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Abstract

Rissanen’s proofs for linear regression and wavelet denoising repro-
duced. Generalized NML density introduced.

1 Linear regression

Let X be an n x k matrix of regressor variables (independent variables), and
y™ be a vector of n regression variables (dependent variables). In a linear re-
gression model the regression variables are dependent on the regressor variables
and a k x 1 parameter vector 3 through the equation

y"' = X[+ €,

where €" is a vector of n noise terms that are modeled as independent Gaussian
with zero mean and variance 7. The linear regression model is equivalent to

(5" 8,7) = 2r7) "2 exp (_%”y” —A0 ”2>

= (277) "2 exp (—% Z (ye — ftﬂ)2> , (1)

where || - ||? denotes the square norm, and Z; denotes the tth row of X. We
define the matrices Z = X’X and ¥ = n~!'Z which are assumed to be positive
definite!. The maximum likelihood estimators of 3 and 7 are independent and

given by
Bly™) =27 X'y", (2)

o) = = X =5 3 (w - B 0

I Positive definiteness guarantees that there are unique maximum likelihood parameters.



2 Normalized maximum likelihood

The normalized maximum likelihood (NML) density for a model class pa-
rameterized by parameter vector 6 is defined by

fm =120 (4)

where

C=/yf(y";5(y”)) dy" (5)

is a normalizing constant, and Y is the range of integration within which the
data y™ is restricted. A range other than the full domain of y™ is necessary in
cases where the integral is otherwise infinite.

Assume that the maximum likelihood estimator A(y™) is sufficient for 6.
Then the conditional density of y™ given 9(y”) is independent of the generating
density so that we can write

F™ 0™ ;0™) = Fu™ | 0(y™).

Since the maximum likelihood estimator 6(y™) is a function of the data y", we
have the factorization

™) = fly™ 1 0y™) g(y™);0(y™) C7, (6)

where g(6(y™);0) is the density of the maximum likelihood estimator. When
evaluated at the maximum likelihood point 6 = é(y”) as above, the density
gives the so called canonical prior.

The difference between the code-length (negative logarithm) of the NML
density and the unachievable maximum likelihood code-length is given by the
regret which is easily seen to be constant for all data sequences y™:

~Inf(y") = [~ f(y";0(y™)] = InC.
The NML density is the unique solution to Shtarkov’s minmax problem:

minmax — Ing(y™) — [~ In f(y";0(y"))] = In C,
q yn

and the following more general problem:

min max E, — Ing(y") — [~ In f(y™;0(y™))] = InC,
a p

where the expectation over y” is taken with respect to the worst-case data gen-
erating density p. For any density ¢q other than the NML density, the maximum



(expected) regret is greater than InC. Thus, NML can be said to give the
shortest description of the data achievable with a given model class.

Codes based on the NML density are sometimes characterized as a com-
putable probabilistic analogues of the Kolmogorov sufficient statistic decompo-
sition in algorithmic information theory. However, this interpretation is not
very straightforward. The main difficulty is that NML does not define a two-
part code where information and noise would be easily separated. In particular,
while the definition of NML (4) as the ratio of the maximum likelihood density
and the normalizing constant might suggest a code where first the logarithm
of the normalizing constant gives the code-length for the maximum likelihood
parameters containing all the interesting information, and secondly, noise is en-
coded using the density indexed by the parameter values, the interpretation
fails because such a code is redundant: code-words are reserved for encoding
data with parameters other than the maximum likelihood ones. Being a density,
NML corresponds to a complete code, i.e., the Kraft inequality is satistied as
an equality and such redundancy is not possible.

The factorization (6) in fact allows a two-part eccoding scheme where the
maximum likelihood parameters are encoded with optimal finite precision which
doesn’t affect the resulting density and is not explicit in the formula. However,
given the (truncated) maximum likelihood parameters, the noise is encoded not
using one of the densities in the model class but benefiting in addition from
the restriction that the maximum likelihood parameters for the data agree with
the truncated versions in the first part of the code. This contradicts the idea
of the sufficient statistic decomposition where data is always encoded using one
of the models in the model class. Indeed, it seems that the sufficient statistic
decomposition is by its nature not optimal for encoding data since it implies
redundancy of the kind described above and therefore, the two objectives of
coding and modeling may at the end of the day lead to somewhat different
solutions.

3 NML for linear regression

Consider the NML density in the case of linear regression:

, (7)

with the numerator given by Eq. (1) and the normalizing constant given by

Crooi = / F™ B ™) dy (8)
Y (70,R)



where Y (79, R) is the range of integration. The density is defined only for data
sequences " within the range. A range is necessary since over the n-dimensional
real space R" the integral would be infinite. Given hyperparameters 79 and R
we define the range Y (19, R) as

Y (70, R) = {y" :7(y") = 10,3 (y")EB(y") < R}.

By plugging the maximum likelihood estimators (2) and (3) in the density (1)
we obtain the numerator of the NML density:

F™s By 7(y"™) = 2met(y™) 2. (9)
In order to do the integral in the denominator, we need to work the same

quantity in a different form. Since 3(y™) and 7(y™) are sufficient statistics and
independent of each other, we have the factorization

F"8,7) = F" 1 B,y g1 (By™) : B,7)g2(F(y™) s B,7), (10)

The density of the maximum likelihood estimator 3(y") is Gaussian with mean
3 and covariance 7/nX 1

n(B"):8,7) =N(B"): 6,7)
_ 1 1 - n / —IN\—=17A¢, n
~ e o (3000 - 8 (/s ) - )
RSN

= o o (536" =926 - ).
where we used the equations [aX| = a*|3|, £~ = |X|7!, and (aX)~! =
1/ax™1, for all @ # 0 and ¥ invertible and of size k x k. When evaluated
at 8 = ﬁ(y") the exponential term disappears and we get

A0 MmN . Al M\ Al ) nk/2|2|1/2 11
a(BW"); BY"), 7(y")) = W (11)

Consider next the the density of n7(y™)/7 which is x? (Chi-squared) with
n — k degrees of freedom. Recall that the density of a y? distributed random
variable with n — k degrees of freedom is given by

£n=k)/2-1 gy (_%)
T (k)2 7

X%—k(f) =

By change of variables the density of 7(y™) is obtained by plugging n7(y™)/7 in
the above density and multiplying by n/7. Thus, the density of 7(y") is in fact
independent of § and we can write

(nf'(y")/T)("_k)/Q_l exp (_ ni-2(7g{”)) .
NPT R

92(T(y");7) =



Evaluating the above at the maximum likelihood parameter 7 = 7(y") yields

R R/ e (28) gy R/ exp (— )
T (ngh)2n=k)/2  7(yn) T (255 2(n=hk)/24 (yn)”
(12)
By independence, the joint density of (3(y™),7(y™)) is obtained by combin-
ing (11) and (12) which yields

92(7(y");7(y")) =

g(By™), 7 (y™) s Bly™), 7 (y™) = g1 (By™) s Bly™), 7(y™)) g2(F(y™) s 7(y™))

PPN AN D
=N E) sy

By the factorization (10), the integral (8) can be performed by subsequent
integration over the maximum likelihood parameters and the corresponding data
vectors:

Croop = / ™ B ™) dy”
Y (70,R)

- / / 9(B,%:5,7) / - ™ | B™), ™)) dyndBds,
0 Br {y:B(y")=6,7(y")=7}

where Bp is the ellipsoid
Br = {8 eR:§'S6 < R}, (14)

and the inner integral is over data vectors y™ such that the maximum likelihood
parameters are 3 and 7. By definition, the value of the inner integral is unity,
and by Eq. (13) we get

L [k
r=(—) = . 1
Cro,r (26) xk/2r (nT_k) /BR dﬁ/ﬁ) T dr (15)

Next we evaluate the volume of the ellipsoid Br. Consider first the k-dimen-
sional sphere of radius R'/?:

Sr={beR":b'b < R}. (16)
Its volume is given by
27Tk/2Rk/2
Vol(Sgr) = db = ———+.

Since by assumption, X is positive definite, it has a positive definite square root
/2 which further has the inverse ©¥~/2. By the symmetry of ¥, both 3'/2 and
»~1/2 are symmetric. Matrix ¥~1/2 defines a linear map RF — R¥ : g = ©~1/2p



which is one-to-one, and we have b = £1/2%~1/2p. The image of sphere Sk under

map X ~1/2 is given by

»2(Sg) = {B:¥'b< R}
={3: (21/2271/%)/(21/2271/%) < R}
= {B:(="28)(5"/?8) < R}
={B:0'EB < R} = Bg.

Thus, the image of the sphere Sg under map X'/2 is the ellipsoid Br whose
volume is thereby

R 27Tk/2Rk/2
Vol(Br) = | df=|S"Y2|Vol(Sg) = |22 ———. (17)
Br kL(k/2)
The value of the latter integral in Eq. (15) is given by
2
Fk21 g7 = (18)
/TD kTéc/Q
Combining Egs. (15), (17) and (18) gives
4 n/2Rk/2
CTD7R = z k/2" (19)
(2e)"/2k°T (Z4) T (5) 70
The NML density (7) is then given by
e k/2

n. R) =
f(y 3705 ) (7’L7T7A'(yn))n/24Rk/2 )
and the negative logarithm of this is
—In f(y";70, R)

n n—k k 4 k. R n
=—In7(y") —Inl —Inl"( = In -+ —-In—+ =1 .
2n7'(y) n ( 5 ) n (2>—|—nk2+2nm+2n(nﬂ')

4 Second level NML

In order to get rid of the last term that depends on k and the choice of
the hyperparameters R and 79, and thus, affects the criterion, we do a second
normalization. Let R(y™) and 7o(y™) denote the maximum likelihood values of
R and 79. Their values are given by

R(y") = B'(y")=B(y"), (21)
Toy") =7(y"). (22)



The second level NML density is given by

f(y7z) — f(yn ;%O(yn)v R(yn))

, (23)
C7'17T2,R1,Rz

where

Cri 72 Ra R =/ F"s70(y™), R(y™) dy", (24)
Y(Tl,Tg,Rl,RQ)
and the range of integration is defined by
YT1,7'2,R1,R2 = {yn:7_1 < 7A-O(yn) <7, Ry < R(yn) < R2}
By Egs. (7), (10) and (13) the integrand allows the factorization
F™70y™), R(y™)
=f" 18", 7" )g(BW"), 7 (") BH"), TW™")/ Cry iy, iymy-

Again, the integral (24) can be performed by subsequent integration over the
maximum likelihood parameters and the corresponding data vectors:

Cormob s = / F™ s ry™), R™) dy”
Y(Tl,7'27R17R2)
T2 R R
- | sbrbnie
Bry,ry /71

/ . A F@™ | B, 7(y™)) dy"drdg,
{y: By™)=p,7(y™)="7}

where Bp, g, contains parameters £ inside ellipsoid B Rr, but outside ellipsoid
Bg, as defined in Eq. (14). Again, the inner integral equals unity. By Eqgs. (13)
and (19) the fraction equals

A A k?zl/ZFkQA_ .
9. 7:0,7)/C,  = LD B i

Thus the integral becomes

2 ) 1/21‘\ 2 T2 R R
CTI’T27R17R2 — M/ 72—1d7¢/ R_k/Qdﬁ
T BRlsz

47.rk/2 .
21%1/2 . R
_ FIE[TT (k/2) 1n2/ R7%243. (25)
47Tk/2 T1 BRlvRZ

The set Bg, g, is the union of surface areas of ellipsoids B with Rin [R1, Ra].
The surface area of ellipsoid By, is given by

27Tk/2 8Rk/2

_ OVol(By)
a kD(k/2) R

OR

|E|—1/2 ﬂ.k/QRk/Q—l
I'(k/2)

Area(Bp) =|x|~/2 —



On the surface of B the integrand in Eq. (25) is constant and integration can
be done in terms of the surface areas by varying R instead of j3:

R k/2 pk/2—1 k/2
/ R—k/QdB _ : R—k/2|2|—1/277 2RM dR = |2|—1/2 t/ n&.
BRy,Ro Ry P(k/Z) F(k/z) Ry
(26)
Plugging this into Eq. (25) and cancelling like terms gives
k‘2 T2 RQ
071’727R17R2 = ZIHT—lln R—l (27)

Putting together Eqs. (23), (7), (9), (19) and (27) yields the following formula
for the second level NML density:
oy _ JW WM, Ry™) _ f AWM. (M)

07'177'2731,1'32 -,—O(yn)7R(y")CTl7T27R1,R2

o F(am )\ D(0m T R
(n7#(y™))/24R(y™)*/? In 2 k2 In 42

n—=k k
_ L)) (28)
F(yn) (k)2 (rn)n/2 R(y™)k/2 In % In % ’

where we noted that by Eq. (22) the maximum likelihood estimates 7 and 7
are equal. The negative logarithm of this is

. —k koo —k k
—lnf(y”):n2 In#(y") + 5 I R(y") — InT ("2 )—mr (§>

+ g In(mn) + ln (ln :—j In %) . (29)

Unlike in the case of first level NML, the hyperparameters now affect only terms
that are constant for all models.

5 Stirling approximation

The Gamma functions can be approximated by applying the Stirling approx-

imation
1 1
InT'(n+1) =Inn! =~ (n + 5) Inn—n-+ 3 In(27)
1 1
Inl(n)=Inl(n+1)—Inn=~ <n - 5) Inn—n+ 5 In(27).
Applying the approximation to Eq. (29) yields
= —k k. - —-k—-1 —k —k
—hlf(y")zn ln%(y")—FElnR(y”)— (n 5 )hl <n2 >+n2

2
1 k—1 k k 1 n T2 R2
~3 In(27) — (—) In 5 + - - 5 In(27) + 3 In(7n) 4+ In <1n— In R_) .

2 2 T1 1



When interested only in minimizing the code-length formula with respect to
k we can simplify the criterion further by multiplying it by two and dropping
terms that do not have k in them?:

—2In f(y")

L n—k)n?@y") +klnRy") — (n—k—1)In (n—k

> — (k- l)lng
=(n—k)n7@y")+knRy") — (n—k—1)In(n — k) — (k—1)Ink
(

:(n—k:)lnﬂnli+kln#+ln(k(n—k)), (30)

The approximation to the Gamma functions is accurate except for very small k
or n — k, and the error can be bounded.

6 Wavelet denoising

Assume the vector y™ can be considered a series, i.e., the data points are
ordered in a meaningful way. We can obtain the regressor matrix X by various
transformations of the index ¢ of the y; variables. Thus, we define for each
Jj <k, X;; = f;(i), where f; are arbitrary basis functions.

One both theoretically and practically appealing way of defining the func-
tions f; is to use a wavelet basis. By letting the regressor matrix be square
and taking as the n basis functions f;(i) a wavelet basis, we get an orthogonal
regressor matrix X, i.e., X has as its inverse the transpose X':

Z=X'X=X'X=1I,

where [ is the identity matrix. Further, the maximum likelihood parameters
are given by

Bly") = 271Xy = X'y" (31)
Al 1 n Alf,m 1 n n
T(y") = —~lly" = X6y )HQZE”Z/ —y"* =0, (32)

i.e., the reconstructed version §" = XB(y") = y"

is identical to the original
signal and nothing remains to be modeled as noise, thus ending up with 7(y™) =
0.

Instead of using all the basis vectors, it may be useful to choose a subset ~

of them. This gives the reconstructed version
Z‘)Zyl = XB5(y")

2This can be seen to be the same criterion as the version Rissanen gives in Lecture Notes:
(n—k)In? + kln(nR) + (n —k — 1)In =2 — (k — 1) Ink.




not equal the original signal but an approximated version with the difference to
the original signal modeled as noise. With a wavelet basis, the noise variance
is easily obtained. First, since the basis is orthogonal, the maximum likeli-
hood values of any subset of all the parameters are equal to the corresponding
maximum likelihood parameters in the full model and one gets the parameter
vector
By(y") = (Gi(n)Biy™)s

where 0;(7y) is equal to one if the index ¢ is in the index set v of retained
coefficients and zero otherwise. The difference between the reconstructed version
and the original signal is then

ly™ = 52117 = 1XBy™) = XB, "I = 11X (Bw™) - 5™ I
Since X is an orthogonal matrix it preserves the norm, i.e.,
1X (Bly™ = By™) 12 = 184" = By (™) 1%
Thus, the noise variance is simply the mean of the squared coefficients that are
set to zero:
A n 15 n A n 1 S A(,m
") = 18" = By y"IIP =~ D (=6 Bily™)*.
i=1
Thus, the sum of the retained coefficients and the sum of squared errors between
the original and reconstructed signals is always equal to the sum of squares of
the original signal:
ly™ [ = 1X"y™* = 18I = 184™) = B, @™ + 115,
= lly™ = g5 117 + 118, (y™)II*.
Define
S(y") = lly"I?, and  S,(y") = 18, (y™)I1*.
We have then
£ () = 2=, (33)
The maximum likelihood value for the hyperparameter R is by Eq. (21) simply

> A 5 14 o 1 - S (y™
R (0m) = 0B 67 = 23, 0mx XA, 6) = L1, 2 = S0,

(34)

Thus, the criterion (30) becomes

(n— k) In Z(;y? +kln RWI(Cyn) +In(k(n — k))
(= k)2 (yzzn—_slz)(y”) +kln S”T(LZR) +In(k(n — k))
=(n—k)ln S(ynl__%(yn) +kln Svgﬂy") +In(k(n — k)),



where k is the number of retained coeflicients determined by ~y. It is remarkable
that the criterion is symmetric in the two sets of coeflicients; the ones that
are set to zero and the retained ones. It can be shown that the criterion is
always maximized by choosing v such that either the k largest or the k smallest
coefficients are retained for some k.

7 Generalized NML

In some cases, such as the linear regression case, unless the range of possible
values of the data sequence y™ is restricted, the integral in the denominator
of the NML density is not be bounded and thus, NML is not defined. In the
above, the problem was solved by bounding the range of integration in a set
defined by some hyperparameters (79 and R), fixing the hyperparameters to
their maximum likelihood values, and doing a second normalization. Another
solution to the problem of unbounded integrals is to use the following generalized
NML (gNML) density for a model family parameterized by parameter vector 6:

Fuly™) = f" 9(2/;)3 w(f(y")) (35)

where w is a non-negative function of the parameter vector called the slack
function, and the normalizer C'* is given by

cv = / S 0™ w@(y™) dy™.
Y

The range of integration Y may or may not be bounded. Using a constant
function as the slack function w yields the standard first level NML density (4).

The name ‘slack function’ comes from the fact that the gNML density falls
short of achieving the minmax regret of the standard NML density, i.e., the
regret for sequence y™ is given by

—Infu(y™) = [~ f(y" 5 00™)] = C* — lnw(8(y™),

which is seen not to be constant unless w is constant. In other words, for some
sequences y" the gNML density allows more slack in terms of regret than the
standard NML density (and vice versa for some other sequences) if the latter is
defined.

For gNML, the factorization (10) of the numerator becomes

Fly™:00y™) w(b(y™) = Fu™ [ 0(y™) 9(0(y™):0(y™) w(B(y™)), (36)

which shows that the slack function can also be seen as using instead of the
canonical prior an arbitrary prior for the maximum likelihood estimator.

11



8 Generalized NML for linear regression

In the linear regression case, the denominator of the gNML density is given
by
cv = [ £ B ) w6 dy
Y
Let the range Y be defined as the set of data sequences for which the maximum
likelihood estimates 3(y™) and 7(y™) are such that the slack function w takes
non-zero values. The integral can be done in three parts as before:

co=[[[ £ B 7)) wB™), 7)) dy"ddd,
{y:B(y™)=B,7(y™)=7}
Using the factorization (36) we get

cv = [ [ 967555 wdn
[ P | B, 7)) dy"didr. (37)
{y:By™)=B,7(y™)=7}
Once again, the innermost integral equals unity. Plugging in the canonical
prior (13) yields

ov - (226)”/2 %/%_kﬂ_l /w(ﬁ,%) dBd?. (38)

7T (558

It now remains to be decided how to choose the slack function w so that the
integral (38) remains bounded and the gNML density is defined.
Recall the second level NML density (23):

_ £l . 2 n R n

The numerator is given by Eq. (20):

o o iy DT (5) 22
5 T R = » ’

which differs from the numerator of the first level NML density (9) given by

F™ BYM, 7)) = (2mer(y™)) /2

by a factor dependent on 7(y™) and B(y") through R(y”) Let the function w
be given by

w(B,7) =72 (FER) TR, if 1 <7<, Ry <BF'E3 < Ry, (39)

12



and zero otherwise.
For data such that the slack function takes non-zero value at the maximum
likelihood estimates, the numerator of the gNML density becomes

f(yn ; ﬂ(yn)a %(y")) w(ﬁ(y"), f'(y”)) = (27-‘-@72)—"/27:(3/1)16/2 (B/(yn)zﬁ(yn))—kh
- (Qﬁe)—n/Q%(yn)—(n—k)ﬂ R(yn)_k/Q’

which is seen to be equivalent to the numerator of the second level NML density
(where we have 7(y™) = 7(y™)) except for a constant ¢’ independent on the
parameter values:

Fy™ 5 B™) T ™) w(Bly™), 7(y™) = ¢ " s 7o(y™), B(y™)).

Since the range of integration (support) is the same for both the gNML density
and the second level (standard) NML density, the two densities must be iden-
tical, which shows that the two-fold normalization procedure is equivalent to
using the generalized NML density with the slack function given by Eq. (39).
Whether the slack function induced by the two-fold normalization procedure is
a reasonable choice is of course an interesting question.

Example 1. Fig. 1 compares the standard NML density and the second level
NML (or equivalently, the gNML density with the slack function given by
Eq. (39)) in terms of the likelihood ratio of each of the two densities versus the
maximized likelihood (9). The second level NML density gives non-zero like-
lihood to data with the maximum likelihood estimate R(y™) within the range
[R1, R2], whereas the standard NML density gives non-zero likelihood to data
with R(y") < R. In case both densities give non-zero density values, the sec-
ond level NML density gives higher density for data with R(y™) small than the
standard NML density.

9 Generalized NML for wavelet denoising

For any wavelet basis, the shape of the slack function (39) is very simple.
First, by Egs. (33) and (34) we have

w7 ) =t S(yﬂ)—swyn))k( Sﬁyﬂ)l)k,

which is a product of three factors; a constant together with a factor that
depends on the coefficients that are set to zero, and another factor that depends
on the retained ones. Further, the two factors are both of the form (-)¥ where in
the latter case the argument is the inverse of the Euclidean norm of the vector
of retained coefficients. Especially this latter factor suggests an interpretation

13
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Figure 1: Ratios of the standard NML density (solid line) and the second level
NML density (dashed line) to the maximum likelihood density as a function of
R(y™). The setting is defined by n = 8,k = 4, 7(y™) = 0.5; the hyperparameters
of the standard NML density are given by 79 = 0.1, R = 0.5, and for the second

level NML density by 4 = 0.1, =1, Ry =0.1, Ro = 1.

of the slack function as a spherical prior density for the retained coefficients
proportional to the inverse of the Euclidean norm. Such a prior density is not
proper for the whole real space but this is not a problem since the range of
integration is bounded by the hyperparameters R, and Rs.

It has been suggested that wavelet coeflicients in ‘noiseless’ natural images
tend to be well modeled by a Laplacian density. It might therefore be reasonable
to use a slack function that has the shape of a Laplacian density in terms of the
components of (.
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