition 21 (Completions). A completion of an IAF I = ⟨A,A?, C⟩ is an AF ⟨A′, C′⟩ that satisfies (i) A ⊆
A′ ⊆ A ∪ A?

and (ii) C′ = C|A′ , where the restriction C|A′ of a defeat C to a set of arguments A′ is defined as
C|A′ = {(𝐴, 𝐵) ∈ C | 𝐴 ∈ A′ and 𝐵 ∈ A′}.

Next, we recall the definitions of (argument-centered) justification and stability status on IAFs as proposed
by Odekerken et al. [41]. In order to keep the definitions succinct, we consider only the in status under grounded
semantics here.

Definition 22 (Justification and stability on IAFs). Let I = ⟨A,A?, C⟩ be an IAF and let𝐴 be an argument

in A. For a completion 𝐹 of I,
• 𝐴 is gr-in w.r.t. 𝐹 if and only if 𝐴 is in the grounded extension of 𝐹 , and

• 𝐴 is stable-gr-in w.r.t. I if and only if for each completion 𝐹 of I, 𝐴 is gr-in w.r.t. 𝐹 .

An IAF can also be partially completed by obtaining more information about the uncertain part of the IAF, that
is, by adding uncertain arguments to the certain arguments or by removing uncertain arguments from the IAF
[41].

Definition 23 (Partial completion). A partial completion of an IAF I = ⟨A,A?, C⟩ is an IAF I′ =

⟨A′,A?′, C′⟩ with
• A ⊆ A′ ⊆ A ∪ A?

,

• A?′ ⊆ A?
, and

• C′ = C|A′∪A?′ .
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Note that A′ ∩ A?′ = ∅ since I′ is an IAF. We denote all possible partial completions for I by part(I).
In analogy to relevance in the structured formalism of ASPIC+, relevance in IAFs is defined by Odekerken

et al. [41] in terms of a minimal stable partial completion.

Definition 24 (Minimal stable partial completion on IAFs). Given an IAF I = ⟨A,A?, C⟩ and a certain
argument 𝐴 ∈ A, a minimal stable-gr-in partial completion for 𝐴 w.r.t. I is a partial completion I′ in part(I)
such that (i) 𝐴 is stable-gr-in in I′ and (ii) there is no partial completion I′′ in part(I) such that 𝐴 is stable-gr-in

in I′′, I′′ ≠ I′ and I′ ∈ part(I′′).

Definition 25 (Relevance on IAFs). Consider an IAF I = ⟨A,A?, C⟩, a certain argument 𝐴 ∈ A and an

uncertain argument𝑈 ∈ A?
.

• Addition of 𝑈 is gr-in-relevant for 𝐴 w.r.t. I if there is a minimal stable-gr-in partial completion I′ =
⟨A′,A?′, C⟩ for 𝐴 w.r.t. I such that𝑈 ∈ A′; and
• Removal of 𝑈 is gr-in-relevant for 𝐴 w.r.t. I if there is a minimal stable-gr-in partial completion I′ =
⟨A′,A?′, C⟩ for 𝐴 w.r.t. I such that𝑈 ∉ A′ ∪ A?′

.

7.2 IAFs Corresponding to Argument Theories andQueryables

We next specify a natural instantiation of an IAF for a given argumentation theory and set of queryables. All
arguments that can be inferred from a future argumentation theory, but not from the current one, are included in
the set of uncertain arguments in the IAF. For the defeat relation, we include all defeats that occur in some future
argumentation theory.

Definition 26 (IAF corresponding to AT and Q). Let 𝑇 = (AS,K) be an argumentation theory with

𝐴𝑆 = (L, ,R, ≤) and let Q be a set of queryables. The corresponding IAF is the tuple IAF(𝑇,Q) = ⟨A,A?, C⟩ with

• A = Arg𝑇 ,

• A? = {𝐴 | ∃𝑇 ′ s.t. 𝑇 ⊑𝑄 𝑇 ′ and 𝐴 ∈ Arg𝑇 ′ } \ A, and

• C = {(𝐴, 𝐵) | ∃𝑇 ′ s.t. 𝑇 ⊑𝑄 𝑇 ′, 𝐴 ∈ Arg𝑇 ′ , 𝐵 ∈ Arg𝑇 ′ and 𝐴 defeats 𝐵 in 𝑇 ′}.

Example 17. In Figure 8 we illustrate the IAF I = ⟨A,A?, C⟩ = IAF(𝑇,𝑄) corresponding to the AT 𝑇 and set of

queryables Q from our running example on online trade fraud. Recall from Example 1 that the set of arguments Arg𝑇

consists of an observation-based argument for similar_url and rule-based arguments for typosquatting and deception.

In addition, all queryables (as identified in Example 6) that are not contradictory to literals in the knowledge base

can become an observation-based argument in some future argumentation theory. These queryables in question

correspond to six of the eight uncertain arguments, depicted with dashed borders in Figure 8. Note that there is

no uncertain argument for ¬similar_url in IAF(𝑇,𝑄): as similar_url is in the knowledge base, there is no future

argumentation theory of 𝑇 that gives rise to an (observation-based) argument for ¬similar_url. In addition, A?

contains uncertain arguments for deception and ¬deception. Between these certain and uncertain arguments, we

identify six defeats, represented by arrows. Note that there are no defeats between, for example, ¬too_cheap and

too_cheap ⇒ deception. The reason for this is that there is no future argumentation theory giving rise to both of

these arguments.

The argument similar_url is stable-gr-in w.r.t. I as it is in the grounded extension of every completion of I. The
other arguments are not stable-gr-in as they can be defeated by undefeated arguments in completions of I.
For the argument similar_url⇒ typosquatting⇒ deception, removal of ¬typosquatting is gr-in-relevant w.r.t.
I. Similarly, the removal of trusted⇒ ¬deception is gr-in-relevant w.r.t. I.
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similar_url

¬too_cheap

too_cheap

¬trusted

typosquatting

trusted

¬typosquatting

too_cheap

⇒ deception

similar_url

⇒ typosquatting

similar_url

⇒ typosquatting

⇒ deception

trusted

⇒ ¬deception

Fig. 8. The IAF corresponding to the argumentation theory and set of queryables from our running example in the domain of

online trade fraud. Arguments are presented as ellipses, where those corresponding to certain arguments have solid borders

and those corresponding to uncertain arguments have dashed borders. Defeats are represented by arrows.

7.3 Structured vs Abstract Stability

Having recalled the notions of stability and relevance on IAFs, we now compare them to the corresponding
notions on incomplete ASPIC+, as considered in this paper. In particular, we consider the question of whether
stable-gr-in arguments have stable-defended conclusions and vice versa. If this is the case, then stability and
relevance on incomplete ASPIC+ could be computed via stability and relevance on IAFs (using, for example, the
algorithms proposed by Odekerken [37]).
We first give an example of an AT 𝑇 and set of queryables Q where an argument that is stable-gr-in w.r.t.

IAF(𝑇,Q) (on the abstract level) has as its conclusion a literal that is stable-defended w.r.t. 𝑇 and Q (on the
structured level).

Example 18. Recall the IAF I = ⟨A,A?, C⟩ = IAF(𝑇,Q) corresponding to the AT 𝑇 and set of queryables Q
from our running example on online trade fraud, illustrated in Figure 8. By Example 17, the argument similar_url is

stable-gr-in w.r.t. I since similar_url in the grounded extension of every completion of I. Furthermore, the conclusion

of this argument (the literal similar_url) is stable-defended w.r.t. 𝑇 and Q.

We next show that, in general, gr-in-stability on the abstract level implies defended-stability on the structured
level.

Proposition 16. Let 𝑇 = (AS,K) be an argumentation theory, Q a set of queryables, and I = ⟨A,A?, C⟩ =
IAF(𝑇,Q). If 𝐴 ∈ A is stable-gr-in w.r.t. I, then conc(𝐴) is stable-defended w.r.t. 𝑇 and Q.

Proof. Assume that 𝐴 ∈ A is stable-gr-in w.r.t. I. Let 𝑇 ′ = (AS,K ′) be an arbitrary future argumentation
theory of 𝑇 . We consider the AF defined by 𝑇 ′ (Definition 8): let A′ = Arg𝑇 ′ and let C′ be all defeats between
arguments from A′: C′ = {(𝐴, 𝐵) | 𝐴 ∈ A′, 𝐵 ∈ A′ and 𝐴 defeats 𝐵 in 𝑇 ′}. By Definition 8, A ∪ A? = {𝐴 |
there is a 𝑇 ′′ s.t. 𝑇 ⊑𝑄 𝑇 ′′ and 𝐴 ∈ Arg𝑇 ′′ }. Consequently A′ ⊆ A ∪ A?. Since K ⊆ K ′, each argument in Arg𝑇

must also be in Arg𝑇 ′ , so A ⊆ A′. Further note that C′ = C|A′ . By Definition 21 ⟨A′, C′⟩ is a completion of
I. Since 𝐴 ∈ A is stable-gr-in w.r.t. I, by Definition 22 𝐴 must be in the grounded extension of ⟨A′, C′⟩ as
well: 𝐴 ∈ 𝐺 (𝑇 ′). Then by Definition 10 of justification, conc(𝐴) is defended w.r.t. ⟨A′, C′⟩. Since 𝑇 ′ was chosen
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arbitrarily from the future argumentation theories of 𝑇 , by Definition 13 conc(𝐴) is stable-defended w.r.t. 𝑇 and
Q. □

Having established that gr-in-stability w.r.t. the IAF implies defended-stability w.r.t. the AT, we consider
whether the implication also holds in the other direction, that is, does it hold that if there is a literal 𝑙 that is
stable-defended w.r.t. some argumentation theory 𝑇 and set of queryables Q, then there is an argument for 𝑙 that
is stable-gr-in w.r.t. IAF(𝑇,Q)? We provide a negative answer to this question via a counterexample.

Counterexample 1. Consider the argumentation theory 𝑇 = (AS,K) and set of queryables Q illustrated in

Figure 9. This is another (simplified) example in the domain of online trade fraud, which models possible reasons for

a web shop being suspect. In this example, a web shop is suspect if (i) it pretends to be old (pretends_old) although

it has been recently registered (new_registration) or (ii) if it does not have many positive reviews (¬many_reviews)

against expectations (reviews_expected)—one would expect reviews if the web shop has a page on trustpilot, unless

the web shop has been registered recently.

In a situation where we have a web shop that (i) pretends to be old, (ii) has a page on trustpilot and (iii) does not have

many reviews, as shown in Figure 9 there are three future argumentation theories:𝑇1 = 𝑇 ,𝑇2 = 𝑇 ∪{new_registration}
and 𝑇3 = 𝑇 ∪ {¬new_registration}. In each of these future ATs, there is an undefeated argument for suspect: for 𝑇1
and 𝑇3 the argument [trustpilot⇒ reviews_expected],¬many_reviews⇒ suspect is undefeated (as the argument

for ¬reviews_expected does not exist); for 𝑇2 the argument pretends_old, new_registration⇒ suspect is undefeated.

Consequently, there is an argument for suspect in the grounded extension of every future AT w.r.t. 𝑇 . Hence suspect is

stable-defended w.r.t. 𝑇 and Q by Definition 13 of stability.

Now consider the I = IAF(𝑇,𝑄) = ⟨A,A?, C⟩ that corresponds to 𝑇 and Q, as illustrated in Figure 10. The

only argument for suspect in A is [trustpilot⇒ reviews_expected],¬many_reviews⇒ suspect. This argument can

still be defeated by the uncertain argument new_registration ⇒ ¬reviews_expected. For a completion containing

this argument, the argument [trustpilot ⇒ reviews_expected],¬many_reviews ⇒ suspect is not in the grounded

extension. SinceI has a completion in which the argument for suspect is not in the grounded extension, by Definition 22

this argument cannot be stable-gr-in.

To conclude, if there is a literal 𝑙 that is stable-defended w.r.t. some argumentation theory𝑇 and set of queryables
Q, it is not guaranteed that there is an argument for 𝑙 that is stable-gr-in w.r.t. IAF(𝑇,Q). The underlying issue
is that IAFs do not model the phenomenon occurring in incomplete ASPIC+ where the addition of an uncertain
argument 𝐴 may require the addition of supplementary arguments, in particular those arguments that can be
constructed from the premises of 𝐴 and the premises of arguments that were already in A.

7.4 Structured vs Abstract Relevance

Finally, we establish that gr-in-relevance on the abstract level does not imply defended-relevance on the structured
level.

Counterexample 2. Consider the argumentation theory 𝑇 = (AS,K) and set of queryables Q illustrated in

Figure 11. This AT models a dilemma related to traveling. Suppose that you are planning some journey to a location

far away, on a weekday in April. You can go by train or by bike, but not at the same time: by_train ∈ by_bike and
by_bike ∈ by_train. Usually, you take the train for traveling far, provided that trains are running. On the other hand,

you generally take the bike as long as there is no snow. You do not know yet whether there will be snow during your

journey. But you do know that if it snows, usually all trains are canceled. At this point, there is an argument for

traveling by train and there is an equally strong argument for traveling by bike. Hence the claim by_train is blocked

w.r.t. 𝑇 . You wish to investigate whether by_train can become stable-defended (so you can buy a train ticket) and

wonder whether it makes sense to wait for the weather forecast.
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pretends_old

¬pretends_old

new_registration

¬new_registration

trustpilot

¬trustpilot

many_reviews

¬many_reviews¬reviews_expected reviews_expected

¬suspect suspect

Fig. 9. The literal suspect is stable-defended, so no queryable is defended-relevant for this literal.

The AT 𝑇 has three future argumentation theories: 𝑇1 = 𝑇 , 𝑇2 = (AS,K ∪ {snow}) and 𝑇3 = (AS,K ∪ {¬snow}).
It holds that by_train is not defended in any of these future ATs. In 𝑇1 and 𝑇3, the only argument for by_train

(i.e., [weekday⇒ trains_running], far⇒ by_train) is defeated by an argument for by_bike ([april⇒ ¬snow] ⇒
by_bike, and in case of𝑇3 also ¬snow⇒ by_bike). In𝑇2, the only argument for by_train is defeated by the argument

snow⇒ ¬trains_running. This implies that none of the queryables are defended-relevant for by_train w.r.t. 𝑇 and

Q.
Now let I = IAF(𝑇,Q) = ⟨A,A?, C⟩, as illustrated in Figure 12. Note that there is no defeat depicted between

observation-based uncertain arguments such as snow and ¬snow, as there is no future AT 𝑇 ′ of 𝑇 such that these

arguments are present in𝑇 ′. It holds thatI hasmany different partial completions, includingI′ = ⟨A∪{snow}, ∅, C′⟩.

pretends_old,
new_registration

⇒ suspect

new_registration

⇒ ¬reviews_expected

trustpilot

⇒ reviews_expected

[trustpilot⇒
reviews_expected],
¬many_reviews

⇒ suspect

pretends_old trustpilot ¬many_reviews

new_registration ¬new_registration

Fig. 10. An incomplete argumentation framework, where suspect is not stable-gr-in. The removal of new_registration ⇒
¬reviews_expected is gr-in-relevant.
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far

¬far weekday

¬weekday

trains_running

by_train

snow

¬trains_running

¬april april

¬snow

by_bike

Fig. 11. The claim by_train is stable-blocked, so no queryable is defended-relevant for by_train.

In fact, I′ is a minimal stable-gr-in partial completion for [weekday⇒ trains_running], far⇒ by_train w.r.t. I.
By Definition 25, the addition of snow is gr-in-relevant for [weekday⇒ trains_running], far⇒ by_train w.r.t. I.
This implies that that the addition of snow ∈ A?

is gr-in-relevant for [weekday⇒ trains_running], far⇒ by_train,

while none of the premises of snow are defended-relevant for the conclusion literal by_train w.r.t. 𝑇 and Q. This is
because there is no 𝑇 ′ such that 𝑇 ⊑𝑄 𝑇 ′ and IAF(𝑇 ′,Q) = I′: snow can be an argument only in argumentation

frameworks that also include snow ⇒ ¬trains_running. The reason for this is that both arguments snow and

snow⇒ ¬trains_running have exactly the same premises (i.e., {snow}).

In summary, we showed in this section that stable-defended literals do not necessarily have a stable-gr-in
conclusion (Counterexample 1) and that gr-in-relevance on the abstract level does not imply defended-relevance

snow

⇒ ¬trains_running

weekday

⇒ trains_running

[weekday⇒ trains_running], far
⇒ by_train

[april⇒ ¬snow]
⇒ by_bike

weekday

¬snow
⇒ by_bike

snow

april

april

⇒ ¬snow

¬snowfar

Fig. 12. Adding snow is defended-relevant for by_train in the IAF.
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on the structured level (Counterexample 2), when considering the natural notion of the IAF corresponding to an
AT and queryable set (recall Definition 8). The reason for this is that the notions of stability and relevance in the
structured setting require that future argumentation theories can only be induced by updates on the structured
level—in contrast, this is not by definition required for completions of IAFs.
Our results show that questions of stability and relevance cannot be delegated to the abstract level (at least

given the notions currently proposed in the literature) and must instead be considered on the structured level.
This observation is in line with earlier studies on the relation between abstract and structured formalisms [46]
which have focused in particular in the resolution of attacks [34], strength of arguments [44], enforcement and
strong equivalence [53, 47, 48], specification of expansions [45], forgetting arguments from a knowledge base
[12] and comparing completions in structured and abstract settings [57].

8 Conclusions

We addressed the challenge of developing computational approaches to reasoning under incomplete information
in the central structured argumentation formalism of ASPIC+. In particular, we studied the stability and relevance
problems both from a complexity theoretic and an algorithmic perspective in an instantiation of ASPIC+ for
which the two problems are motivated through applications in inquiry dialogue applied at the Netherlands Police.
In terms of complexity results, we pinpointed the complexity of deciding stability and relevance under grounded
semantics, establishing coNP-completeness of stability and ΣP

2-completeness of relevance. Complementing the
complexity results, we developed and implemented first practical exact algorithms for deciding stability and
relevance, as well as for the task of finding all relevant queryables, by harnessing ASP solving. We showed
through an extensive empirical evaluation on both real-world and synthetic data that our algorithmic approach
exhibits promising scalability. Our approach is competitive with an earlier-proposed inexact approach with run
times for both stability and relevance sufficiently low on real-world data to enable their use in online settings.
There are various interesting directions to extend our study of stability and relevance in ASPIC+. The main

directions are to extend our complexity analysis and algorithms beyond the ASPIC+ instantiation we focused on
to a more general fragment, as well as to consider different argumentation semantics and different preference
handling mechanisms. Given that the computational aspects of ASPIC+ are somewhat underexplored in current
literature, there are interesting research challenges to overcome in order to extend our work in these directions.
Firstly, it would be interesting to study deciding stability and relevance for other semantics. While upper bounds
are given in Section 4.5, lower bounds and algorithms for these semantics are not known. It is known that deciding
acceptance for admissible, complete, stable and preferred semantics is typically (co)NP-hard [28]. Therefore it
is likely that computing stability and relevance for these semantics is also more computationally expensive in
practice compared to grounded semantics. Another direction for future work is to take into account a more
general fragment of ASPIC+. This opens various design choices in generalizing the concept of future ATs, and
thereby stability and relevance. For instance: should queryables only be able to become axioms, or can queryables
also become ordinary premises in future ATs? And can queryables switch from an ordinary premise to an axiom?
Should we consider all ATs that can be obtained by adding queryables to the knowledge base, or only those for
which the rationality postulates are satisfied [14]? Yet another extension would be to allow for rules to be “added”
in future theories. Such an extension would open up further design choices such as whether to fix concrete rules
that can be added, or whether to allow for example for adding instantiations of given rule schemes. A further
potential extension of our approach would be to consider preferences under weakest-link rather than last-link
ordering. It has been observed that the complexity of justification under stable semantics rises to the second level
of the polynomial hierarchy under weakest-link principle [29], in contrast to the (co)NP-completeness when no
preferences are included [28]. Thus a similar increase in the complexity of deciding stability and relevance is
expected, and along with it the need for more elaborate algorithms.
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A Remaining Hardness Proofs for Theorem 2

Completing the ΣP
2-completeness result stated as Theorem 2, we provide here proofs for ΣP

2-hardness of deciding
whether a queryable is 𝑗-relevant for a literal in an ATw.r.t. a set of queryables for 𝑗 ∈ {unsatisfiable, out, blocked}.
Membership and the hardness for 𝑗 =defended was established in the main text.
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Fig. 13. Illustration of the reduction used in Theorem 2 for the formula 𝜙 = (𝑥1 ∨𝑦1) ∧ (𝑥𝑖 ∨ ¬𝑦1). The queryables 𝑦1 and 𝑦1
are shown twice for readability.

All reductions are from the ΣP
2-complete problem of deciding whether a given 2-QBF formula Φ = ∃𝑋∀𝑌¬𝜙 is

True, where 𝜙 is a propositional formula in CNF and 𝑋 = {𝑥1, . . . , 𝑥𝑛} and 𝑌 = {𝑦1, . . . , 𝑦𝑚} are pairwise disjoint
sets of variables.

Proof of Theorem 2 for unsatisfiable status. To establish ΣP
2-hardness, construct the AT𝑇 and queryables

Q defined via
Q = 𝑋 ∪ 𝑋 ∪ 𝑌 ∪ 𝑌 ∪ {𝑑,𝑑},
L = Q ∪𝐶 ∪𝐶 ∪𝑉 ∪𝑉 ∪ {𝑡, 𝑡},

= {(𝑥, 𝑥), (𝑥, 𝑥) | 𝑥 ∈ 𝑋 ∪ 𝑌 ∪𝑉 ∪𝐶 ∪ {𝑑, 𝑡}}∪

{(𝑦,𝑑), (𝑦,𝑑), (𝑑,𝑦), (𝑑,𝑦) | 𝑦 ∈ 𝑌 },

R = {(𝑑, 𝑣1, . . . , 𝑣𝑛 ⇒ 𝑡)} ∪
{(𝑥 ⇒ 𝑐) | 𝑥 ∈ 𝑐} ∪ {(𝑥 ⇒ 𝑐) | ¬𝑥 ∈ 𝑐} ∪
{(𝑦 ⇒ 𝑐) | 𝑦 ∈ 𝑐} ∪ {(𝑦 ⇒ 𝑐) | ¬𝑦 ∈ 𝑐} ∪
{(𝑐1, . . . , 𝑐𝑝 ⇒ 𝑡)} ∪
{(𝑥𝑖 ⇒ 𝑣𝑖 ), (𝑥𝑖 ⇒ 𝑣𝑖 ) | 𝑥𝑖 ∈ 𝑋 },

K = ∅
≤ = ∅,

with 𝐶 = {𝑐1, . . . , 𝑐𝑝 } the set of clauses in 𝜙 , 𝑋 = {𝑥 | 𝑥 ∈ 𝑋 }, 𝑌 = {𝑦 | 𝑦 ∈ 𝑌 }, 𝐶 = {𝑐 | 𝑐 ∈ 𝐶}, and
𝑉 = {𝑣𝑖 | 𝑥𝑖 ∈ 𝑋 } and 𝑉 = {𝑣𝑖 | 𝑥𝑖 ∈ 𝑋 }. The reduction is illustrated by an example in Figure 13.

Without loss of generality, we assume that 𝑑 , 𝑑 , 𝑡 , and 𝑡 do not occur in Φ, that is, are fresh variables. It follows
that𝑇 = (AS,K) with 𝐴𝑆 = (L, ,R, ≤) and Q can be constructed in polynomial time w.r.t. Φ. We claim that Φ is
True if and only if 𝑑 is unsatisfiable-relevant for 𝑡 w.r.t. 𝑇 .
• From left to right. Assume that Φ is True. Then there is an assignment 𝜏 ′

𝑋
to variables of 𝑋 such that for each

assignment 𝜏 ′
𝑌
to variables of 𝑌 , 𝜙 [𝜏 ′

𝑋
, 𝜏 ′

𝑌
] is False. Let 𝜏𝑋 be such an assignment. Construct the knowledge

base K ′ = {𝑥 ∈ 𝑋 | 𝜏𝑋 [𝑥] = True} ∪ {𝑥 ∈ 𝑋 | 𝜏𝑋 [𝑥] = False}. Note that K ′ must be consistent, as no
𝑥 ∈ 𝑋 can be assigned both True and False by 𝜏𝑋 . Therefore 𝑇 ⊑𝑄 (AS,K ′). We observe the following.
– 𝑡 is not stable-unsatisfiable w.r.t. (AS,K ′) and Q, since 𝑡 is not unsatisfiable w.r.t. (AS,K ′ ∪ {𝑑}). To see
this, note that the contradictory of 𝑑 is not in K ′, and hence K ′ ∪ {𝑑} is a consistent knowledge base.
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𝑡

𝑘𝑘

𝑑 𝑣1

𝑥1 𝑥1

𝑦1 𝑦1 𝑐1 𝑐2

𝑦1 𝑦1

Fig. 14. Illustration of the reduction used in Theorem 2 for out status for the CNF formula 𝜙 = (𝑥1 ∨ 𝑦1) ∧ (𝑥𝑖 ∨ ¬𝑦1). The
queryables 𝑦1 and 𝑦1 are shown twice for readability.

Given that for each 𝑥 ∈ 𝑋 either 𝑥 ∈ K ′ or 𝑥 ∈ K ′, it must be that for each 𝑥 ∈ 𝑋 either 𝑥 ∈ K ′ ∪ {𝑑}
or 𝑥 ∈ K ′ ∪ {𝑑}. This implies that there is an argument for 𝑡 with top rule (𝑑, 𝑣1, . . . , 𝑣𝑛 ⇒ 𝑡) in
Arg (AS,K′∪{𝑑 }) .

– 𝑡 is stable-unsatisfiable w.r.t. (AS,K ′ ∪ {𝑑}) and Q. To see this, let 𝑇 ′′ = (AS,K ′ ∪ {𝑑} ∪ K ′′) be an
arbitrary AT such that (AS,K ′ ∪ {𝑑}) ⊑𝑄 𝑇 ′′. Note that K ′′ ⊆ 𝑌 ∪ 𝑌 . As there is no assignment 𝜏𝑌
to variables in 𝑌 such that 𝜙 [𝜏𝑋 , 𝜏𝑌 ] is True, there is no argument for 𝑡 with top rule (𝑐1, . . . , 𝑐𝑝 ⇒ 𝑡)
in Arg𝑇 ′′ . Further, since 𝑑 is in the knowledge base of 𝑇 ′′, there is no argument for 𝑡 with top rule
(𝑑, 𝑣1, . . . , 𝑣𝑛 ⇒ 𝑡), in Arg𝑇 ′′ . Since there are no other rules for 𝑡 and 𝑡 is not in Q, 𝑡 is unsatisfiable w.r.t.
𝑇 ′′. As 𝑇 ′′ was chosen arbitrarily from all 𝑇 ′′′ such that (AS,K ′ ∪ {𝑑}) ⊑𝑄 𝑇 ′′′, we conclude that 𝑡 is
stable-unsatisfiable w.r.t. (AS,K ′ ∪ {𝑑}) and Q.

Hence by Lemma 2, 𝑑 is unsatisfiable-relevant for 𝑡 w.r.t. 𝑇 .
• From right to left. Assume that 𝑑 is unsatisfiable-relevant for 𝑡 w.r.t. 𝑇 . By Definition 15 there is some
minimal stable-unsatisfiable future theory𝑇 ′ = (AS,K ′ ∪ {𝑑}) w.r.t.𝑇 and Q. Since 𝑡 is stable-unsatisfiable
w.r.t. (AS,K ′ ∪ {𝑑}) and Q, 𝑡 is unsatisfiable w.r.t. (AS,K ′ ∪ {𝑑}). Hence there is no argument for 𝑡 in
Arg (AS,K′∪{𝑑 }) .
Further, by minimality of (AS,K ′ ∪ {𝑑}), 𝑡 cannot be stable-unsatisfiable w.r.t. (AS,K ′) and Q. It follows
that there must be some future argumentation theory of (AS,K ′) for which there is some argument for 𝑡
with the observation-based argument for 𝑑 as a subargument. In particular, this must be an argument with
top rule (𝑑, 𝑣1, . . . , 𝑣𝑛 ⇒ 𝑡). It follows that for each 𝑥 ∈ 𝑋 either 𝑥 ∈ K ′ or 𝑥 ∈ K ′. In addition, for each
𝑦 ∈ 𝑌 we have 𝑦 ∉ K ′ and 𝑦 ∉ K ′ (since these are contradictories of 𝑑). Now let 𝜏𝑋 be the assignment to
variables in 𝑋 corresponding to K ′: for each 𝑥 ∈ 𝑋 , 𝜏𝑋 [𝑥] = True if and only if 𝑥 ∈ K ′ and 𝜏𝑋 [𝑥] = False
if and only if 𝑥 ∈ K ′.
Next, we argue that 𝜙 [𝜏𝑋 , 𝜏𝑌 ] is False for each assignment 𝜏𝑌 to variables in 𝑌 . Towards a contradiction,
assume that there is some 𝜏𝑌 such that 𝜙 [𝜏𝑋 , 𝜏𝑌 ] is True. LetK ′∪{𝑑}∪K ′′ be the corresponding knowledge
base:K ′′ = {𝑦 ∈ 𝑌 | 𝜏𝑌 [𝑦] = True} ∪ {𝑦 ∈ 𝑌 | 𝜏𝑌 [𝑦] = False}. Since 𝜙 [𝜏𝑋 , 𝜏𝑌 ] is True, there is an argument
for 𝑡 in Arg (AS,K′∪{𝑑 }∪K′′ ) . This implies that 𝑡 is not unsatisfiable w.r.t. (AS,K ′ ∪ {𝑑} ∪K ′′). However, then
𝑡 is not stable-unsatisfiable w.r.t. (AS,K ′ ∪ {𝑑}) and Q; contradiction. Therefore 𝜙 [𝜏𝑋 , 𝜏𝑌 ] is False for each
assignment 𝜏𝑌 to variables in 𝑌 , that is, Φ is True. □
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Proof of Theorem 2 for out status. Construct the AT 𝑇 and queryables Q defined via

Q = 𝑋 ∪ 𝑋 ∪ 𝑌 ∪ 𝑌 ∪ {𝑑, 𝑑, 𝑘, 𝑘},
L = Q ∪𝐶 ∪𝐶 ∪𝑉 ∪𝑉 ∪ {𝑡, 𝑡},

= {(𝑥, 𝑥), (𝑥, 𝑥) | 𝑥 ∈ 𝑋 ∪ 𝑌 ∪𝑉 ∪𝐶 ∪ {𝑑, 𝑡, 𝑘}},

R = {(𝑑, 𝑣1, . . . , 𝑣𝑛 ⇒ 𝑘)} ∪
{(𝑥 ⇒ 𝑐) | 𝑥 ∈ 𝑐} ∪ {(𝑥 ⇒ 𝑐) | ¬𝑥 ∈ 𝑐} ∪
{(𝑦 ⇒ 𝑐) | 𝑦 ∈ 𝑐} ∪ {(𝑦 ⇒ 𝑐) | ¬𝑦 ∈ 𝑐} ∪
{(𝑐1, . . . , 𝑐𝑝 ⇒ 𝑡)} ∪
{(𝑥𝑖 ⇒ 𝑣𝑖 ), (𝑥𝑖 ⇒ 𝑣𝑖 ) | 𝑥𝑖 ∈ 𝑋 }

{(𝑦 ⇒ 𝑘), (𝑦 ⇒ 𝑘) | 𝑦 ∈ 𝑌 }

{(𝑘 ⇒ 𝑡)},
K = {𝑘}
≤ = ∅,

with 𝐶 = {𝑐1, . . . , 𝑐𝑝 } the set of clauses in 𝜙 , 𝑋 = {𝑥 | 𝑥 ∈ 𝑋 }, 𝑌 = {𝑦 | 𝑦 ∈ 𝑌 }, 𝐶 = {𝑐 | 𝑐 ∈ 𝐶}, and
𝑉 = {𝑣𝑖 | 𝑥𝑖 ∈ 𝑋 } and 𝑉 = {𝑣𝑖 | 𝑥𝑖 ∈ 𝑋 }. The reduction is illustrated by an example in Figure 14.
We again assume without loss of generality that 𝑑 , 𝑑 , 𝑘 , and 𝑘 are fresh variables not occurring in Φ. Hence

𝑇 = (AS,K) with 𝐴𝑆 = (L, ,R, ≤) and Q can be constructed in polynomial time w.r.t. Φ.
We argue that Φ is True if and only if 𝑑 is out-relevant for 𝑡 w.r.t. 𝑇 .
• From left to right. Assume that Φ is True. Then there is an assignment 𝜏 ′

𝑋
to variables of 𝑋 such that for each

assignment 𝜏 ′
𝑌
to variables of 𝑌 , 𝜙 [𝜏 ′

𝑋
, 𝜏 ′

𝑌
] is False. Let 𝜏𝑋 be such an assignment. Construct the knowledge

base K ′ = {𝑘} ∪ {𝑥 ∈ 𝑋 | 𝜏𝑋 [𝑥] = True} ∪ {𝑥 ∈ 𝑋 | 𝜏𝑋 [𝑥] = False}. Note that K ⊆ K ′ and that K ′ is
consistent since no 𝑥 ∈ 𝑋 can be assigned both True and False by 𝜏𝑋 . Hence 𝑇 ⊑𝑄 (AS,K ′). We observe
the following
– 𝑡 is not stable-out w.r.t. (AS,K ′) and Q, since 𝑡 is not out w.r.t. (AS,K ′). To see this, not that since 𝑑 ∉ K ′
and for each 𝑦 ∈ 𝑌 both 𝑦 ∉ K ′ and 𝑦 ∉ K ′, there is no argument for 𝑡 in Arg (AS,K′ ) .

– 𝑡 is stable-out w.r.t. (AS,K ′ ∪ {𝑑}) and Q. To see this, let 𝑇 ′′ = (AS,K ′ ∪ {𝑑} ∪ K ′′) be an arbitrary AT
such that (AS,K ′ ∪ {𝑑}) ⊑𝑄 𝑇 ′′. Note thatK ′′ ⊆ 𝑌 ∪𝑌 . As there is no assignment 𝜏𝑌 to variables in 𝑌 for
which 𝜙 [𝜏𝑋 , 𝜏𝑌 ] is True, there is no argument for 𝑡 with top rule (𝑐1, . . . , 𝑐𝑝 ⇒ 𝑡) in Arg𝑇 ′′ . On the other
hand, there is an argument for 𝑡 in Arg𝑇 ′′ with top rule (𝑘 ⇒ 𝑡). Every argument for 𝑡 in Arg𝑇 ′′ must
have (𝑘 ⇒ 𝑡) as its top rule and is therefore defeated by the observation-based (undefeated) argument 𝑘
which must be in 𝐺 (𝑇 ′′). Since there is an argument for 𝑡 in Arg𝑇 and, furthermore, every argument for
𝑡 in Arg𝑇 is defeated by an argument in 𝐺 (𝑇 ′′), 𝑡 is out w.r.t. 𝑇 ′′. As 𝑇 ′′ was chosen arbitrarily from all
𝑇 ′′′ such that (AS,K ′ ∪ {𝑑}) ⊑𝑄 𝑇 ′′′, we have that 𝑡 is stable-out w.r.t. (AS,K ′ ∪ {𝑑}) and Q.

Hence by Lemma 2 𝑑 is out-relevant for 𝑡 w.r.t. 𝑇 .
• From right to left. Assume that 𝑑 is out-relevant for 𝑡 w.r.t. 𝑇 . Then by Definition 15 there is a minimal
stable-out future theory 𝑇 ′ = (AS,K ′ ∪ {𝑑}) w.r.t. 𝑇 and Q. Since 𝑡 is stable-out w.r.t. (AS,K ′ ∪ {𝑑}) and
Q, 𝑡 is out w.r.t. (AS,K ′ ∪ {𝑑}). Hence there is an argument for 𝑡 in Arg𝑇 ′ and, furthermore, each argument
for 𝑡 in Arg𝑇 ′ is defeated by an argument in 𝐺 (𝑇 ′). This implies that there is no argument with top rule
(𝑐1, . . . , 𝑐𝑝 ⇒ 𝑡), as such an argument for 𝑡 would be undefeated.
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𝑡

𝑙𝑙

𝑘 𝑑 𝑣1

𝑥1 𝑥1𝑦1 𝑦1

𝑐1 𝑐2

𝑦1 𝑦1

Fig. 15. Illustration of the reduction used in Theorem 2 for blocked status for the CNF formula 𝜙 = (𝑥1 ∨ 𝑦1) ∧ (𝑥𝑖 ∨ ¬𝑦1).
The queryables 𝑦1 and 𝑦1 are shown twice for readability.

Further, by minimality of (AS,K ′ ∪ {𝑑}), 𝑡 cannot be stable-out w.r.t. (AS,K ′) and Q. Hence there is
an AT (AS,K ′′) such that (AS,K ′) ⊑𝑄 (AS,K ′′) and 𝑡 is not out w.r.t. (AS,K ′′). Note that there is no
argument with top rule (𝑐1, . . . , 𝑐𝑝 ⇒ 𝑡) in Arg (AS,K′′ ) , as the existence of such an argument would imply
that there would be an argument with top rule (𝑐1, . . . , 𝑐𝑝 ⇒ 𝑡) in Arg (AS,K′′∪{𝑑 }) , while (AS,K ′ ∪ {𝑑}) ⊑𝑄
(AS,K ′′∪{𝑑}) and 𝑡 is stable-out w.r.t. (AS,K ′∪{𝑑}). Therefore 𝑡 is not defended w.r.t. (AS,K ′′). Moreover,
𝑡 cannot be blocked w.r.t. (AS,K ′′) either, as there is no “equally strong” argument defeating any argument
for 𝑡—the only way in which an argument for 𝑡 can be defeated is by the observation-based argument 𝑘
which must be in the grounded extension. This implies that 𝑡 is unsatisfiable w.r.t. (AS,K ′′). Hence 𝑡 is
unsatisfiable w.r.t. (AS,K ′) as well. This implies that there is no argument for 𝑡 , and hence there can be no
argument with top rule 𝑦 ⇒ 𝑘 or 𝑦 ⇒ 𝑘 in Arg (AS,K′ ) for any 𝑦 ∈ 𝑌 . Consequently, for each 𝑦 ∈ 𝑌 we have
𝑦 ∉ K ′ and 𝑦 ∉ K ′.
Since there is an argument for 𝑡 in Arg𝑇 ′ and 𝑇 ′ = (AS,K ′ ∪ {𝑑}), the argument for 𝑡 in Arg (AS,K′∪{𝑑 }) are
based on a set of rules including (𝑑, 𝑣1, . . . , 𝑣𝑛 ⇒ 𝑘) and (𝑘 ⇒ 𝑡). This implies that for each 𝑥 ∈ 𝑋 we have
either 𝑥 ∈ K ′ or 𝑥 ∈ K ′.
Now let 𝜏𝑋 be the assignment to the variables in𝑋 corresponding toK ′: for each 𝑥 ∈ 𝑋 , 𝜏𝑋 [𝑥] = True if and
only if 𝑥 ∈ K ′ and 𝜏𝑋 [𝑥] = False if and only if 𝑥 ∈ K ′. We argue that 𝜙 [𝜏𝑋 , 𝜏𝑌 ] is False for every assignment
𝜏𝑌 to variables in 𝑌 . Towards a contradiction, assume that there is an assignment 𝜏𝑌 such that 𝜙 [𝜏𝑋 , 𝜏𝑌 ]
is True. Let K ′ ∪ {𝑑} ∪ K∗ be the corresponding knowledge base: K∗ = {𝑦 ∈ 𝑌 | 𝜏𝑌 [𝑦] = True} ∪ {𝑦 ∈
𝑌 | 𝜏𝑌 [𝑦] = False}. Since 𝜙 [𝜏𝑋 , 𝜏𝑌 ] is True, there is an argument for 𝑡 in Arg (AS,K′∪{𝑑 }∪K∗ ) . This implies
that 𝑡 is defended w.r.t. (AS,K ′ ∪ {𝑑} ∪ K∗). However, then 𝑡 is not stable-out w.r.t. (AS,K ′ ∪ {𝑑}) and Q;
contradiction. Hence 𝜙 [𝜏𝑋 , 𝜏𝑌 ] is False for every assignment 𝜏𝑌 to variables in 𝑌 , that is, Φ is True. □
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Proof of Theorem 2 for blocked status. Construct the AT 𝑇 and queryables Q defined via

Q = 𝑋 ∪ 𝑋 ∪ 𝑌 ∪ 𝑌 ∪ {𝑑, 𝑑, 𝑘, 𝑘},

L = Q ∪𝐶 ∪𝐶 ∪𝑉 ∪𝑉 ∪ {𝑡, 𝑡, 𝑙, 𝑙},
= {(𝑥, 𝑥), (𝑥, 𝑥) | 𝑥 ∈ 𝑋 ∪ 𝑌 ∪𝑉 ∪𝐶 ∪ {𝑑, 𝑡, 𝑘, 𝑙}},

R = {(𝑑, 𝑣1, . . . , 𝑣𝑛 ⇒ 𝑙)} ∪
{(𝑥 ⇒ 𝑐) | 𝑥 ∈ 𝑐} ∪ {(𝑥 ⇒ 𝑐) | ¬𝑥 ∈ 𝑐} ∪
{(𝑦 ⇒ 𝑐) | 𝑦 ∈ 𝑐} ∪ {(𝑦 ⇒ 𝑐) | ¬𝑦 ∈ 𝑐} ∪
{(𝑐1, . . . , 𝑐𝑝 ⇒ 𝑡)} ∪
{(𝑥𝑖 ⇒ 𝑣𝑖 ), (𝑥𝑖 ⇒ 𝑣𝑖 ) | 𝑥𝑖 ∈ 𝑋 } ∪

{(𝑦 ⇒ 𝑙), (𝑦 ⇒ 𝑙) | 𝑦 ∈ 𝑌 } ∪

{(𝑘 ⇒ 𝑙), (𝑙 ⇒ 𝑡)},
K = {𝑘}
≤ = ∅,

with 𝐶 = {𝑐1, . . . , 𝑐𝑝 } the set of clauses in 𝜙 , 𝑋 = {𝑥 | 𝑥 ∈ 𝑋 }, 𝑌 = {𝑦 | 𝑦 ∈ 𝑌 }, 𝐶 = {𝑐 | 𝑐 ∈ 𝐶}, and
𝑉 = {𝑣𝑖 | 𝑥𝑖 ∈ 𝑋 } and 𝑉 = {𝑣𝑖 | 𝑥𝑖 ∈ 𝑋 }. This reduction is illustrated by an example in Figure 15.
We yet again assume without loss of generality that 𝑑 , 𝑑 , 𝑘 , and 𝑘 are fresh variables that do not occur in Φ

and hence 𝑇 = (AS,K) with 𝐴𝑆 = (L, ,R, ≤) and Q can be constructed in polynomial time w.r.t. Φ. We argue
that Φ is True if and only if 𝑑 is blocked-relevant for 𝑡 w.r.t. 𝑇 .

• From left to right. Assume that Φ is True. Then there is an assignment 𝜏 ′
𝑋
to variables of 𝑋 such that for each

assignment 𝜏 ′
𝑌
to variables of 𝑌 , 𝜙 [𝜏 ′

𝑋
, 𝜏 ′

𝑌
] is False. Let 𝜏𝑋 be such an assignment. Construct the knowledge

base K ′ = {𝑘} ∪ {𝑥 ∈ 𝑋 | 𝜏𝑋 [𝑥] = True} ∪ {𝑥 ∈ 𝑋 | 𝜏𝑋 [𝑥] = False}. Note that K ⊆ K ′ and that K ′ is be
consistent as no 𝑥 ∈ 𝑋 can be assigned both True and False by 𝜏𝑋 . Hence 𝑇 ⊑𝑄 (AS,K ′). We make the
following observations.
– 𝑡 is not stable-blocked w.r.t. (AS,K ′) and Q since 𝑡 is not blocked w.r.t. (AS,K ′). To see this, note that
since 𝑑 ∉ K ′ and for each 𝑦 ∈ 𝑌 both 𝑦 ∉ K ′ and 𝑦 ∉ K ′, there is no argument for 𝑡 in Arg (AS,K′ ) .

– 𝑡 is stable-blocked w.r.t. (AS,K ′ ∪ {𝑑}) and Q. To see this, let 𝑇 ′′ = (AS,K ′ ∪ {𝑑} ∪ K ′′) be an arbitrary
AT such that (AS,K ′ ∪ {𝑑}) ⊑𝑄 𝑇 ′′. Note that K ′′ ⊆ 𝑌 ∪ 𝑌 . As there is no assignment 𝜏𝑌 to variables in
𝑌 such that 𝜙 [𝜏𝑋 , 𝜏𝑌 ] is True, there is no argument for 𝑡 with top rule (𝑐1, . . . , 𝑐𝑝 ⇒ 𝑡) in Arg𝑇 ′′ . On the
other hand, there is an argument for 𝑡 in Arg𝑇 ′′ with top rule (𝑙 ⇒ 𝑡). Every argument for 𝑡 in Arg𝑇 ′′

must have the rule (𝑙 ⇒ 𝑡) as its top rule and is therefore defeated by the argument with top rule (𝑘 ⇒ 𝑙)
which is itself defeated by all arguments for 𝑙 . Since there is an argument for 𝑡 in Arg𝑇 and, furthermore,
every argument for 𝑡 in Arg𝑇 is defeated by an argument in Arg𝑇 ′′ that is not in or defeated by any
argument in 𝐺 (𝑇 ′′), it follows that 𝑡 is blocked w.r.t. 𝑇 ′′. As 𝑇 ′′ was chosen arbitrarily from all 𝑇 ′′′ such
that (AS,K ′ ∪ {𝑑}) ⊑𝑄 𝑇 ′′′, we have that 𝑡 is stable-blocked w.r.t. (AS,K ′ ∪ {𝑑}) and Q.

Hence by Lemma 2 𝑑 is blocked-relevant for 𝑡 w.r.t. 𝑇 .
• From right to left. Assume that 𝑑 is blocked-relevant for 𝑡 w.r.t. 𝑇 . Then by Definition 15 there is a minimal
stable-blocked future theory𝑇 ′ = (AS,K ′∪{𝑑}) w.r.t.𝑇 and Q. Since 𝑡 is stable-blocked w.r.t. (AS,K ′∪{𝑑})
and Q, 𝑡 is blocked w.r.t. (AS,K ′ ∪ {𝑑}). Further, there is an argument for 𝑡 in Arg𝑇 ′ and each argument
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for 𝑡 in Arg𝑇 ′ is defeated by an argument in Arg𝑇 ′ . This implies that there is no argument with top rule
(𝑐1, . . . , 𝑐𝑝 ⇒ 𝑡), as such an argument for 𝑡 would be undefeated.
By minimality of (AS,K ′ ∪ {𝑑}), 𝑡 cannot be stable-blocked w.r.t. (AS,K ′) and Q. Hence there is an
AT (AS,K ′′) such that (AS,K ′) ⊑𝑄 (AS,K ′′) and 𝑡 is not blocked w.r.t. (AS,K ′′). Note that there can
be no argument with top rule (𝑐1, . . . , 𝑐𝑝 ⇒ 𝑡) in Arg (AS,K′′ ) , as the existence of such an argument
would imply that there would be an argument with top rule (𝑐1, . . . , 𝑐𝑝 ⇒ 𝑡) in Arg (AS,K′′∪{𝑑 }) , while
(AS,K ′ ∪ {𝑑}) ⊑𝑄 (AS,K ′′ ∪ {𝑑}) and 𝑡 is stable-blocked w.r.t. (AS,K ′ ∪ {𝑑}). Hence 𝑡 is not defended
w.r.t. (AS,K ′′). Moreover, 𝑡 cannot be out w.r.t. (AS,K ′′), as there is no “stronger” argument defeating
any argument for 𝑡 . This implies that 𝑡 is unsatisfiable w.r.t. (AS,K ′′), and hence 𝑡 is unsatisfiable w.r.t.
(AS,K ′). Hence there is no argument for 𝑡 , and therefore there is no argument with top rule 𝑦 ⇒ 𝑙 or
𝑦 ⇒ 𝑙 in Arg (AS,K′ ) for any 𝑦 ∈ 𝑌 . Consequently 𝑦 ∉ K ′ and 𝑦 ∉ K ′ for each 𝑦 ∈ 𝑌 .
Since there is an argument for 𝑡 in Arg𝑇 ′ and 𝑇 ′ = (AS,K ′ ∪ {𝑑}), the argument for 𝑡 in Arg (AS,K′∪{𝑑 }) is
based on a set of rules including (𝑑, 𝑣1, . . . , 𝑣𝑛 ⇒ 𝑙) and (𝑙 ⇒ 𝑡). This implies for each 𝑥 ∈ 𝑋 𝑥 ∈ K ′ or
𝑥 ∈ K ′.
Now let 𝜏𝑋 be the assignment to the variables in 𝑋 corresponding to K ′: for each 𝑥 ∈ 𝑋 , 𝜏𝑋 [𝑥] = True
if and only if 𝑥 ∈ K ′ and 𝜏𝑋 [𝑥] = False if and only if 𝑥 ∈ K ′. We argue that 𝜙 [𝜏𝑋 , 𝜏𝑌 ] is False for ever
assignment 𝜏𝑌 to the variables in 𝑌 . Towards a contradiction, assume that there is an assignment 𝜏𝑌 such
that 𝜙 [𝜏𝑋 , 𝜏𝑌 ] is True. Let K ′ ∪ {𝑑} ∪ K∗ be the corresponding knowledge base: K∗ = {𝑦 ∈ 𝑌 | 𝜏𝑌 [𝑦] =
True} ∪ {𝑦 ∈ 𝑌 | 𝜏𝑌 [𝑦] = False}. As𝜙 [𝜏𝑋 , 𝜏𝑌 ] is True, there is an argument for 𝑡 in Arg (AS,K′∪{𝑑 }∪K∗ ) . This
implies that 𝑡 is defended w.r.t. (AS,K ′ ∪ {𝑑} ∪ K∗). However, then 𝑡 would not be stable-blocked w.r.t.
(AS,K ′ ∪ {𝑑}) and Q; contradiction. Hence 𝜙 [𝜏𝑋 , 𝜏𝑌 ] is False for every assignment 𝜏𝑌 to that variables in
𝑌 , that is, Φ is True. □

Table 4. Number of solved instances, mean run times over solved instances, and maximum run times for deciding blocked-

relevance of a single queryable.

#solved (mean/max run time (s))
Dataset |L| ASP no prefs ASP under prefs
Real 60 351 (0.2/4.2) 351 (0.4/12.6)
Synthetic 50 75 (0.1/0.1) 75 (0.2/0.3)

60 75 (0.4/1.1) 75 (0.5/3.9)
70 75 (0.6/7.2) 75 (1.4/13.4)
80 75 (1.5/16.1) 75 (6.5/79.5)
90 75 (3.4/78.0) 75 (11.5/479.3)
100 71 (17.8/-) 72 (30.6/-)
110 69 (21.5/-) 71 (68.5/-)
120 68 (60.6/-) 72 (192.6/-)
130 68 (208.0/-) 48 (380.1/-)
140 3 (0.1/-) 1 (1.1/-)
150 1 (0.1/-) 0 (-/-)
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Table 5. Number of solved instances, mean run times over solved instances, and maximum run times for deciding out-

relevance of a single queryable.

#solved (mean/maximum run time (s))
Dataset |L| ASP no prefs ASP under prefs
Real 60 351 (0.2/1.8) 351 (0.3/2.7)
Synthetic 50 75 (0.1/0.2) 75 (0.2/0.7)

60 75 (0.3/1.8) 75 (1.3/12.1)
70 75 (0.5/6.0) 75 (2.0/30.6)
80 75 (1.4/16.1) 75 (7.4/124.9)
90 75 (12.3/153.0) 75 (48.6/560.6)
100 68 (54.9/-) 60 (55.1/-)
110 61 (30.7/-) 59 (59.5/-)
120 66 (68.7/-) 64 (185.6/-)
130 53 (192.4/-) 43 (341.8/-)
140 0 (-/-) 2 (0.5/-)
150 4 (0.1/-) 4 (0.7/-)

Table 6. Number of solved instances, mean run times over solved instances, andmaximum run times for deciding unsatisfiable-

relevance of a single queryable.

#solved (mean/maximum run time (s))
Dataset |L| ASP no prefs ASP under prefs
Real 60 351 (8.8/454.8) 351 (15.0/538.3)
Synthetic 50 75 (0.1/0.3) 75 (0.2/1.0)

60 75 (0.4/2.0) 75 (1.1/5.2)
70 75 (1.3/6.7) 75 (5.1/28.3)
80 75 (2.1/29.1) 75 (8.2/111.7)
90 75 (15.4/158.3) 74 (57.5/-)
100 54 (63.4/-) 49 (64.2/-)
110 56 (13.2/-) 55 (45.6/-)
120 55 (45.8/-) 52 (105.0/-)
130 49 (124.1/-) 32 (175.1/-)
140 22 (1.7/-) 22 (4.9/-)
150 22 (0.1/-) 22 (0.4/-)

B Additional Empirical Data

Complementing the empirical results presented in the main text for the problem of deciding 𝑗-relevance of a
given single queryable for the defended status, the analogous data from the experiments for the blocked, out and
unsatisfiable statuses are shown in Table 4, Table 5 and Table 6, respectively.
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